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Preface 



The development of our present understanding of the weak and electro- 
magnetic interactions, and of their unification, has proven to be a 
fascinating dialogue between profound theoretical insights and remarkable 
experimental discoveries. The electromagnetic and weak interactions 
appear to be describable by local gauge theories. Phenomena involving 
charged leptons and photons can be described, to impressive precision, 
by the relativistic field theory of Quantum Electrodynamics. The incor- 
poration of weak phenomena led, eventually, to the Glashow-Salam- 
Weinberg model, the so-called standard model. This theory describes the 
electroweak properties of leptons and quarks, and successfully predicted 
the existence of the massive W ± and Z° vector bosons. At present, the 
standard model is compatible with all well established experimental data, 
amassed by some tens of thousands of man-years of effort. This is an 
impressive state of affairs. 

This book has its origins in a course of lectures given to first-year 
postgraduate students (mainly experimentalists) in high energy physics in 
Oxford. An elementary knowledge of high energy particle physics, together 
with the basic ideas of quantum mechanics and relativity, is assumed. 
However, these topics, in as far as they are required for later use, are 
reviewed in Chapters 1 and 2. An introduction to group theories and 
symmetries, concepts of great importance in particle physics, is also given 
in Chapter 2. In Chapter 3, the single particle wave equations for spin 0, 
spin \ and spin 1 particles are developed, and an introduction to some 
of the concepts of field theory is given. An intuitive, rather than a 
completely rigorous, approach is adopted. 

Emphasis is given in the text to practical calculations. In Chapter 4 the 
cross-sections for a variety of electromagnetic processes, using the 
Feynman rules of Quantum Electrodynamics, are derived. A brief discus- 
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sion as to how the higher order divergences in the theory can be rendered 
finite is also given. Chapter 5 traces the development of the theory of 
weak interactions from the theory of Fermi to the standard model. This 
discussion includes the ideas of spontaneous symmetry breaking and of 
the need for a scalar Higgs particle to give masses to the massive vector 
bosons and fermions. In Chapter 6 the cross-sections and decay rates for 
a variety of purely leptonic processes are derived. These constitute the 
cleanest tests of the theory, and a comparison with the experimental results 
is given. 

Quantum Chromodynamics (QCD) is a theory which describes the 
strong interactions of quarks, antiquarks and gluons, and is also a local 
gauge theory. However, perturbative calculations can only be made in 
the regime where the momentum transferred in the process is large. In 
this case the effective strong coupling constant is small. In Chapter 7 the 
properties of quarks and gluons, as they have been established from studies 
of deep inelastic scattering of leptons off nucleons, are discussed. The ideas 
of QCD, in as far as they are needed to describe electroweak phenomena, 
are outlined. In Chapter 8 the weak decays of hadrons are discussed. In 
this non-perturbative regime the ideas of QCD can be used only in a 
rather qualitative fashion. Electroweak interference phenomena involving 
quarks are also described. 

In Chapter 9 the two intriguing topics of CP violation and the neutrino 
mass (and potential oscillations) are discussed. In Chapter 10 the discovery 
and properties of the W± and Z° bosons are described, together with a 
discussion of the precision tests of the standard model which are planned 
to be carried out at the new generation of e + e" colliders (SLC at Stanford 
in the USA and LEP at CERN in Switzerland). Potential methods for 
detecting the top quark and the Higgs scalar particle, which are two 
missing ingredients of the standard model, are also described. Finally, the 
theoretical shortcomings of the standard model are outlined, and attempts 
to go beyond it are briefly reviewed. 

It is hoped that the text will prove useful in the formulation of graduate 
and specialist undergraduate courses. No specific exercises are given, but 
it is suggested that the interested reader performs detailed calculations on 
each type of the lowest order processes discussed. The book may also serve 
as a reference text for the more seasoned workers in the field. 

A systematic review of all the experimental results on any particular 
topic is not, in general, attempted. The examples of the experimental 
results used for the purposes of illustration have been selected in a 
somewhat arbitrary fashion. Experimental results produced up to the end 
of 1986 are included, with some selected additional data from 1987. 
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Discussion of the various experiments is restricted to the results, plus a 
few additional remarks. Results quoted without reference are taken from 
the 'Review of Particle Properties' (1986, Physics Letters, 170B). If two 
errors are quoted with a measurement, then the first is statistical and the 
second systematic. The lack of experimental detail is not meant in any 
way to undervalue the role of experiments; indeed, high energy physics 
is ultimately an experimental subject. However, in order to do justice to 
the ingenuity of the experimenters, it would require detailed discussion 
far beyond the scope of this book. The reader is referred to the works by, 
for example, Kleinknecht (1986) and Williams (1986). 

Although the main emphasis is on the understanding of physical 
processes in terms of lowest order calculations in the standard model, it 
should be stressed that higher order contributions, and the development 
of theories beyond the standard model, are, of course, important. These 
topics are discussed in the more advanced texts of Aitchison (1982), Mandl 
and Shaw (1984), Cheng and Li (1984), and Ross (1985). Finally, I would 
like to acknowledge my debt to the many excellent articles and texts used in 
the formulation of the approaches adopted here. I gratefully acknowledge 
the constructive comments of my colleagues Robin Devenish, Gerald 
Myatt, Ray Rook, Graham Ross, John Wheater, and Bill Williams, on 
various parts of the text. I thank also Irmgard Smith for her careful help in 
the preparation of the figures. 
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Introduction 



1.1 STRONG, ELECTROMAGNETIC AND WEAK 
INTERACTIONS 

One of the main objectives of physics is to find out what, if any, 
are the basic constituents of matter and to understand the nature of the 
forces by which they interact. Fundamental particles appear, at present, 
to be of two distinct types. The first group consists of quarks and leptons. 
These are spin \ particles obeying Fermi-Dirac statistics (fermions). The 
second group consists of the so-called gauge bosons. These are integral 
spin particles obeying Bose-Einstein statistics (bosons). The gauge bosons 
appear to be responsible for mediating the interaction forces between 
quarks and leptons. Existing results show clear evidence for four types of 
interactions in nature. These are the strong, electromagnetic, weak and 
gravitational interactions. Our knowledge of these interactions stems, to 
a great extent, from our understanding of the underlying symmetries which 
appear to exist in nature and in the way in which they appear to be broken. 

The world is made up of ninety-two naturally occurring chemical 
elements. The properties of a given isotope of an element do not, as far 
as we know, depend on its origin. These elements are composed of electrons 
and nuclei, which are in turn composed of protons and neutrons. The 
electrons are fermions and obey the Pauli exclusion principle. This leads 
to an elaborate shell structure and important differences in the chemical 
properties of the elements. Prior to the development of particle acceler- 
ators, studies in particle physics were limited to indirect means. These 
consisted of using either the low energy particles produced in the 
radioactive decays of nuclei or the higher energy protons, nuclei and other 
particles which make up cosmic radiation. 

Direct study of the interactions of particles at high energy physics 
laboratories is made essentially by two methods. In the first, the inter- 
actions of beams of high energy particles on a stationary (fixed) target 
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are studied. The target particle is either an atomic electron or, more likely, 
a nucleus. Hydrogen and deuterium targets are used if nuclear effects, 
such as Fermi motion, are to be avoided. The beam or projectile particle 
is obtained by first accelerating to high energy either protons (e.g. CERN 
450 GeV, Fermi National Accelerator Lab, FNAL, 1 TeV) or electrons 
(e.g. Stanford Linear Accelerator Center, SLAC, 20 GeV). In the case of 
proton accelerators, the extracted protons can also be used to make 
secondary beams of 7T, K*, K°, K° (mesons) or p, n, n, A, L, H, fi~ 
(baryons) by suitably collecting the decay products from the primary 
proton interactions. Beams are restricted to those hadrons (a class 
consisting of mesons and baryons) which are both sufficiently long-lived 
to give a reasonable flight path and light enough to be produced copiously. 
Beams of e*, v c , v c , v„ and (leptons) are produced either by starting 
with atomic electrons or allowing mesons to decay. 

The second method of study is that of the collisions of two high energy 
beams of particles. Particles which are essentially stable must be used, so 
studies with this technique are restricted to pp, pp (e.g. CERN Collider, 
up to 450 + 450 GeV) and e + e" (e.g. DESY, 25 + 25 GeV). Beams of 
heavy ions can also be considered for colliding beam machines. Since the 
collisions take place in the centre-of-mass (cms) system, high values of 
the cms energy can be reached. For example, in the CERN Collider the 
cms energy for 270 GeV beams is 540 GeV, whereas the cms energy of a 
270 GeV proton collision with a stationary proton is only 27.5 GeV. 
However, this gain is at the expense of effective luminosity (luminosity = 
reaction rate/cross-section). The most recent and planned future accelera- 
tors are mainly of this type and include machines at FNAL (pp 1 + 1 TeV), 
TRISTAN in Japan (e + e" 30 + 30 GeV), the Stanford Linear Collider 
(SLC) at SLAC (e + e" 50 + 50 GeV), LEP at CERN (e + e" phase I 
55 + 55 GeV, 1989; phase II 95 + 95 GeV, 1993), HERA at DESY (e"p 
30 + 820 GeV, 1990), UNK in the Soviet Union (pp 3 + 3 TeV, 1993?) 
and possibly the Superconducting Super Collider (SSC) in the USA (pp 
20 + 20 TeV, 1995?). Note that for the HERA Collider the protons are 
much more energetic than the electrons, and hence the collisions are not 
in the ep cms. 

Hadrons (from the Greek hadros = strong) all have strong interactions. 
The total cross-section for n + p collisions, as a function of the lab 
momentum of the n + meson (p lab ) is shown in Fig. 1.1. For p lab — 10 GeV, 
the total cross-section is about 25 mb. The leptons (from Greek meaning 
light, small) do not feel the strong force and their interaction cross-sections 
are significantly less than those of hadrons. The total cross-section for the 
process e + e" -> }i + \i~ as a function of (s) 1/2 , the cms energy of the e + e" 
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system, is shown in Fig. 1 .2. Photon beams can also be produced at proton 
accelerators and the yp cross-section, as a function of the laboratory (lab) 
energy of the photon, is shown in Fig. 1.1. Charged leptons and photons 
interact by the electromagnetic interaction. The main contribution to the 
cross-section shown in Fig. 1.2 is from this interaction. The cross-sections 
for neutral leptons (v and v) are many orders of magnitude less than those 
for charged leptons. The total cross-section for interactions as a function 
of the lab neutrino energy E v is shown in Fig. 1.1. This is an example of 
a weak interaction and the cross-section shows an approximately linear 
increase with £ v . For E v — 10 GeV the cross-section is about 1 1 orders of 
magnitude less than for 10 GeV 7r + p (strong) interactions. 



Fig. 1.1 Sketch of the total cross-sections, as a function of laboratory 
momentum p lab , for n + p, yp and v^N interactions. For the results 
are the cross-section per nucleon (average of proton and neutron), 
obtained from heavy nuclear targets (e.g. iron). 
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The decay rates, or equivalently the lifetimes, of particles also span an 
enormous range, as shown in Fig. 1.3. The typical width T of a resonance 
decaying by the strong interaction (e.g. p -> nn) is approximately 100 MeV. 
Use of the uncertainty principle Tr ~ /i = 6.6 x 10" 22 MeV s (see Appen- 
dix A) gives a corresponding lifetime t ~~ 10~ 23 s. The decay of the neutral 
pion 7T°->)7, which is an electromagnetic interaction, has a lifetime 
t ~ 10~ 16 s. The charged pion, however, decays weakly (mainly via the 
decay n -> /zvj with a lifetime i ~ 10 ~ 8 s. These are typical values; however, 
it can be seen from Fig. 1 .3 that the range of lifetimes for a given interaction 
is large, in particular for the weak interaction. Part of the reason for this 
large spread in lifetimes is that the density of final states (or phase space) 
available is often small due to the small energy release in the decay. For 
example, the expression for the decay rate for neutron beta decay, 

Fig. 1.2 Total cross-section for the interaction e + e~ + The 
data points are from e + e~ experiments at PETRA and have been 
corrected for higher order radiative effects and hence are comparable 
with the full line, which is the lowest order QED calculation. MARK 
J; # TASSO; a, PLUTO; JADE; CELLO. 
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n -» p + e ~ + v e , contains a factor A 5 , where A = m n — m p = 1 .3 MeV, and 
this small energy release leads to a rather long lifetime (t n 900 s). 

The classification of interactions into a hierarchy of strong, electro- 
magnetic and weak is a convenient framework. However, a particular 
scattering or decay process can of course have contributions from more 
than one of these forces. Hence this classification is most meaningful if 
one of these interactions dominates. For example, the contribution of the 
electromagnetic and weak interactions to the inelastic n + p scattering 
cross-section for p^—lOGeV is negligible. However, for an incident 
momentum of, say, 10 15 GeV this may well not be the case. The 7r°-meson 
decays electromagnetically into two photons, there being no competing 
strong decay because the pion is the lightest hadron. Weak decays become 
observable when both the strong and electromagnetic decays are sup- 
pressed. For example, the weak decay process K + ^n + n 0 is observable 
because potentially faster decay modes, via the strong or electromagnetic 
interactions, are forbidden. This is because the quantum number strange- 
ness is conserved in these interactions and the kaon is the lightest strange 
particle. 

As the energy of a particular scattering process increases, the classifica- 
tion in terms of a specific interaction becomes less distinct. For example, 
the e + e" annihilation process at a value of the cms energy squared 
s ~ 10 GeV 2 is predominantly electromagnetic, whereas at s ~ 2000 GeV 2 
there is a sizeable interference term between the competing electromagnetic 
and weak processes. 



Fig. 1.3 Lifetimes of various particles decaying by the strong, electro- 
magnetic and weak forces. 
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From a theoretical point of view it is clearly desirable to have a single 
theory which describes all of the fundamental interactions in nature. Some 
considerable progress in this direction has been made. The electroweak 
theory of Glashow (1961), Weinberg (1967) and Salam (1968) 'unifies' the 
electromagnetic and weak interactions. This theory, the so-called standard 
model, and the relevant experimental data form the main subject matter 
of this book. 



1.2 THE LIGHT LEPTONS 

The discovery and interpretation of both leptons and quarks have 
depended upon rapid advances in both experimental methods and our 
theoretical understanding. The starting point was the discovery of the 
electron by J.J. Thomson in 1897 from a study of the electrical properties 
of gases at low pressure. Some 30 years later, the use of a cloud chamber 
in the study of cosmic radiation led to the discovery of the positron, the 
antiparticle of the electron (Anderson 1932, Blackett and Occhialini J 933). 
The possible existence of the positron had been predicted by Dirac. Similar 
experimental techniques led to the discovery (although not initially the 
correct interpretation) of the muon by Street and Stevenson (1937) and 
Neddermeyer and Anderson (1937). Further work in cosmic radiation led 
to the discovery of the 7r-meson (Lattes et ai, 1947), the K-meson 
(Rochester and Butler, 1947) and the A, I and E hyperons. 

By the early 1950s important advances in our theoretical understanding 
of matter and the various forces of nature had also been made. The ideas 
of relativity and quantum mechanics had been combined into the field 
theory called quantum electrodynamics (QED), which successfully accounts 
for the electromagnetic properties of electrons, muons and photons (the 
photon is the field quantum of the electromagnetic interaction). The 
success of this theory is important in that it contains the basic ideas of 
quantum mechanics. There are many conceptually difficult ideas in 
quantum mechanics which arise in attempting to explain phenomena 
outside the range of human experience. Ever since their introduction these 
ideas have caused intense debate about the validity of quantum mechanics. 
However, the impressive accuracy to which the predictions of QED have 
been experimentally verified has, to some extent, allayed worries about 
the statistical nature of the predictions, i.e. that it is outside the scope of 
the theory to predict the outcome of a specific interaction and hence, 
ultimately, the future. 

Early attempts to understand the results from studies of radioactive, 
beta decays led to considerable confusion. These phenomena are associ- 
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ated with the weak force, and interpretation of the results in terms of the 
then known particles (electron, proton and neutron) led to the conclusion 
that the hallowed laws of energy-momentum and angular-momentum 
conservation were violated in these decays. Pauli (1933) gave a way out 
of this dilemma by postulating the existence of an approximately massless 
neutral particle with half-integral spin, called the neutrino. Fermi (1934), 
assuming the existence of the neutrino, formulated a theory of beta decays. 
This was based, to some extent, on the ideas of QED, but with important 
differences. The Fermi theory postulates the weak interaction to be that 
of four spin4 fermions at the same space-time point (point-like coupling). 
Thus the theory contains no equivalent of the exchanged boson of QED 
(i.e. the photon) to mediate the force. Any doubts about the existence of 
the neutrino were removed by its discovery (or, more precisely, the 
discovery of the antineutrino) by Reines and Cowan (1953, 1959), who 
used the intense flux produced by a nuclear reactor. 

The advent of new accelerators, with proton energies up to about 30 GeV 
at Brookhaven National Laboratory and at CERN, allowed the construc- 
tion of neutrino beams. The neutrinos came mainly from the decays n -+ juv 
and K->/jv. Danby et al. (1962) observed that the neutrinos produced in 
this way gave interactions containing a final state muon, but not containing 
a final state electron. This showed that there are (at least) two types of 
neutrino and that the neutrino associated with the muon (v^) is different 
to that associated with the electron (v e ). 

These and other experimental results on leptons can be explained by 
assigning two additive quantum numbers defined as follows: 

L e =l(e-,v c ), L u ~ \ Or.v,), (1.1) 

- 1 (eVvJ, -1 (^ + ,v,), 

0 (other particles), 0 (other particles). 

L e and are the lepton numbers for the electron and muon families 
respectively, and ^L e and £^ appear to be separately conserved in 
interactions. For example, the principal decay mode of the \i~ is 

L c 0 I -10 (1.2) 
1 0 0 1 

However, the decay \x~ -»e~y, which would violate these rules, has never 
been seen, and has an upper limit for its branching ratio of < 1 .7 x 10~ 10 . 
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1.3 THE LIGHT QUARKS 

These new proton accelerators also led to many other important 
discoveries. A rich spectrum of excited states of mesons (e.g. p(17Q)-+ nn) 
and baryons (e.g. A(l 232) -> Nrc) was found (N stands for nucleon i.e. p 
or n). These states decay via the strong interaction to the experimentally 
observed particles. 

Studies on the production of the so-called strange particles showed that 
they are produced in pairs (associated production) by the strong inter- 
action. An additive quantum number strangeness (S) can be assigned to 
all particles and this is conserved by the strong interaction, e.g. 

*- +p - K ° + A ° (1.3) 
5 0 0+1 -1 

Many excited states of strange mesons (e.g. K*(892) -> Kn) and strange 
baryons (e.g. Z(1385)-> Arc) exist, and these have decay widths (or 
equivalently lifetimes) similar to those of their non-strange counterparts. 
However, the lifetimes of the K° (which decays predominantly to two 
pions) and the A (mainly to Nrc) are both about 10" 10 s. These decays 
are examples of the weak interaction. In these weak decays strangeness 
is not conserved. 

The baryon quantum number B, like strangeness, is additive. However, 
it appears that the total baryon number is conserved to good accuracy 
in the strong, electromagnetic and weak interactions. By definition mesons 
have B = 0, whereas baryons and antibaryons have B= 1 and B= -1 
respectively. Further, mesons have integral spin (bosons), whereas baryons 
have half-integral spin (fermions). Baryon states other than the proton 
are unstable and decay either directly or sequentially to a proton plus 
one or more particles, e.g. 

strong 

A + (1232) >n + n >pe~v c (1.4) 

weak 

'/J + v„ 

weak 

— >e + v e v^ 

weak 

The lifetime of the proton is in excess of 10 30 yr and is thus effectively 
stable. Thus the particles produced in a particular interaction eventually 
decay to 'stable' particles, i.e. p, p, e~, e + , v, v, y. The photon is the end 
product of an electromagnetic decay sequence, e.g. n(54S) 3rc° -* 6y. 
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The observed spectrum of hadrons contains both particles and anti- 
particles. By definition, the charge conjugation operator (C) changes a 
particle to its antiparticle. This operation changes the charge, magnetic 
moment, baryon number and lepton number of the particle, leaving the 
space-time coordinates and momenta unchanged. Hence the spin a is 
unchanged under C, since one can write <r = rxp, Some examples of the 
effects of the operator C are C(p) = p, C(e~) = e + , and C(n + ) = n~ . In 
these cases the particle and its antiparticle are separate entities. However, 
neutral non-strange particles which have lepton and baryon number zero, 
such as the photon and 7r°, do not have distinct antiparticles. These 
particles are eigenstates of C with eigenvalues C= ± 1. The photon has 
C = — 1 ; this follows, since the electromagnetic field produced, say, by an 
electron changes sign under C. A system of n photons has C = (— 1)". 
Hence, since the 7r°-meson decays predominantly to two photons, 
C{n°) = 1. The other two members of the isospin triplet of pions are not 
eigenvalues of C, since C(7i + ) = 7r". If we define R 2 to be a rotation of 
180° around the isospin axis / 2 , such that / 3 ->— / 3 , then R 2 (n~ ) = n + . 
In general, one can write R 2 = (— l) 1 . This expression is analogous to that 
for parity, P = ( — 1 in terms of the orbital angular momentum /. Thus, 
all three members of the pion isotriplet are eigenstates of the combined 
operation G — CR 2 . The eigenvalues of G are ±1. For the pion G is 
negative since C(n°) = 1 and R 2 = — 1. For a system of mr, G = (— 1)". A 
fermion-antifermion system (e.g. pp, e + e", qq) is also an eigenstate of C 
with eigenvalues, C = (— where / and 5 are the relative orbital angular 
momentum and spin of the pair respectively. 

The observed spectrum of hadron states could be neatly classified by the 
quark model of Gell-Mann (1964) and Zweig (1964) in terms of three 
fractionally charged spin-j quarks, called u (up), d (down) and s (strange) 
- see Table 1.1. The various types of quarks are referred to as flavours. 
In the quark model mesons are bound states of a quark and antiquark 
(qq) whereas baryons and antibaryons are composed of three quarks (qqq) 
and three antiquarks (qqq) respectively. 

The approximate symmetry of the strong interaction with respect to 
transformations of u and d quarks can be specified in terms of isospin. 
The u and d quarks have / = £ with third components I = j and — \ 
respectively. The inclusion of the strange quark necessitates the introduc- 
tion of a further quantum number, the hypercharge Y = B + S. The 
approximate invariance of the strong interaction under transformations 
of u, d and s quarks is expressed using the unitary symmetry group SU(3). 
This group consists of rotations in the three-dimensional coordinate 
system corresponding to u, d and s quarks with the 'special' condition 
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Table 1.1. Quantum numbers of the quarks. For antiquarks the quantum 
numbers have the opposite sign. 
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The symbols C, B' and T' are used to denote quark flavour numbers, in order 
to distinguish these from charge conjugation (C), baryon number (B) and time 
reversal (T). 



that the length of a rotated vector is conserved (Chapter 2). This leads 
to multiplets of particles of a given spin and parity, which would be 
degenerate in mass if the symmetry were exact and if the electromagnetic 
effects could be 'switched off. The quark compositions of the lightest 
multiplets of mesons and baryons are given in Tables 1.2 and 1.3 
respectively. Associated with a particular hadron one can define an 
intrinsic parity, e.g. for the Tt-meson P n = —1. The various spin-parity 
states of the multiplets correspond to specific configurations of the quarks' 
spins and relative orbital angular momenta. This latter separation is, 
however, non-relativistic and such a simplification is not, in all cases, 
justifiable. 

A reasonable understanding of the mass spectrum of these hadrons can 
be obtained by assuming that the quarks are relatively light. The mass 
attributed to the quarks in this context is called the constituent mass and 
is about 0.35 GeV for the u and d quarks. The d quark is slightly heavier 
than the u quark. The mass difference, m d — m u ~ 3 MeV, can be deter- 
mined from the neutron (udd) and proton (uud) mass difference. The mass 
assigned to the strange quark is somewhat larger (about 0.5 GeV). The 
mass spectrum of the spin parity J p = { + baryon octet (p, n, A 0 , Z + , Z°, 
Z", 3°, 3") gives a relatively clear demonstration of the relative mass 
assignments. These topics are discussed in detail by Flamm and Schoberl 
(1982). 

A more explicit demonstration that the nucleon is composed of quarks 
came from the pioneering experiments performed using the high energy 
electron beam (up to 20 GeV) at the two-mile-long linear accelerator at 



Table 1.2, Quark composition of lightest mesons containing u, d t s and c quarks 
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SLAC. When these electrons were scattered off protons, many more 
electrons were found to be scattered through large angles than was 
expected. These observations indicate that the proton has point-like 
constituents, in a way analogous to that used by Rutherford to demon- 
strate the existence of the nucleus. Further work in these, and analogous 
experiments made using high energy neutrino beams, showed that these 
scattering centres can be identified with the fractionally charged quarks 
of hadron spectroscopy. This is discussed further in Section 1.7. 

1.4 HEAVY QUARKS AND LEPTONS 

November 1974 was a month which produced great excitement 
in the world of high energy physics. Results were produced by Ting and 
co-workers on a study of the effective mass spectrum in the reaction 
p + Be->e + e~+X (anything else) made at the Brookhaven National 
Laboratory (USA). A narrow peak (called J), with a width of 63 KeV and 
a mass of about 3.1 GeV, was found (Aubert et ai y 1974). At about the 
same time this state was also observed as a narrow resonance (called 4^) 
in e + -e~ annihilations at SPEAR (Stanford) by Richter and co-workers 
(Augustin et ai, 1974). These discoveries were particularly spectacular 
because of the large signals observed (Fig. 1.4). 

Initially several alternative explanations of this J/T particle were 
advanced. However, the accepted interpretation is that it is a J PC ~ 1 " 
bound state of a charmed quark and antiquark, i.e. cc (Table 1.1). In fact, 
as discussed in Chapter 5, the existence of the charmed quark, with 
approximately the correct mass, had been previously predicted. These 
discoveries were also important in that the usefulness of colliding beam 
e + e" accelerators became firmly established. Indeed, several excited states 
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4 1 ', etc.) of the J/4 1 were soon discovered at SPEAR. In addition, 
charmed mesons and baryons, i.e. containing a single charm quark, have 
been discovered. The narrow width of the J/4* can be explained by the 
fact that the decay to a pair of charmed particles, which is presumably 
the most favoured decay mode, is kinematically forbidden. The lightest 
charmed hadron is the D-meson at 1.865 GeV. Thus, the J/4 7 must decay 
to non-charmed hadrons and such modes are suppressed by the (empirical) 
Zweig rule, since they involve unconnected quark lines between the initial 
and final states (see Section 1.7 and Chapter 10). Since the G-parity of 
the J/4* is negative, decay modes to an odd number of pions are favoured. 
The J/4* is interpreted as a rather loosely bound cc system (i.e. hidden 
charm) with the mass of the charmed quark about 1.5 GeV. The x ¥' 
(3686 MeV) is also relatively narrow with a width of 215 KeV; again, the 
DD mode is forbidden. However, the next excited state, the 4*" (3770), 

Fig. 1 .4 Discovery of the J/\p particle : (a) the e + e " spectrum in p + Be 
e + e"X (Aubert et a/., 1974); (b) <r(e + e" -> hadrons) measured at SPEAR 
(Augustin et ai, 1974), similar peaks were found in e + e" ->e + e" 
and e + e~ -> + . 
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is above DD threshold and decays predominantly to this channel. The 
production of a charmed meson or baryon, e.g. D + with quark content 
cd, is referred to as open charm production. The charmed quark mass is 
relatively heavy compared to the equivalent mass values of u, d and 
s quarks. 

The SU(3) symmetry scheme, used to classify the hadronic states of u, 
d and s quarks, can be extended to SU(4) with the addition of the charmed 
(c) quark. The lightest charmed mesons expected in this SU(4) scheme are 
shown in Table 1 .2. Only a few of the many expected charmed meson and 
baryon states are, as yet, well established. 

Almost 40 years after the discovery of the muon a new charged lepton 
(t) was discovered by Perl and co-workers in the reaction e + e~ -h + t~ 
at SPEAR (Perl et aL, 1975). The x-lepton has a mass of 1.78 GeV and 
spin \. Although it is assumed that there is a separate neutrino v r associated 
with the i-lepton, there is as yet no direct evidence for its existence. The 
lepton number for the t family can be defined in a similar way to that for 
the e and ji families, i.e. L z = 1 for t~ and v c and L T = — 1 for t + and v r . 
The known properties of the e-, \x- and i-leptons are consistent with the 
hypothesis that the only difference in their properties is that arising 
from their different masses. The search for an explanation as to why there 
are (at least) three 'generations' of leptons is one of the central problems 
of current theoretical physics. 

Before the discovery of the r-lepton there were four known leptons (e, 
A*> v e> v n) an d f° ur flavours of quarks (u, d, s, c). Thus, the apparent 
symmetry between the number of quarks and leptons appeared to be 
broken by the discovery of the i-lepton, as this increased the number of 
leptons to six (assuming the v r exists), compared to only four quarks. This 
imbalance has been partially redressed by the discovery of the b (bottom 
or beauty) quark. The additional energy available at the 500 GeV proton 
accelerator at FNAL extended the range over which the effective mass of 
lepton pairs produced in proton-nucleus collisions could be studied. An 
experiment studying the mass spectrum of ii* \i~ pairs (Herb et ai y 1977) 
found a resonant state at a mass of 9.460 GeV (the upsilon state, T). This 
state which has J vc = I ~~, together with a series of excited states, were 
later found in e + e~ annihilations. The upsilon is interpreted as a bound 
bb state with a b-quark mass of about 5 GeV. A spectrum of 'open' 
b-quark mesons and baryons is expected. The lightest known b-quark 
mesons (B ± , B°, B°) have masses of about 5.27 GeV; the T is below the 
threshold to decay to BB. 

The discovery of the b-quark enhanced speculation that a further quark, 
the top or truth quark t, should exist. This would restore the lepton-quark 
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symmetry. An unsuccessful search for the t-quark in e + e~ annihilations 
at the PETRA accelerator (DESY) has set a lower limit for the quark 
mass of about 22 GeV. Some evidence for the existence of the t-quark has 
been obtained by the U A 1 collaboration at the CERN pp Collider (Arnison 
et ai, 1984b). These observations would indicate that the t-quark mass is 
about 40 GeV; however, a more recent analysis (Albajar et ai y 1987c), 
which includes more data and a more detailed study of the backgrounds, 
now quotes a lower limit of m, > 44 GeV (95% c.l.). 

It is useful to assign an additive flavour number, defined to be either 
± 1, to each type of quark such that the charge of a quark, or an ensemble 
of quarks, can be calculated in terms of this number. The values of the 
quark charges, namely § and —\, are asymmetric about zero. However, 
since all quarks have B = 5, the charge values are symmetric around B/2, 
i.e. Q = (B + 1 )/2. Hence, for an assembly of quarks, one can write 

Q = {U + D + S + C + B' + T')/2 + B/2. (1 .5) 

Here, U, C and T* receive contributions of + 1 for each u, c and t quark 
respectively, - 1 for each antiquark of these kinds, and zero otherwise. 
D, S and B' receive — 1 for each d, s and b respectively, 4- 1 for their 
antiquarks, and zero otherwise (see Table 1.1). The near mass degeneracy 
of the u and d quarks leads to the assignment of isospin \ with / 3 = 
— \ respectively (Section 1 .3). Therefore, for an assembly of u and d quarks 
and antiquarks, / 3 = (U + D)/2. Consequently, for a system of u, d and 
s quarks and antiquarks, we obtain the Gell-Mann-Nishijima relation- 

Q = (t/ + D)/2 + (fl + S)/2 = / 3 + y/2. (1.6) 

1.5 FORCES AND PARTICLE EXCHANGE 

Classical field theory gives an adequate description of the proper- 
ties of the two long-range interactions, namely electromagnetism and 
gravity, for large scale phenomena. However, it fails at the subatomic 
scale and, in this domain, quantum field theory must be used. In the 
description of large-scale phenomena the fluctuations associated with the 
quantum field, due to the uncertainty principle, do not produce observable 
effects, so that the quantum field looks like a classical field; however, the 
underlying physics is markedly different. 

Whereas, classically, an interaction at a distance is described in terms 
of a field or potential, in quantum field theory forces are mediated by the 
exchange of particles. Fig. 1 .5(a) shows an example of an electromagnetic 
interaction in which a photon is exchanged between an electron and a 
muon. In this diagram, which is called a Feynman diagram, time runs 
horizontally and some space coordinate vertically. A free electron cannot 
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absorb or emit a photon, or any other particle, and conserve energy and 
momentum. From the uncertainty principle, conservation of energy for 
such a photon can be violated by an amount AE for a time up to At ~ h/AE, 
during which the photon can travel a distance r ~~ ch/AE. Since the photon 
has zero mass, AE can be arbitrarily small, and hence the electromagnetic 
interaction has infinite range. The gravitational interaction also has infinite 
range, because the exchanged quanta, gravitons, have zero mass. If a 
particular interaction is mediated by a particle of mass m, then r^h/mc 
(the Compton wavelength). Thus, the more massive the particle to be 
created, the shorter the range of the interaction. These concepts led 
Yukawa (1935) to postulate the existence of the pion, to explain the strong 
short-range nuclear force. We now know that the pion is not a fundamental 
particle but is composite. The idea of pion exchange, however, gives a 
reasonable understanding of some aspects of strong interaction 
phenomena. 

A more rigorous and relativistic treatment of the above ideas shows 
that the cross-section for a diagram, similar to that shown in Fig. 1.5(a), 
involving the exchange of a particle of mass m contains a factor G 2 with 

G(m)cc f 2 1 . , (1.7) 
(q 2 -m 2 ) 

where q is the four-momentum of the exchanged particle. The four- 
momentum is conserved at each vertex. The value of q 2 in such an exchange 
process is negative, corresponding to an imaginary value of 'mass'. A 
particle for which E 2 — p 2 / m 2 is said to be 'virtual' or 'off its mass shell', 
in contrast to a free particle, which has E 2 — p 2 = m 2 , and is said to be real 
or on-shell. The term G is called the propagator term, corresponding to 
the particle which mediates or propagates the interaction. 



Fig. 1.5 Lowest order Feynman diagrams for (a) s~ \i~ -> t~ \i~ and 
(b) e" e + -► [l~ n + . These diagrams involve the exchange of a single 
photon, e is the coupling constant at each vertex. 




(a) (b) 
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1.6 THE ELECTROWEAK GAUGE BOSONS 

The interactions of leptons and photons can be calculated 
perturbatively in quantum electrodynamics. The results are calculated in 
an expansion in terms of the fine structure constant a = e 2 /4n ~ 1/137, 
where e is the electron charge. As discussed later (Chapter 4), these 
calculations can conveniently be expressed in terms of Feynman diagrams. 
Fig. 1.5(a) shows the diagram with the lowest order in a for the process 
e" p~ ->e~ ji~ . The electromagnetic force is mediated by the exchange of 
the photon between the electron and muon 'currents* j cc and respec- 
tively. The electric charges carried by the electron and muon appear to 
be identical, whereas the photon has no charge. 

In non-relativistic quantum mechanics the transition rate for a particular 
process is given by (Section 2.2) 

X = 2n\j(\ 2 p(E) % (1.8) 

where M is the transition matrix element and p(E) the density of the final 
states (or phase space density), as a function of their energy £. Transition 
rates calculated using relativistic field theories can be expressed in a similar 
form. Thus, if x represents some relevant kinematic variable, then the 
differential cross-section can be written (Chapter 4) 

^ct\J4(xfp(x) y (1.9) 
ox 

where M(x) is the Lorentz invariant matrix element and p(x) the Lorentz 
invariant phase space density. 

The strength of an interaction enters the calculation as a factor at each 
vertex. In Fig. \.5(a) there are two vertices and a factor e is associated 
with each. The virtual photon propagator gives a factor G(m = 0) = \jq l 
to the matrix element, hence (1.9) can be written 

— oc e*\Jt„{xy G(0) • J/Jx)\ 2 p(x), (1.10) 
ax 

where J/ et and represent the transition matrix elements at the upper 
and lower vertices. The basic element in a quantum field theory is the 
vertex diagram, which involves the transition from a particle to two or 
more other particles. The basic vertex diagram in QED represents the 
transitions e~ ->e~ + y, e + + e~ ->y, y->e + +e~ and e + ->e + + y (an 
ingoing e" is equivalent to an outgoing e + and vice versa). This process 
of creation and annihilation of particles distinguishes quantum from 
classical fields, e.g. an electron propagating in free space continuously 
emits and reabsorbs photons. That is, in order to describe phenomena 
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on distance scales less than the Compton wavelength (h/mc), a relativistic 
quantum field theory is needed. 

The total cross-section for a given process is obtained, in principle, by 
forming all the diagrams in which vertices are connected in all possible 
ways. The amplitude for each of these diagrams can be written down 
using the Feynman rules, and the square of the sum of these amplitudes 
must then be computed. In practice, these computations are lengthy and 
are restricted to a limited number of higher orders. 

In QED, higher order processes have contributions with increasingly 
larger powers of the electromagnetic coupling constant a. For example, 
if a real photon is emitted on either the ingoing or outgoing electron lines 
in Fig. 1.5(a), then there is an additional factor e in the matrix element 
and hence the contribution to the cross-section is proportional to a 3 (e 6 ). 
This term is a factor a less than the lowest order term (1.10) and hence 
is, in general, small. 

Calculations of various phenomena in QED show that there are 
problems with this theory, in that divergent (infinite) results are obtained 
for physically measurable quantities such as the mass and charge of the 
electron. These infinities are related to diagrams with closed loops of 
virtual particles. However, these divergences can be controlled by a recipe 
called renormalisation, in such a way that calculations of higher orders in 
the perturbation expansion cause no additional problems. The virtual 
particles emitted and absorbed in these processes cannot be observed 
directly. However, impressive agreement is obtained between theory and 
experiment, in particular for the magnetic moment of the electron and 
the muon, hence there is considerable confidence in these methods. 

Fig. 1.5(b) shows the Feynman diagram, with the lowest order in a, for 
the reaction e~e + + . This reaction is similar to that for e~ —> 
e~/j~, but with the ingoing \x~ replaced by an outgoing ^ and the 
outgoing e" replaced by an ingoing e + respectively. This substitution of 
an ingoing fermion by an outgoing antifermion, and vice versa, is quite 
general and simplifies many calculations. The virtual photon, y t in Fig. 
1.5(b) is essentially an intermediate state which later (time runs horizon- 
tally) 'decays' to [i~ ^ \ Such a photon is called a time-like photon, in 
contrast to the photon in Fig. 1 .5(a) which is a space-like photon (distance 
runs vertically). 

The lowest order Feynman diagram for the weak decay process 
\x~ ->e"v e v p is shown in Fig. 1.6(a). This interaction, in the standard 
electroweak theory, is mediated by the charged boson W. This diagram 
represents both the emission of a W" and the absorption of a W + by the 
\i~ . The weak 'current' /u~ -> v^(/ v ") at the upper vertex involves a change 
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in the electric charge and is called a charged current interaction. The 
cross-section can be written in a form similar to (1.10), namely 



The weak coupling constant g is roughly equal in magnitude to the 
electromagnetic coupling constant e. Since Mw is large compared to 
q 1 (M w ~ 82 GeV), the propagator term becomes G ~ 1/Mw- 

Until 1 973 all experimental data on weak interactions, both from studies 
of the weak decays of strange and non-strange mesons and baryons and 
from low energy neutrino interactions, were consistent with there being 
only charged current interactions. For example, the reaction v^p-^/i" A + + 
can, at the quark level, be interpreted as v^d-^'u (Fig. 1.6(b)). 

Further work on weak interactions showed that, in addition to the 
u<->d charged current transition, there are also u<->s, c<-+d and c<->s 
transitions. Ignoring for the moment the additional complications arising 
from b and t quarks, the relative strengths of the matrix elements of these 
transitions are given by single parameter, 6 C (see Table 1 .4). The parameter 
6 C is called the Cabibbo angle (0 C ~ 13°) and was originally introduced 
to explain the relative strengths of u<-»d and u«-+s transitions. The 
significance of the negative sign for the c <-* d transitions is discussed later. 

Theoretically, all of these observations could be explained within the 
framework of the Fermi theory of weak interactions, which involves the 
point-like coupling of four fermions. However, this theory predicted, for 
example, that the total neutrino-electron cross-section would grow 

Fig. 1.6 Lowest order Feynman diagrams for (a) n~ -> e~v t v^ and 
(b) v M p -> /i~A + + (v^d -> /i~u). These diagrams involve the exchange 
of a single W, g/2 112 is the coupling constant at each vertex. 
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Table 1.4. Relative strengths of the 
transition matrix elements between 
u, d, s and c quarks 



Transition 



u«->d 
u <-» s 
c «-» d 
c <-> s 



Coupling constant 



g cos 0 C 
g sin 0 C 
— g sin # c 
g cos 0 C 



without bound, as the neutrino energy was increased. The introduction 
of the charged vector boson (W) to mediate the weak interaction (in a 
way analogous to the y in QED) solved this problem, but only at the 
expense of introducing uncontrollable divergences in higher order calcula- 
tions. The theoretical remedy to this problem postulated in the standard 
model was the introduction of a neutral vector boson (Z°), whose couplings 
cancelled the divergences. This postulated that the Z° particle mediates 
weak neutral currents and so the total neutral current consists of both y 
and Z° exchange in a precisely defined mixture; hence the 'unification' of 
the weak and electromagnetic forces. 

In 1973 evidence was found for weak interactions which could not be 
classified as charged current reactions. A study of interactions, with 
neutrino energies up to about 10 GeV, in the heavy liquid bubble chamber 
Gargamelle, showed the existence of the reaction v^e~ v^e" (Hasert el 
ai, 1973a). Furthermore, in about one third of the interactions off nuclei, 
it was found that there was no muon in the final state (Hasert et ai, 
1973b). These reactions are compatible with their being due to the 
exchange of a massive neutral vector boson, the Z° (Fig. 1.7). Further 
work on the study of neutral currents has shown that there appears to 
be no strangeness- or charm-changing neutral current interactions, i.e. 
strangeness and charm are conserved in such currents. The absence of 
such flavour-changing neutral currents follows naturally if the interaction 
proceeds by the exchange of a neutral Z° which 'couples' to the various 
quarks (u, d, s, c, etc.) in such a way that the same quarks appear in both 
the initial and final states. 

The various observations on the changes in quantum numbers in weak 
collisions and decay processes can be described in terms of the vertex 
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transitions shown in Fig. 1.8. For the W + , the possible transitions are 
(Fig. 1.8(a)) 



q^u.^t Q 



_ 1 



^ n a c K n i (1 " 12) 

[q 2 =d,s, b, . . . , Q = i 




Fig. 1.8 Vertex diagrams (which represent potential decay modes) 
coupling the heavy bosons, (a) W and (b) Z°, to leptons and quarks. 
Diagram (c) shows an example of an exchange and a formation process. 
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Thus, the possible decay modes of a W + are to a charged lepton and 
its neutrino (total lepton number zero) or to a quark of charge § and an 
antiquark of charge 5. Of course, a decay mode must also be kinematically 
possible. Similarly, a collision of these pairs of particles can create a W + . 
For a W", the transitions are W~ -W~v, and W~ ->q 2 Qi- The vertex 
transitions for a Z° are (Fig. 1.8(b)), 

Z° -> v,v, or / + /~ / = e, /i,t, . . . 

->qq q = u, d, s, c, b, t, — (1-13) 

The W and Z° bosons are involved in weak interactions either by being 
exchanged (^-channel) or through formation (s-channei). Examples of these 
two mechanisms for the Z° are shown in Fig. 1.8(c). In the exchange 
process the Z° has an effective mass squared q 1 = E 1 — p 2 which is negative 
(space-like), whereas in formation q 2 is positive (time-like). The production 
of 'on-shelF W or Z particles is thus through time-like processes. 

The spectacular discoveries of the massive vector bosons W 1 (82 GeV) 
and Z° (93 GeV) by the UA1 (Arnison et a/., 1983) and UA2 (Banner et 
ai, 1 983) collaborations at the CERN pp Collider are significant for several 
reasons. Firstly, it clearly demonstrates the importance of the ingenious 
techniques used in the construction and exploitation of the Collider; work 
for which Rubbia and Van de Meer were awarded the Nobel Prize in 
1984. Secondly, it represents a major theoretical triumph, in that the 
standard electroweak model of Glashow, Weinberg and Salam accurately 
predicted their masses. This model had gradually become accepted since 
it was first proposed in 1967. A major theoretical input was that of t'Hooft 
(1971), who showed it could be renormalised. In the standard electroweak 
theory (Chapter 5) there are four particles, called gauge bosons, which 
mediate the electromagnetic and weak forces between quarks and leptons. 
These are the two massive charged vector bosons W* and the neutral 
vector bosons y (massless) and Z° (massive). The massive vector bosons 
have very short lifetimes (the expected values are approximately 10" 25 s) 
compared to the photon, which is stable. One parameter, the Weinberg 
angle # w , fixes the relative proportions of y and Z° exchange in a particular 
process. The Z°, unlike the photon, couples to neutral leptons as well as 
to charged quarks and leptons. Weak interactions are 'weak' only at low 
\q 2 \ («Mw, Ml), where the mass term in the propagator (1.7) leads to a 
large suppression in the transition rate compared to the electromagnetic 
interaction. This suppression disappears for much larger values of q 2 . 
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1.7 THE STRONG GAUGE BOSONS 

Throughout this chapter the existence of quarks and quark 
currents to interpret the data has been assumed. However, free quarks, 
if they exist at all, are produced only very rarely in the collisions or decays 
of hadrons. Hence, if it is assumed that free quarks do not exist, there 
must be some extremely strong force which confines quarks within 
hadronic boundaries. The theory of Quantum Chromo dynamics (QCD) 
offers a possible explanation for this phenomenon of confinement. In QCD 
the strong force between quarks and/or antiquarks is transmitted by 
massless vector particles called gluons. A hadron is thus a confined system 
of quarks, antiquarks and gluons (generically referred to as partons). The 
static properties of hadrons, such as the charge of the proton or neutron, 
do not directly reveal this substructure. However, the magnetic moments 
of the proton and neutron are different to those expected for point-like 
particles carrying charge e and zero respectively. These anomalous 
magnetic moments suggest that the nucleon is not elementary. 

The internal substructure only becomes directly apparent if the nucleon 
is probed to distances less than the nucleon size (i.e. ^ 1 fm). From 
Heisenberg's uncertainty principle (ApAx ^ 0. 197 GeVfm), it follows that 
probing to small distances requires the use of large momenta. Note that 
the simultaneous measurements of the momentum and position of a 
particle made in an actual detector are far from this limit. For example, 
if the decay point of a particle can be measured to 1 pirn and the momentum 
to 1 MeV, then ApAx — 10 6 GeV fm. Small distances can only be resolved 
by scattering experiments in which the particles themselves act as 
the probes. To resolve distances on atomic scales (10~ lo m) requires a 
probe with a momentum in the electronvolt to kiloelectronvolt range. 
Significantly higher momenta, typically 100 MeV, are required to probe 
the internal structure of the nucleus. For example, a series of measurements 
made at Stanford on the scattering of 100-550 MeV electrons off various 
nuclei allowed a detailed study of the nuclear charge density distributions 
(Hofstadter, 1956). Similar measurements made at higher momenta (up to 
a few GeV) showed that the proton was not point-like, but that its charge 
was distributed over a radius of about 0.8 fm. The electron, on the other 
hand, has no apparent internal structure down to distances of less than 
10" 17 m, and hence acts as a point-like probe. 

The use of electrons of even higher energies at SLAC (up to 20 GeV) 
gave results for hydrogen and deuterium targets which could be readily 
explained if the scattering centres within the nucleon were point-like. These 
scattering centres or partons can be identified with the quarks that had 
previously been proposed to explain the spectrum and symmetries of 
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hadrons. However, the total momentum fraction of the nucleon carried 
by these partons was found to be only about 50%. The remaining fraction 
is explained in QCD as being carried by the gluons, the strong binding 
particles holding the quarks together and responsible for their confine- 
ment. Various pieces of experimental support for these ideas have 
gradually been built up. 

Experiments using beams of muons, with momenta up to 280 GeV, and 
of complementary studies using high energy neutrino beams, have shown 
that the quarks appear to have an apparent substructure when resolved 
to even smaller distances. What appears to be a quark at one particular 
distance (momentum) scale shows substructure when probed to smaller 
distances, in that additional quark-antiquark pairs contribute to the 
scattering. Such an evolution is indeed predicted by QCD. The transitions 
q->q-fg,g->q + q,g->g4-g can occur and, as the nucleon is probed to 
smaller and smaller distances, more components are revealed, each 
carrying a progressively smaller fraction of the total momentum. Thus 
the nucleon consists of 'valence' quarks (e.g. proton = uud), plus a 4 sea' 
of qq pairs. Note that the quarks, antiquarks and gluons in this picture 
have no internal substructure, that is they are not composite. The apparent 
substructure is explained by the dynamics of QCD. However, internal 
substructure may exist and become apparent at energies higher than 
currently accessible. 

Further support for the QCD picture comes from measurements of 
e + e~ -> hadrons as a function of the centre-of-mass energy, (s) 1/2 , over the 
range 5 ^ (s) 1/2 ^ 45 GeV. At the lower values of (s) l/2 the hadrons form 
two back-to-back "jets'. The distribution of the angle 6 between the jet 
axis and the incident beam direction shows a (1 + cos 2 0) dependence. 
This can be explained if the underlying process is initially e + e~ -►qq, with 
spin \ quarks and antiquarks, followed by the formation of jets of hadrons 
along the quark and antiquark directions. Evidence that quarks have spin 
j also comes from the analysis of high energy lepton-nucleon scattering 
experiments (Chapter 7) and from the classification of hadron multiplets. 
The jets of hadrons in this QCD picture are produced by the forces 
confining the quark and antiquark. The momenta of particles transverse 
to the quark direction are observed to be limited. The mean value of the 
transverse momentum is typically <p T >~ 350 MeV, which by the un- 
certainty principle corresponds to a distance of about 1 fm, a typical 
hadronic size. 

At the larger values of (s) 1/2 (^20 GeV), an additional process occurs 
giving, in about 10% of the events, final states with three discernible jets 
of hadrons. An example of such an event is shown in Fig. 1.9. These are 
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interpreted as being due to the process e + e~ -> qqg; the third jet coming 
from the gluon 'fragmenting' to hadrons. The diagrams, at the quark level, 
corresponding to the two- and three-jet final states are shown in Fig. 1.10. 
The configurations of these three-jet final states are compatible with a 
spin 1 assignment for the gluon. Measurement of the fraction of three-jet 
final states allows a determination of the QCD coupling constant a s 
(analogous to the fine structure constant a in QED). The value found for 
as, at (s) l/2 - 30 GeV, is in the range 0. 1 to 0.3. The large uncertainty arises 
due to the, a priori, unknown processes by which the quarks and gluons 
fragment to the observed final state hadrons and also on the size of the 
higher (0(a|) etc.) processes. There is, as yet, no entirely satisfactory 
method of reconstructing the underlying parton dynamics from the 
observed final state hadrons. 
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Jets of hadrons are observed in other processes. In lepton-nucleon 
scattering, at currently accessible energies ((s) 1/2 ^ 20 GeV), the bulk of 
the final states have two jets of hadrons, one along the direction of the 
quark which has been struck, and the other along the direction of the 
remaining target remnants. At (s) 1/2 ~ 20 GeV, a small fraction of three-jet 
final states is also observed, compatible with the expectations of QCD. 
The interpretation of hadron-hadron interactions in terms of parton 
collisions is more complicated. This is because both the projectile and the 
target have complex parton substructures and many possibilities for single 
and multiple collisions of both quarks and gluons exist. The parton-parton 
scattering processes are generally soft, that is they involve rather small 
momentum transfers. The major part of the cross-section comes from 
these soft multiple collisons. This is in contrast to e + e~ annihilation and 
deep inelastic lepton-nucleon scattering, which are hard processes involv- 
ing large momentum transfers. The bulk of the hadron-hadron final states 
contains two jets, corresponding to the projectile and target particles 
respectively. These jets are more complicated to interpret, as they contain 
the remnants of the incident particles as well as particles produced by the 
interacting partons. Furthermore, in addition to these inelastic final 
states there are significant fractions of elastic events (with the final state 
consisting of the two incident particles) and of quasi-elastic (or diffractive) 
events of low multiplicity. 

Hard parton-parton scattering occurs in hadron-hadron collisions, but 
only in a very small fraction of events, and it is usually masked by the 



Fig. 1.10 Feynman diagrams, at the parton level, leading to final 
states of qq ((a) and (b)) and qqg ((c) and (d)). 
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tails of the soft processes. However, at the very large cms energy values 
of the CERN pp Collider ((s) 1/2 ~ 600 GeV) clear hadron jets are observed. 
Events are selected by a trigger requiring a large amount of energy to be 
produced in a plane roughly transverse to the incident beam direction. 
These events show back-to-back jet configurations; an example from the 
UA2 collaboration is shown in Fig. 1.11. Some of the underlying processes 
at the parton level are shown in Fig. 1.12. Detailed calculations show that 
the largest contribution comes from process (c) in Fig. 1.12. 

Fig. 1.11 Transverse energy deposited in the UA2 calorimeters for 
an event with two clear hadronic jets. 
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Fig. 1.12 Some lowest order Feynman diagrams involving gluon 
exchange which contribute to hadron-hadron scattering. 
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Introduction 



The interactions between quarks and antiquarks in QCD are mediated 
by eight massless gauge bosons, the gluons. The quarks and antiquarks 
carry a 'strong charge*, the so-caMed colour charge or colour. This is 
analogous to the electric charge in QED; however, there is a very 
important difference. Whereas the photon carries no electric charge in 
QED, the gluons themselves have a colour charge. QCD is a non-Abelian 
field theory, i.e. the field quanta themselves are a field source, in contrast 
to QED which is an Abelian theory. Thus a vertex coupling three or four 
gluons is possible in QCD, but there is no equivalent for photons in QED. 
There are three possible colours for a quark, which we shall call 
(arbitrarily) red, blue and green, i.e. the additive primary colours. In QCD, 
the underlying symmetry group is SU(3) of colour. Note that this symmetry 
is believed to be exact, in contrast to the SU(3) flavour group used to 
classify hadrons, which is only approximate. Antiquarks have anticolour 
charges, namely R, B and G. Hadrons have no net colour, i.e. they are 
colour singlets. Hence a meson consists of qq pairs, with the quark and 
antiquark having equal and opposite colour. For example, the wave 
function of a 7r + -meson can be written in terms of colour as follows 



The colour is not observable, and all colours are represented with equal 
probability. Baryons consist of one quark of each colour giving net colour 
zero. The colours carried by the eight gluons are as follows: 



QCD offers a possible explanation for confinement, although no formal 
proof yet exists. Consider the interaction of a high energy muon with a 
proton. Suppose the virtual photon interacts with a red u-quark, giving 
it a large momentum with respect to the remaining blue and green quarks. 
From QCD, the force between the red quark and the other two quarks, 
which considered together have the colour antired, increases roughly as 
their separation. Thus, enormous energy would be needed to isolate the 
quark. However, before this can happen, it appears that another process 
takes place, namely that the field energy is converted into quark-antiquark 
pairs. For example, if a red-antired pair is produced, the original red 
quark plus the antired antiquark can combine to form a meson. The 
remaining red quark can recombine with the original blue and green 
quarks to form a proton. Alternatively, it can combine with an antiquark 
from another quark-antiquark pair to give another meson, and so on. 
Thus, any attempt to isolate a coloured quark merely results in the 



N + > = (i) l/2 [uA + u B a B + u G a G ]. 



(1.14) 



RB, RG, BR, GR, BG, GB, (RR - GG)/2"\ 
(RR + GG-2BB)/6 1/2 . 



(1.15) 
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production of colourless hadrons. Note that the above illustration has 
been given in terms of a specific colour, red. The amplitude, from quantum 
mechanics, must contain corresponding colour terms for blue and green 
quarks. 

If a coloured quark cannot be isolated, then only quark systems which 
are 'colourless', that is colour singlets, can exist. The simplest colour 
singlets which can be formed are qq, qqq and qqq; these correspond to 
mesons, baryons and antibaryons respectively. Thus, these combinations 
would be expected to exist in nature but not, for example, qq or qqqq 
systems. More complex systems of multiples of three quarks, e.g. a 
six-quark system, are also colourless. 

An interesting question is to what extent nuclei, which consist of 3n 
quarks with n running from 2 to about 240, can be considered to be made 
from a collection of nucleons rather than directly from quarks. Many 
models of the nucleus consider that, in addition to being composed of 
confined three-quark colourless 'bags', or nucleons, there are significant 
fractions of 'bags' of six or more quarks. The traditional idea that the 
nucleus is composed of individual nucleons is, perhaps, not as obvious as 
it might seem, since the density of (valence) quarks in a nucleon is only 
a few times that of nucleons in a nucleus. Thus, if the matter density can 
be increased, for example during the collisions of very high energy nuclei, 
there exists the possibility that a transition to a new state of matter, the 
so-called quark-gluon plasma, might be achieved. In this state the quarks 
and gluons would no longer be confined to individual nucleon boundaries. 

The colour force increases as the separation between quarks increases. 
However, as the separation decreases, that is the relative momentum 
increases, the force becomes weaker. At infinite momentum the quarks 
would no longer interact; this is called asymptotic freedom. The strong 
coupling constant can be defined as a perturbation series. To first order 

a s (Q 2 ) = — l J b L_. \ n (Q 2 /A 2 ), (1.16) 
(33 — 2n f )/ 

where n ( is the number of active quark flavours, Q 2 is the absolute value 
of the four-momentum transfer squared and A is a parameter to be 
determined from the data. The value of A appears to be in range of 50 
to 500 MeV. (This gives, for example, oc s ~ 0. 1 5 for Q 2 = 10 3 GeV 2 , n { = 4 
and A = 0.2 GeV.) This rather larger range for A stems from uncertainties 
as to the minimum value of Q 2 which can be used to fit to this asymptotic 
form. This is because additional contributions to a particular process arise 
from higher order terms, which often have not been calculated, and from 
non-asymptotic (higher twist) terms with a \/Q 2 fall-off, which are 
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generally uncalculable. A consistent treatment in the extraction of A from 
various processes requires the inclusion of higher order terms in both the 
expansion of oc s and in the matrix element of the process itself, and these 
must be calculated using the same renormalisation scheme. The currently 
favoured value is, for the so-called modified minimal subtraction (MS) 
scheme discussed in Chapter 7, — 200 MeV. 

For very large Q 2 values a s becomes asymptotically zero. The decrease 
of a s with increasing Q 2 can be understood qualitatively as being due to 
the colour charge being spread out by gluon branching processes; these 
processes growing with increasing Q 2 (Fig. 1.13). For small Q 2 (~ A 2 ), a s 
becomes very large; a hint that quark confinement occurs at a distance 
r c ~ 1/A. This is plausible since r c is roughly the size of a hadron. This 
latter argument also shows that quark and gluon degrees of freedom are 
important in a nucleus. 

The introduction of the colour degree of freedom to the internal quark 
structure of baryons in fact solved an old problem in the quark classifica- 
tion of baryons. The A + + (1232) resonance consists, in the quark model, 
of uuu and is a member of the lowest lying spin \ decuplet. Assuming 
that the quarks are in their ground state, the symmetric / = 0 state, then 
all three u-quarks have the same spin configuration. Hence, the A ++ is 
a state which is symmetric under the interchange of quarks. Since quarks 
are spin ^ fermions, this violates the Pauli exclusion principle. The addition 
of the colour quantum number, in which the quarks are antisymmetric, 
solves this spin-statistics problem. 

There are several reasonably direct pieces of experimental evidence 
which support this colour hypothesis. The first comes from measurements 
of R h , the ratio of the cross-section for the production of hadrons compared 
to the production of /u + jn~ , in e + e" annihilations, namely 

R h = (j(e + e~ ->hadrons)/tf(e + e" + (1.17) 



Fig. 1.13 QCD branching processes leading to an effective weakening 
of the colour charge of the gluon seen by the quark for different regimes 
ofg 2 . 
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As shown in Chapter 4, the cross-section to produce a pair of point-like 
fermions, each of charge e f , at a cms energy s l/2 which is large enough 
that the relevant masses can be neglected, is 




(1.18) 



Thus, if the process e + e ->qq -> hadrons is point-like, then the value 
expected for R h is 

K h = Ze, 2 , (1.19) 

i 

where i is the sum over all contributing quark flavours. The point-like 
condition requires that the hadron production occurs on a timescale which 
is relatively long compared to that for qq production, so that the final 
state effects do not significantly modify the initial cross-section. Some 
experimental measurements of R h as a function of s l/2 are shown in Fig. 
1.(4. The contributing quark flavours at the highest values of s l/2 are u, 
d, s, c and b. For these quarks 




(1.20) 



However, each of these qq pairs can be produced in three possible colour 
states. Hence, with the inclusion of the colour factor, one expects R h = 11/3; 
in reasonable agreement with the data. Further support for the colour 
hypothesis comes from the analysis of the n° lifetime (as discussed by 
Cheng and Li (1984)), this is 'wrong' by roughly a factor N 2 = 9 without 
the inclusion of colour), the Drell-Yan process, qq + (Chapter 

7) and the values of the leptonic branching ratios for the r-lepton and 
hadrons containing c and b quarks (Chapter 8). 

The decay widths for the J PC = 1 ~ " states *F and T are narrow (63 and 
43 keV respectively). They are both below the threshold for the decays to 
pairs of c- or b-quark hadrons respectively. The simplest decay mode (Fig. 
1.15) is via three gluons (the intermediate state must be a colour singlet 
and C conservation requires an odd number of gluons). Calculations with 
a s ~0.2 can reproduce the observed widths (Chapter 10). 



1.8 SUMMARY ON INTERACTIONS AND SYMMETRIES 

Throughout this book the most commonly accepted theoretical 
model will be used as a guide to understanding the experimental data. It 
should be borne in mind, however, that not all aspects of this theoretical 



Fig. 1.14 Measurements of the value of R h as a function of the centre- of-mass energy (s) l/2 . r, LENA; DASP II; *, CLEO; a, 
DHHM; #, Orsay; m, Frascati; o, Novosibirsk; x , SLAC-LBL; O, DASP; □ , CELLO; X, JADE; +, MARK J; t, PLUTO; 
a, TASSO. 
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picture are universally accepted, and indeed a critical examination of both 
the theoretical ideas and of the experimental data should always be made. 

In the standard theoretical framework the fundamental constituents of 
matter, at the distance scales which have so far been experimentally 
explored, are the spin \ quarks and leptons and the spin 1 gauge bosons. 
The quarks come in different flavours or types, of which five are firmly 
established (u, d, s, c, b). Each of these flavours comes in three colours. 
The electroweak interaction, that is a unified theory of the weak and 
electromagnetic interactions, has four gauge bosons. Amongst these, two 
(y, Z°) are electrically neutral and two are charged (W + , W " ). The photon 
is massless, whereas the Z° (93 GeV) and the (82 GeV) are massive. 
As discussed later, the origin of particle masses is of great interest and 
may imply the existence of fundamental scalar particles. The strong 
interaction is mediated, in QCD, by eight massless coloured vector gluons. 
Since quarks and gluons are not observable directly their 'masses' must 
be inferred by somewhat indirect means. This relies heavily on theoretical 
input. The gauge bosons mediating the various interactions are summar- 
ised in Table 1 .5. 

The gravitational force between identical fundamental particles, unlike 
the other forces, is attractive. This implies the graviton has even spin. 
Spin 0 is excluded since that would imply light would not bend towards 
the sun. The simplest assignment for the graviton is thus spin 2. 

The possible interactions amongst these particles are represented by the 
diagrams shown in Fig. 1.16. In this figure, / and j represent different 
quark flavours and a and b represent colours. The label / represents 
a lepton, with a and denoting charged and neutral states (/" or v,). In 
the minimal standard model there are no reactions which change the 
lepton generation (e, \x or t). The quarks interact via the weak, electro- 
magnetic or strong interactions. Thus emission or absorption of a y or 
Z° (Fig. 1.16(a)) does not change the flavour or colour of the quark. For 
W ± (Fig. 1.16(6)), there is a change in the quark flavour but no change 
in the colour (i.e. W* is colour blind), whereas for gluon emission (Fig. 
1.16(c)) there is a change in colour but not in quark flavour. The charged 
leptons can emit a y or Z° with no change in lepton type (Fig. 1.16(d)). 



Fig. 1.15 Possible decay scheme for heavy QQ state with J pc = 1 
to decay to three jets of hadrons via a three-gluon intermediate state. 
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Neutral leptons (i.e. neutrinos) can also emit a Z°. The emission of a W* 
(Fig, 1.16(e)) causes a change from a charged to neutral lepton. The 
corresponding diagrams for antiquaries and antileptons can be constructed 
in a similar manner. These diagrams can also be used to represent the 
line reversed reactions, e.g. y, Z°->q?q- (Fig. 1.16(a)), etc. In addition 
there are vertices involving the coupling of either three or four gauge 
bosons. The trilinear couplings are yW + W~, Z°W + W" and ggg. Since 
quarks are fermions, the total number of quarks minus antiquarks is 
conserved; however, there is no such restriction on the gauge bosons. 

These possible vertex transitions allow a simple understanding of the 
empirical rules relating to the differences in the quantum numbers between 
the initial and final states in the various interactions. Strong interactions 



Table 1.5. The fundamental interactions in nature 



Gauge bosons 



Interaction 



Type 



Spin Mass 



Coupled fermions 



Strong 

Electromagnetic 

Weak 

Gravity 



8 gluons 
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2 Ws 
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1 graviton 
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Fig. 1.16 Vertex diagrams for the emission of gauge bosons by quarks 
((a) to (c)) and leptons ((d) and (e)). For the quarks, the indices * 
and j denote quark flavours and a and b colours. For the leptons, 
a and /? denote charged and neutral states. 
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are mediated by gluons, which change only colour; therefore, since colour 
is not observable, all the quantum numbers referring to quark flavours 
are conserved. Hence, the total S, C\ B' and T' quantum numbers should 
be equal in the initial and final states, since any particles with non-zero 
values of these quantum numbers can only be produced in particle-anti- 
particle pairs. The approximate degeneracy in mass of the u and d quarks 
means that the quantum numbers for 'u-ness' and 'd-ness' can be combined 
so that the strong interaction is invariant under isospin transformations. 
The differences in the strong interactions of hadrons of different quark 
content (e.g. between ?i + p and K + p collisions) are attributable to the 
differences in the respective quark masses. Thus, whereas the coupling of 
a gluon to a quark is independent of its flavour, the probability of creating 
a quark of a particular flavour is strongly dependent on its mass. 

The electromagnetic interaction depends on the charge of the quark, 
and hence its flavour. Thus the cross-section for e + p is different to that 
for e + n, since the quark content of the proton and neutron are different. 
The quantum numbers associated with quark flavours (e.g. strangeness) 
are, however, conserved, since any quark-antiquark pairs created have 
equal and opposite flavour quantum numbers. 

In the weak interactions mediated by W± exchange, the quark flavours 
change. Any additional quark-antiquark pairs produced in the interaction 
have zero net flavour, so that only very specific changes in the quark 
flavours are expected. These arise from transitions between the charge § 
quarks (u, c, t) and the charge — j quarks (d, s, b). Weak interactions 
involving Z° exchange do not change the quark flavour. 

The conservation or violation of the various interactions under the 
transformations of spatial inversion or parity (P), charge conjugation (C) 
and time reversal (7), has given great insight into our understanding of 
these interactions. If two applications of a discrete transformation restore 
the original state, then one can define an associated multiplicative quantum 
number with eigenvalues + 1 , in contrast to the additive quantum numbers 
discussed above. In strong and electromagnetic interactions, P, C and T 
appear to be conserved. However, in the weak interaction, P and C are 
not only violated, but seem to be violated maximally. 

The invariance of physical laws under the spatial inversion r-> — r had 
been implicitly assumed until Lee and Yang (1956) suggested that parity 
was not conserved in weak interactions. This hypothesis gave an explana- 
tion to the so-called l 9-z puzzle'. Two charged particles, 9 and t, had 
been found with approximately the same mass but with different decay 
modes, namely 6 + ^>n*n~ and x + -* n + n*n~ . Application of parity 
conservation for the #-decay gives the possible spin-parity assignments 
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jr(Q) = 0\ r.etc. (P(^)-(PJ 2 (-1) J ). Study of the r-decay Dalitz plot 
showed that the t had spin 0. Hence, since the pions have no relative 
angular momentum, J p (x) = 0~. The possibility of parity violation re- 
moves this conflict and 9 and x are identified as the K^2n and K->3n 
decay modes of the charged K-meson. Confirmation of parity violation 
came from an experiment by Wu el al (1957), studying the /?-decay of 
polarised 60 Co nuclei. A large decay asymmetry was found, indicating 
almost maximal parity violation. It appears that the weak interaction 
creates or annihilates neutrinos that are lefthanded and antineutrinos that 
are righthanded. Lefthanded (or negative helicity) means that the spin 
points in the direction opposite to the direction of motion. The production 
of particles in helicity eigenstates is a consequence of parity violation. 

Under the operation of charge conjugation, a lefthanded neutrino 
becomes a lefthanded antineutrino; contrary to what is observed in nature. 
Thus, charge conjugation also appears to be violated maximally. The 
combined operation of C and P (i.e. CP) appears, however, to be almost 
exactly conserved in weak interactions. Under CP, a lefthanded v becomes 
a righthanded v. However, as first observed by Christenson el al. (1964) 
and confirmed by numerous other experiments, CP is clearly violated in 
the decays of K°-mesons. This violation is rather small (a few parts per 
thousand) and its origin is somewhat unclear. The combined operation 
CP7, whose conservation is fundamental in quantum field theory, appears 
to be conserved. Thus, the small violation of CP may imply that T is also 
violated. These topics are discussed in Chapter 9. 

The interaction mechanisms depicted in Fig. 1 .16 assume that the lepton 
number for each lepton family is separately conserved. This conservation 
law implies, for example, that a v e beam propagates through space 
retaining its lepton number identity. The possibility exists, however, that 
transitions or oscillations between the neutrino types could occur (Ponte- 
corvo, 1968). Such transitions would require the existence of a force which 
violates lepton number conservation. The experimental data on this 
subject are discussed in Chapter 9. 

Another quantum number, whose conservation would follow from Fig. 
1.16, is that of baryon number. Baryons can only be created as baryon- 
antibaryon pairs, whereas no such restriction applies for mesons. Jt should 
be noted that the conservation laws relating to quark flavour or lepton 
number are empirical and do not come from some deeper physical 
principle. For example, the existence of a massive X boson, with a q/X 
vertex coupling, would transform quarks into leptons and vice versa. 
Although this may happen only with a very small probability (the predicted 
mass for such a boson is typically in the region of 10 15 GeV), it would 
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represent a violation of both baryon number conservation and of the 
other laws relating to quark flavour and lepton number conservation. In 
particular, the proton would no longer be stable. Such transitions between 
quarks and leptons are predicted in attempts to unify the electroweak 
interaction with QCD (Chapter 10). On the other hand, conservation of 
charge is expected to be exact. This is related to the principle of gauge 
invariance, and it is widely believed to be a fundamental principle. 

In the light of the ideas discussed above it is worthwhile to review the 
experimental facts introduced in Section 1.1. In particular, the relative 
magnitudes of the cross-sections and decay rates for the strong, electro- 
magnetic and weak interactions can be understood. The total strong 
interaction cross-section for hadron-hadron collisions is made up mainly 
from multiple soft (and relatively long-range) collisions. Further, the 
strong coupling a s is large (a s ~0(l)), particularly for soft collisions. 
Hence, since both the projectile and target hadrons can be regarded as 
'bags' of partons having large interaction cross-sections in the regions of 
geometrical overlap, the total cross-section is roughly proportional to the 
geometric cross-section. That is, o xox ^ nR 2 y where R is a typical hadronic 
radius giving, for R — 1 fm, cr 10( ~~ 30 mb (see Fig. 1.1). The time scale for 
a highly unstable resonance to decay (e.g. p^nn) will be roughly that 
required for the colourless decay products to separate completely. To 
achieve a separation of, say, 2 fm at velocity c takes a time t ~ 6 x 10~ 24 s 
or equivalently a resonant width of T ~ 1 00 MeV. Thus, these phenomena, 
which we classify as strong interactions, are rather indirect manifestations 
of the underlying, and extremely strong, forces of QCD. 

The electromagnetic cross-sections and decay rates are significantly 
smaller than those for strong processes, since a « a s . The interaction of a 
real photon with a nucleon can be envisaged as a two-stage process. In 
the first stage, the photon transforms into a quark-antiquark pair with 
a probability proportional to ol. This virtual quark-antiquark pair has 
the same quantum numbers (J PC = 1"~) as the photon and hence the 
same as the vector mesons p, co, 0, J/W etc. In the second stage, this 
virtual vector meson interacts with the nucleon with a typical hadronic 
strong interaction cross-section, i.e. <7 vN ~a<r hN . In the inelastic scattering 
of high energy electrons or muons, the virtual photon can also interact 
with the nucleon through a virtual vector meson intermediate state. At 
low values of the four-momentum squared of the virtual photon (g 2 ), this 
process is important {vector meson dominance). However, for values of 
<2 2 ^2GeV 2 , this process becomes negligible and the scattering occurs 
mainly between the virtual photon and the quarks inside the nucleon 
(deep inelastic scattering). Large fluctuations of the virtual photon are 
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required to reach large values of Q 2 , and this is reflected in the cross-section 
formula which has a 1/Q 4 suppression factor for the virtual photon 
propagator. 

The weak interaction has a similar structure to the electromagnetic 
interaction except for two important differences. Firstly, the virtual particles 
which are exchanged are massive and, secondly, they can be charged as 
well as neutral. The suppression factor for the propagator becomes 
\/(q 2 — M 2 ) 2 for a massive virtual boson. The weak coupling constant is 
similar in magnitude to the electromagnetic coupling constant a, hence 
for Q 2 ( = — q 2 )«M 2 , which is the case for the weak decays of leptons 
and hadrons and for existing neutrino beams, the weak interaction is 
suppressed by a factor of about 1/M 4 with respect to equivalent electro- 
magnetic processes. From the magnitude of the vN cross-section (Fig. 
1.1) one can calculate that the effective geometric size of a nucleon as seen 
by a 10 GeV neutrino beam is about 10" 19 cm. This effective size increases 
as the neutrino energy increases. 

Compared to the other interactions, gravity is extremely weak, with a 
coupling strength of approximately 10" 40 . A hydrogen atom bound with 
the gravitational, rather than the electromagnetic, interaction would be 
larger than the size of the known universe. Note that any particular 
interaction receives contributions, through higher order graphs, from all 
of the interactions at some level. 

The coupling constants of the various interactions are not, in fact, 
constants. They are defined at some value of Q 2 and their evolution with 
Q 2 can be predicted. The electromagnetic constant a increases with Q 2 , 
whereas the QCD coupling constant oc s decreases with Q 2 . The value of 
Q 2 at which the coupling constants for the electroweak and strong 
interactions become equal sets the scale of the possible unification of these 
interactions. Estimates of this scale are of the order of 1 0 1 5 GeV. For the 
gravitational interaction, the scale is set by considering the distance d at 
which the gravitational energy becomes equal to the rest mass energy, i.e. 
d~G g M, where G g is the Newtonian gravitational constant. Quantum 
gravity effects (e.g. virtual black holes) would be expected to be important 
for a Compton wavelength XjM^d. This sets the mass scale M = 
(1/G g ) 1/2 ~ 10 19 GeV (the Planck mass) for a complete unification of 
forces. 

Our understanding of the interactions in nature and, in particular, the 
enormous range in the energy scales of the interactions is far from 
complete. However, it appears important to identify the underlying 
symmetries in nature and to find out the mechanisms by which they are 
broken. Symmetries have played an important role throughout the history 
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of physics. For example, the observed regularities in the motion of the 
moon and planets were important in our initial understanding of gravity. 
A symmetry (i.e. the invariance of the physical equations describing a 
system under a particular group of transformations) leads, in quantum 
mechanics, to a conserved quantity. Invariance with respect to Lorentz 
space-time translations and to rotations lead to the conservation of 
momentum-energy and angular-momentum respectively. However, the 
degeneracy in the energy levels of atoms, stemming from rotational 
invariance, is broken by the application of an external electromagnetic 
field, which causes the levels to split because the system is no longer 
rotationally symmetric. These are examples of global symmetries, in which 
the coordinate system is translated or rotated by some amount, but the 
physical equations in the new system are identical to those in the original 
system. 

A more powerful symmetry is the local symmetry, in which the physical 
equations are invariant under transformations applied independently at 
each space-time point. A theory with such a property is known as a gauge 
theory, and it is widely believed that all interactions can be described by 
gauge theories. For example, invariance under local colour transforma- 
tions leads to the theory of QCD, in which the colour forces are transmitted 
by the coloured gauge bosons. The group for this local symmetry in colour 
is SU(3). Note that the SU(3) group applied to quark flavours is a global 
symmetry. Maxwell's equations also obey a gauge symmetry. Conversely, 
assuming the existence of the appropriate gauge symmetry in nature, one 
can derive Maxwell's equations and the fact that the photon appears to 
be massless. The unified electroweak interaction has, as its underlying 
symmetry, the gauge group SU(2) L ® U(l), which is, however, manifestly 
broken. The SU(2) L group corresponds to the quantum number called 
weak isospin. This is a local symmetry, in contrast to the SU(2) group of 
the isospin properties of u and d quarks, which is global. Weakly 
interacting particles seem to appear in doublets, e.g. v e and e~, u and d. 
These doublets have weak isospin t = {, with t 2 = { for v c and t 2 = — { for 
e~ etc. The gauge group U(l) corresponds to weak hyper charge y, defined 
such that Q = t 2 + y/2. The subscript L signifies that the weak interaction 
is lefthanded and it is only the lefthanded component of a particle which 
participates in the interaction. The righthanded component of particles, 
e.g. e R ", are singlet states of weak isospin with t = 0. 

A further symmetry, for which there is as yet no convincing experimental 
evidence, but which is being actively investigated theoretically, is super- 
symmetry (SUSY). The postulated symmetry supposes the invariance of 
the laws of nature under transformations turning bosons into fermions 
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and vice versa. Each particle has a supersymmetric partner, e.g. the spin 
j electron has a spin 0 scalar electron partner, the spin \ quark has a spin 
0 'squark' partner. The theory of supergravity deals with the consequences 
of local SUSY transformations; in particular, the spin 2 graviton has a 
spin \ SUSY partner, the gravitino. The development of such theories will 
not solve all the outstanding problems, however. The formalism of field 
theory is merely a descriptive framework in which the probabilities of 
particular physical processes can be calculated. Field theory does not 
explain why certain particles exist and not others. The input to such 
calculations is a list of elementary particles with their known properties 
(mass, spin, charge, etc.) and the form of the interaction between such 
particles. This list, for a particular calculation, could well be incomplete. 
The assumption than an interaction has some underlying group structure 
gives, however, an indication of the possible number of gauge particles. 

Recently, however, theoretical ideas have been advanced which may 
(ultimately) provide a solution to the above problems. The fundamental 
entities in this approach are represented by 'strings', and not by points 
as in QED. Such strings sweep out (with time) two-dimensional world 
sheets rather than world lines. The size of the string is very roughly that 
of the Planck scale. The theory naturally incorporates supersymmetry 
and may prove to be free of divergences (i.e. finite). Although work on 
these 'superstring' theories is still in its infancy, the ambitious goal that 
the various interactions, coupling constants and all the properties of the 
associated particles may emerge is being actively pursued. These ideas are 
discussed further in Chapter 10. 



2 



Towards a quantum field theory 



2.1 THE BUILDING BLOCKS OF QUANTUM FIELD 
THEORY 

The current consensus of theoretical opinion is that the forces of 
nature can be described in terms of local gauge field theories. The main 
ideas which are the ingredients of a quantum field theory are those of 

(i) quantum mechanics, 

(ii) special relativity, and 

(iii) classical field theory. 

In this chapter these, plus other related topics, are briefly reviewed. The 
emphasis is on the formulation of an adequate description of the scattering 
process. This is because the bulk of our knowledge in particle physics 
comes from studies of the collisions of elementary particles. New particles 
can be formed in these collisions and the ideas relating to the decays of 
unstable particles are also considered. 

2.2 NON-RELATIVISTIC QUANTUM MECHANICS 
2.2.1 Classical mechanics 

Before discussing quantum mechanics we first recall some of the 
laws of classical mechanics and electromagnetism. The equations of 
classical mechanics in the Lagrangian formulation and the canonical 
equations of Hamilton have essentially the same physical content as 
Newton's second law of motion. The Lagrangian function is defined in 
terms of some generalised coordinates q k (i — 1, 2, . . . , n) and their 
derivatives with respect to time (q { ) as follows, 

^ i ,4 i ) = T(q l ,4i)- Viqih 

where T and V are the kinetic and potential energies respectively. 
Hamilton's principle of least action states that, for a conservative system, 
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the action integral A does not depend on the actual path of the integration; 
thus 



SA=S 



£ ? ^t = 0. 



(2.2) 



In Fig. 2.1 this is shown for the simplified case of one coordinate. For 
this case we have 



SA = 



— Sqi + — Sq, dt. 



(2.3) 



Integrating the second term by parts and imposing the conditions that 
5q.(t | ) = 6q i (t 2 ) = 0, and generalising to n coordinates, we obtain 



6A=Y. 



dt K = 0. 

,, \dq-, dt dqj 



This gives the Euler-Lagrange equation of motion 

di£ _ d /5JSf\ _ 



(2.4) 



(2-5) 



As an example, consider the one-dimensional motion of a particle of 
mass m in a potential V(x), that is 



if = i OT x 2 - K(x). 



(2.6) 



Fig. 2.1 Possible integration paths between point 1 (t ly (<ft)i) and 
point 2 (r 2 >(^) 2 )- 
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Equation (2.5) gives mx = -dV/dx, or more generally m'r = -VK, that 
is Newton's equation. 

The Euler-Lagrange equations can be written in another form by 
defining, as new variables, the generalised momenta p t = d^/dq i and a new 
function, the Hamiltonian 

H( Ph q i )= t Piii-^tin ii)- (2.7) 
i = i 

Differentiating (2.7) gives 

dSe d<£ 
dH = q l dp l + pAh ~ ~~ d 4, ~ 

dq; dq { 

dS£ 

= q&Pi - — dQi = 4,-dp,- - PidQi- ( 2 - 8 ) 
dq x 

Now, since H = H{p i9 g f ), we can write 

d // = ^dp l + ^d qi , (2.9) 
Therefore, equating (2.8) and (2.9) gives Hamilton's equations of motion 

The Hamiltonian is the total energy of the system. This can be seen 
from (2.1) and (2.7) by putting T, = pAJl, to give 

H = (f d 2Ti)-T+ V = T + P. (2.11) 



The total derivative of the Hamiltonian with respect to time is 
dH dH dH „ 

— = + A=0, (2.12) 
where use has been made of (2.10), Thus, the total energy is conserved. 



2.2.2 Classical electromagnetism 

Electromagnetic phenomena are described classically in terms of 
the magnetic field B(J, x) and electric field E(t, x). These are related to 
the vector potential A(r, x) and scalar potential 0(J, x) by Maxwell's 
equations, which in rationalised Heaviside-Lorentz units are, in vacuo, 
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(see, e.g, Panofsky and Phillips, 1969) 

B = V x A, (2.13a) 

E= -— - \d> 9 (2.13b) 
dt 

dE 

V x B-j + — , (2.13c) 

dt 

V-E = p, (2.13d) 

where \(t, x) and p(t, x) are the electric current and charge density 
respectively. Taking the divergence of (2.13c), using (2.13d) and the 
property div curl B = 0, gives 

V-j= -dp/dt. (2.14) 

Thus, charge is conserved in Maxwell's equations. This is a global 
conservation law and applies to all space-time. 

The differential equations for A and <t> are determined by eliminating 
Band Efrom Maxwell's equations. Putting (2. 13a) and (2. 13b) into (2.13c) 
gives 

d 2 \ d(p 

V x (V x A)=j V — . 

dt 2 dt 

Using Vx (Vx A) = V(V ■ A) — V 2 A and rearranging gives 

/ d<j)\ , ^ 2 A 

V V-A+f -? 2 A+ — = j. (2.15) 
V dt J dt 2 

Putting (2.13b) into (d) gives 

-- (V-A)- V 2 0 = p. (2.16) 
dt 

The solutions to equations (2.15) and (2.16) are not unique; any new 
potentials A' and </>' such that 

A' = A - V/, 

(2.17) 

</>=<£ + dyjdt. 

where % is an arbitrary function of x and t i also satisfy these equations. 
This can be checked by substitution. Transformation (2.17) is called a 
gauge transformation. If the charge distribution is static, i.e. p(x) is 
independent of f , it is convenient to choose a gauge, the Coulomb gauge, 
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such that 



V-A = 0. 



(2.18) 



In this gauge, equations (2.16) and (2.15) become 

V 2 <£= -p 
and, since (p is independent of time, 



(2-19) 




(2.20) 



Equation (2.19) is Poissons equation. The scalar potential (p is indepen- 
dent of time and, further, both A and (p are real. 

In preparation for the field theory description of photons (Chapters 3 
and 4) it is useful to consider the case of a free photon, that is j = 0, p = 0. 
Hence, <p is zero and a possible solution for A is 

A = bA 0 exp[i(k-x -cot)], (2.21) 

where A Q is the amplitude, and £ is a unit vector (called the polarisation 
vector) which is in the direction of A, and o and k are the photon energy 
and momentum respectively. Now, for the condition V-A = 0 to be 
satisfied, we require £ k = 0, that is the polarisation is transverse to the 
direction of motion. From (2.13b) and (a) we have E = icoA and B = 
V x A = ik x A. Thus, E, B and k are mutually orthogonal, and £ is in 
the direction of the electric field. 

For a particle of mass m and charge e, a possible Lagrangian is 



Inserting this form in (2.5), the Lagrangian equation of motion for the 
y'th coordinate (xj) is 



¥ = T — ecp + ex - A = \ m tf + ex^i — ecp. 



(2.22) 




(2.23) 



Now, 



. dA; 

J dt 




(2.24) 



Hence, 



mx 




dA x dAj 

dxj dx it 



) 
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Since B = V x A, (2.25) is thus the equation for the Lorentz force 

m\ = e(E + v x B). (2.26) 
The momenta p { can be obtained from (2.22) using p. = dL/dx^ thus 
Pi = mxi + eA v (2.27) 

Finally, using (2.7) and (2.27), the Hamiltonian is 
H = Z Pi-^i ~~ l m ^« 2 ~~ ex-Ai + ecf) 

i 

= ^-(p-e\) 2 + e(t>. (2.28) 
2m 

Thus, compared to the no-field case, p is replaced by p — e\. 



2.2.3 The wave equation 

In non-relativistic quantum mechanics the state of a particle is 
represented by a complex state or wave function i//. The probability of 
finding the particle at time t in a volume element d 3 x at position r is 
\\ft(t, r)| 2 d 3 x. If and \p 2 are wave functions, then it is convenient to use 
the Dirac notation to define the scalar product, 

<KM 3 * = <*i | ^2>- (2.29) 

A wave function is normalised so that <^|^> = 1. 

The wave function itself is not 'observable', but it is assumed that a 
complete knowledge of tp represents all the information obtainable about 
the system. Observable quantities are represented by operators acting on 
For example, the operators for momentum, f>, kinetic energy, f, and 
energy, £, are 

P = — i grad = — iV, 

f = - V 2 /2m (V 2 - d 2 /dx 2 + d 2 /dy 2 + d 2 /dz 2 ) y (2.30) 

£ = \d/dt. 

Operators do not necessarily commute. From the definition of p x = 
— id/dx, it follows that xp x — p x x = [x, p x ] = i, where x is the position 
operator. 

If an operator f acting on a state u s satisfies fu s — l s u s , then u 5 is said to 
be an eigenf unction of f with eigenvalue l s . The wave function \j/ can be 
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defined in terms of a complete orthonormal set of eigenfunctions 

*=ic lU „ (2.31) 



5 = 1 



with the orthogonality condition <w s |w r > = S sr (Kronecker symbol). The 
abstract space spanned by such base vectors is called a Hilbert space. For 
the state \j/ the probability that f is found to have an eigenvalue / s is |c s | 2 , 
with c s = (u s \ip). Consider a space with n linearly independent base 
vectors, then 

t k><Xk>= t k>5, r = |n r >. (2.32) 

5=1 5=1 

This gives the completeness or closure relationship 

t k><wj = l- (2-33) 

s= 1 

The overall phase of the total wave function cannot be observed. For 
example, writing = exp(i<5)^, then |i//'| 2 = |^| 2 for any value of S. 

If two operators do not commute (e.g. [x, p x ] = i), then the state cannot 
be, simultaneously, an eigenfunction of both. That is, one cannot make 
simultaneous measurements of, for example, both x and p x . If the wave 
function for a particle is localised around the origin, e.g. ^(x)~ 
exp(-x 2 /2A 2 ), with corresponding probability density P(x)~ 
exp(-x 2 /A 2 ), then the probability that the particle has momentum p x 
is |0(p x )| 2 , where 



<t>(Px)' 



exp(-ip Jc x)i//(x)dx 



exp 



Kr*4H-(f 



dx 



^exp(-p 2 A 2 /2). (2.34) 

This follows by putting y = (x/A x + \p x A x ) and noting that J exp( - y 2 /2)dy 
just gives a constant. Thus, if we define (j)(p x ) ~ exp( — p 2 /2A 2 ), then 
comparison with (2.34) gives A p A x = h ( = 1 ). The above argument depends 
on the Gaussian forms assumed for the wave functions. More generally 
we obtain the Heisenberg uncertainty principle 

(Ap)(Ax)£«. (2.35) 

Two useful operators in quantum mechanics are the Hermitian and 
unitary operators. The eigenvalues of an Hermitian operator are real. 
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Defining 

(u s \f\u r y = ilu s \u r ) = (u s \Tu r ), (2.36) 

then an operator is Hermitian if T= V where 

(u s \r\u r } = ((u r \T\u s »*. (2.37) 

That is, the Hermitian conjugate involves both transposing and complex 
conjugation. Using these relationships it follows that the eigenvalues are 
real: 

{u s \p\u s = ((u^\u s )r^i:(u s \u s ), 

<u s \f\u s > = l s (u s \u s ), (2.38) 

thus / A . = /*. Hence, observables are represented by linear Hermitian 
operators. A unitary operator is such that its Hermitian conjugate is equal 
to its inverse, that is (dropping the symbol) 

U ] = U~ l or UW=\. (2.39) 

Note that U is not necessarily Hermitian. Consider an operator / with an 
eigenvector \u s } and eigenvalue / 5 , then, if under a unitary transformation 
/' = UlU ~ 1 and \u' s ) = £7|u s >, it follows that 

W s \r I w;> = <u,\u- l ru\u r y = <u s \i\u r >. (2.40) 

Thus, the physical equations are invariant under unitary transformations. 
Further, if the operator / is Hermitian (IH = 1), then /' is also Hermitian. 
An infinitesimal unitary tranformation can be written 

U=\-lsF, (2.41) 

where e is small and F is called the generator. Hence 

UW = (1 + ief f )(l - ieF) = 1 + ie(F T - F) + 0(e 2 ) (2.42) 

Setting U^U equal to unity implies F^ = F, i.e. F is Hermitian. The 
usefulness of unitary transformations can be seen by considering the effect 
of F on an arbitrary operator /. Thus, we have 

I' =UIU' 1 -(1 -ieF)/(l +i£jF), 

i.e. /' = / - k(Fl ~IF) = 1- / £ [F, /] . (2.43) 

Thus, if T 7 commutes with / then /' = /, so / is invariant under the unitary 
transformation. A finite unitary transformation can be constructed from 
successive infinitesimal transformations. Putting ot = ne, (2.41) becomes 

U(e)= l-\-F. (2.44) 
n 



Non-relativistic quantum mechanics 
After n successive applications we obtain 

U(a)=U(e) a = (\-i~F) n =°°exp(-iaF) 
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(2.45) 



Note that in general if an operator H is Hermitian, then exp(itf) is unitary. 

The wave function ip satisfies the time-dependent Schrddinger equation. 
This can be obtained from consideration of the total energy operator or 
Hamiltonian H = T + V and the energy operator E. Using equation (2.30) 
gives 

%,r) = /?^,r), (2.46) 

so 

,#M) 



dt 



■ = /ty(f,r) = 



2m 



V 2 + V(t,r) 



(2.47) 



If V is independent of t, then, putting ip(t, r) = u(r)g(t), (2.47) can be 
written in the form 



i dg(t)_ 1 
#(0 5f w(r) 



_ L v 2 + V(r) 
2m 



w(r) = £, 



(2.48) 



where £ is the energy eigenvalue. Solving for gives therefore 

^(/,r) = M(r)exp(-i£0- (2.49) 
The complex conjugate of the Schrodinger equation (2.47) is 



i — 
dt 



2m 



V 2 + V(t,r) 



\p* 



The rate of change of the probability density p ~ \p*ip is 
5/ V 3/ y V 3f / 2™ 



(2.50) 



(2.51 



The righthand side can be written in terms of a vector current (the 
probability current) 



j(',r) = — [(V^W-iAW)], 
2m 



(2.52) 
since the divergence 

(2-53) 

Consider an arbitrary volume V enclosed by a surface S, then using 



divj^- 1 - [(V 2 i//*)<A - = 

2w dr 
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Gauss's theorem 

d 



pd 3 x = 



div jd 3 x 



V 



j n dS y (2.54) 



s 



where n is the component in the direction of the outward normal to surface 
element dS. Equation (2.54) (and also (2.53)) represent the continuity 
equation for the current j, since the rate of change of finding the particle 
in V equals the incoming flux of the current j crossing the surface. 
For a free particle, equation (2.47) becomes 

i?="~VV, (2.55) 
dt 2m 

which has a solution (which can be checked by substitution) 

i// = /Vexp[-i(£/-p-x)]. (2.56) 

Thus, for a free particle, this plane wave gives 

p = \N\\ \ = \N\ 2 p/m. (2.57) 

The symmetry properties of the Hamiltonian lead to conserved quan- 
tities. For example, consider the parity operator P, defined as 

Pi//(x) = i//(-x). (2.58) 

Further application restores the original state, so P 2 = 1 and P has 
eigenvalues ± 1. If we operate with P on the Schrodinger equation, we 
obtain 

i|(Pi/^x)) = P//^,x). (2.59) 
at 

If H(\) y and hence V{\) y is an even function of x, then PH\jj(t,x) = 
HPijj(t, x); that is, P commutes with H ([P, H~\ = 0) and so P\p(t, x) is a 
solution to Schrddinger's equation. In this case the two parity solutions 

f (U) = i(l±P)#,x), (2.60) 

are both solutions, and do not mix as functions of time. In general an 
operator that commutes with H and has no explicit time dependence is 
a constant of the motion. 

As discussed later (Section 4.7), there is more than one form in which 
the equations of motion of quantum mechanics may be expressed. In the 
Schrodinger representation the state vectors depend on time, whereas the 
operators do not, in contrast to the Heisenberg representation, where the 
converse applies. 
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Quantum mechanics may also be formulated in a different (but equiva- 
lent) way using the Feynman path integral approach. In Section 2.2.1, the 
classical propagation between two points was considered. In quantum 
mechanics one must construct an amplitude representing the sum of all 
possible paths, ip = X pa(hs exp(i/j(x)//j), where A is the action. A particular 
path will have a certain probability. The classical trajectory corresponds 
to the /7-*0 limit. The development of these ideas in the context of field 
theory is discussed by Cheng and Li (1984). 

2.2.4 Perturbation theory 

Many problems in quantum mechanics cannot be solved exactly 
and various approximate methods, such as bound state perturbation 
theory, time-dependent perturbation theory, variational methods and the 
WKB approximation are employed. In this section some aspects of the 
time-dependent perturbation theory of the Schrodinger equation (i.e. 
\d\j//dt = Hip y equation (2.47)) are considered. The Hamiltonian is written 
in terms of an unperturbed part H 0 and a time-dependent perturbation 
H' (e.g. a scattering potential) 

H = H 0 + H' with H 0 u H = E„u„. (2.61) 

It is assumed that the eigenvalues and functions (E„ and u n ) are known 
and that H' is small. The procedure is to expand ip in terms of the 
eigenfunctions w„exp( — \E n t) of the unperturbed wave equation. Thus 

ip = Y J a n (t)u n exp(~\E n t) y (2.62) 

n 

where the coefficients a n depend on r. Substituting (2.62) in (2.47) gives 
X (ia* + a n E n )u n exp( - \E n i) = (H 0 + H') £ a n u n exp( - \E n t). 

n n 

(2.63) 

Use of H 0 u n = E n u n simplifies this equation to 

i X a n u n exp( - \E n t) - ^ <* n H'u n exp( - iEj), (2.64) 

n n 

Multiplying from the left by u* y and using the orthonormality relationships 
for the eigenfunctions, gives 



i a f exp( - \E f t) = ^ a n H' fn exp( - \E n t), 



where 



u*H'u n d 2 x. (2.65) 
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Thus, 

a f { t ) = - i £ a n (t)H> fn exp[i(£ / - £„)r] . 



(2.66) 



To proceed further depends on the nature of the problem to be solved. 
Certain scattering processes can be considered by assuming that the 
perturbation acts for a short interval of time at t ~ 0. The system is assumed 
to be in an initial state / at t = -r', such that a^ — t') = S ni . Hence, (2.66) 
becomes 



(2.67) 



At some time t' after the interaction a f can be obtained by integrating 
this equation, which remains approximately valid if the perturbation is 
small. Thus, 



dtH' fi (t)exp[\(E f -E ( )t]. 



(2.68) 



If W is independent of time during the time it is switched on, then for 

t'—> oo 



a f = - \H' fi 



dt exp[i(£y - £,-)*]> 



so 



-2n\H' fi S(E f 



(2.69) 



where S is the Dirac <5-function and expresses energy conservation. Exact 
energy conservation implies, by the uncertainty principle, an infinite time 
interval between the initial and final states. Hence, a f is not directly useful 
in this form. 

The transition probability per unit time is defined as 



f ~ * CO t 



= lim (2n) 2 3(E f - E L 



= lim 2n5(E f - £,) 



27i|H},.| 2 <5(E / -£,). 



(2n) 

pr/2 

-r/2 



•t'J2 



dt exp[i(£ / - EJt] 



-r/2 



H' fi \ 2 /t' 



dt 



(2.70) 



The above derivation makes use of the properties of the ^-function (see 
Appendix D). A more complete discussion can be found in Muirhead 
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(1965). In practice, many final states are possible. Let p(E f )dE f be the 
number of final states in the interval dE f around E f . It is assumed that 
the density of final states p is a slowly varying function of E f . The total 
transition rate is achieved by integrating over E f . Thus, 



/ = 2n 



\H' f \ 2 d(E s 



E i )p(E f )dE f 



27T|//} | .| 2 /)(Ei). 



(2.71 



This equation, Fermi's Golden Rule, can be considered the starting point 
for many calculations. The above calculation is to first order in the 
perturbative expansion. Successive corrections can be made by substitut- 
ing the result for a f (t) from (2.68) into equation (2.66), and so on. 
As an introduction to the relativistic case one can rewrite (2.68) as 



dt d 3 x[u f exp( - \E f t)~\*H' fi {t, x)[u f exp( - i£,0] . 



The transition rate T fi between the initial state i and a final state / can 
be written in covariant form (this is discussed in Section 2.3) in terms of 
the four-vector x = (r, x), namely 



d 4 x^(x)//>^ f (x) 



(2.72) 



The above discussion has been concerned with the scattering of a beam 
of particles by, for example, a potential. However, the method also allows 
us to describe the decay of a resonant state. Suppose a system is in an 
eigenstate of energy £, at t = 0. Then the probability I(E f , t)dE f , to find 
the system at time t in one of the states / in the interval dE f around E f , 
is given by 



I(E f j)dE f = \a f (t)\ 2 p(E f )dE f . 



(2.73) 



Now, if H' fn = 0 for n i (i.e. no final state interactions), then (2.66) 
becomes 



(2.74) 



a f (t)= -ifl | .(f)//} i exp[i(E / - 

The decay of the initial state / can be expressed as |fl,-(0| 2 = exp( — //), so 
UjU) = exp( — Xt/l). Putting this in (2.74), setting co = E f — E i and inte- 
grating gives 



a At) = -i 



H' fi exp[( - A/2 + ia))t']dt' 



= H' fi { 1 - exp[(-//2 Hh \o>)t]}/(m + iA/2). 



(2.75) 
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Hence, using (2.71), (2.73) becomes 

I(E f% t) = — , (2.76) 

X 2n(to 2 + / 2 /4) 

so for f-»oo, and putting r = /, the familiar resonance distribution is 
obtained 

r/2 

/(£/) = — 7 — - (2.77) 
f ' n[(E f -E,) 2 + r 2 /4] 

2.2.5 The Born approximation 

The collision processes of an incident particle (e.g. an electron) 
scattering from a target (e.g. an atom or nucleus) can be classified as being 
either elastic or inelastic. In elastic collisions, the final state particles are 
the same as those in the initial state. Such collisions are equivalent to the 
scattering of a single particle by a fixed centre of force, represented by a 
potential, i.e. effectively an infinitely heavy target, or to the use of the 
centre of mass system and of the reduced mass for the projectile. Inelastic 
collisions are those in which the final state particles are not the same as 
those in the initial state. 

If the perturbation to the initial free particle momentum eigenstate is 
provided by a potential K(r), generated by a scattering centre at r = 0, 
then the resulting elastic scattering cross-section can be evaluated using 
equation (2.7 1 ), and this gives the Born approximation result. It is assumed 
that the potential is relatively weak and has a short range, such that 
rV(r)-*0 as r-> oo. Note that the bare Coulomb potential does not satisfy 
this condition. Thus, the scattering potential V(r) is a small perturbation 
which distorts slightly the incident plane wave. The initial and final plane 
waves are taken to be normalised by a box volume L 3 , so that from (2.49) 
and (2.56) we have 

w 1 (r) = L- 3/2 exp(ik r r), (2.78) 

w / (r) = L" 3/2 exp(ik / -r), (2.79) 

with, for elastic scattering, |k,| = |ky| = /c, the momentum of the particle. 
Thus, the matrix element for the perturbation is, from (2.65), and defining 



H' fr 



exp( - ikyr)K(r) exp(ik, ■ r)d 3 x 

K(r)exp(iqr)d 3 x. (2.80) 
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The density of states corresponding to the box normalisation must be 
calculated. Consideration of the one-dimensional free-particle wave func- 
tion u(x) = N txp(ik x x), and the requirement that both u and du/dx must 
be equal at the box boundaries {x = ±L/2), gives the condition that 
cxp(ik x L) = 1 . Hence, the allowed momentum values are k x = InnJL, etc., 
where n x is the number of states. So the number of states in d 3 /c is 

dn = ^ A J dk x dk y dk z = ^ J fe 2 d/cdfi, (2.8 1 ) 

where dCl is an element of solid angle. Now p(E f ) = dn/dE f and, since 
E f = k 2 /2m where m is the particle mass, so dk = (m/k)dE f . Thus, 

p(£ /) = ^ilj w/cda- (2.82) 

The cross-section is, by definition, the transition rate per unit flux, i.e. 
(j = X/j where j is the particle flux or current. Here, the unit flux corresponds 
to one particle entering the box volume L 3 with velocity v = k/m, and so 
j = v/L? = k/{mL 3 ). This expression for j can also be derived directly from 
(2.57). Hence the differential cross-section da is 



da = X/j = Xm\}jk 

m \ 
K 2nj 



V(r) exp(iq r)d 3 x 



2 

dQ, (2.83) 



where use has been made of equations (2.71), (2.80) and (2.82). This is 
the Born approximation result. Note that the range of validity (see, e.g., 
Schiff, 1955) for a square well potential V 0 extending up to a radius a is, 
for high energy incident particles with ka» I, such that v» V 0 a. 

The asymptotic solution for the wave function can be written, for short 
range scattering processes, in the form 

M(r) — ► exp(i/cz) + f(0) exp(i*r)/r. (2.84) 

In this formula exp(i/cz) is the incident plane wave travelling along the 
z-axis, exp(i/cr)/r represents an outgoing spherical wave, and f(0) is called 
the scattering amplitude; 6 is the scattering angle with respect to the z-axis. 
The incident flux from (2.57) is j in — k/m = v. For the outgoing spherical 
wave 7oui = v \f(9)\ 2 / r2 - The flux of particles scattered into an area dS = 
r 2 dCl is j oul dS and, dividing this by the incident flux, gives the differential 
cross-section 



(2.85) 
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with 



f(B) 



m 
'in 



V(r) exp(iq -r)d 3 x. 



(2.86) 



Thus, up to a numerical factor, / is just the Fourier transform of the 
potential evaluated at q. The phase off can be deduced in a more rigorous 
derivation. If V is a spherically symmetric potential, then an integration 
over the polar and azimuthal angles a and /? can be performed, giving 



f(0)=- 



m 

Tv. 



dp 



da sin a 



drr 2 V(r) exp(iqr cos a), 



(2.87) 



where q — k, — k f is the polar axis. The magnitude of q is (Fig. 2.2) 



q = |kj - k f \ = 2k sin 6/2. 
Integration over the polar angles gives 



f(0)=-2m 



dn 2 V(r) s'm(qr)/qr. 



(2.88) 



(2.89) 



Thus, the scattering amplitude /(0), and hence the cross-section (from 
(2.85)), depends only on the magnitude of the momentum transfer q. 

As an example, consider the scattering of an electron by a neutral atom 
with atomic number Z, for which the potential can be approximated by 



4n\r 



P(r' 



(2.90) 



where r is the position vector of the incident electron. The first term arises 
from the field of the nucleus (assumed point-like), whereas the second is 
due to the atomic electrons, represented by an effective density p. The 
normalisation is such that J p(r)d 3 x = Z. The potential satisfies Poisson's 



Fig. 2.2 Kinematics for the scattering of a particle by a potential. 
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equation 



V 2 V (r) = e 2 [_Zd{x) - p(r)]. 



(2.91 



The next step is to evaluate the scattering amplitude, /, in (2.86). 
Consider the integral 



K(r)exp(iq-r)d 3 x = 



1 

7 J 



4 2 J 



V(r)V 2 exp(iq-r)d 3 x 



exp(iq-r)V 2 I/(r)d 3 .v, 



(2.92) 



where integration by parts, and the requirement that V(r) is negligible 
for large distances, have been used. Inserting V 2 V(r) from (2.91) gives 



K(,<)exp(iq.r)d 3 x= -~[Z-F(q)], 



where 



F(q) = 



p(r)exp(iq-r)d 3 x 



(2.93) 



(2.94) 



is the Fourier transform of p and is called the form factor of the atom. 
Hence, using equations (2.85), (2.86) and (2.93) gives 



da I me 



[Z-F(q)] 2 . 



dQ. \2nq 2 y 

For large q, F(q)->0 since p is effectively dilute, so 

da fme 2 Z\ 2 f me l Z V / e 2 Z 



dQ \2nq 



&nk 2 sin 2 (#/2)/ sin 2 (0/2) 



(2.95) 



(2.96) 



which is the Rutherford scattering formula, obtainable by classical means. 
Note that, in a more rigorous treatment, the validity of the Born 
approximation for Coulomb scattering must be considered. The latter 
form of (2.96), involving pv (p = k), remains valid in the relativistic 
generalisation of (2.96). 

The size of the scattering centre can be obtained from consideration of 
the small q behaviour. Expanding Z - F(q) in powers of q gives 



Z~F(q) = 



p(r)d 2 x 



1 

+ 2 



p(r)(q-r) 2 d 3 x + 0(<7 4 ), (2.97) 



where the coefficients in odd powers of q are zero provided p(r) = p( — r) 
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The zero order term is also zero from the normalisation condition. For 
spherically symmetric atoms, (2.97) becomes 

Z-F(q) = ^ 2 <r 2 >Z. (2.98) 

Substituting in equation (2.95) gives the result that do/dQ, is independent 
of the scattering angle 9 for small 0, i.e. forward scattering. Note that 
there is no singularity at 6 = 0, as in the case of the Rutherford formula. 

Thus, measurements of the form factor from low q 2 electron scattering 
can be used to measure the rms radius: 



dF 
dq 2 



= --(r 2 )Z. (2.99) 
6 



Scattering at large q 2 is sensitive to the internal structure of the target. 
For example, for electron scattering from hydrogen, for which 



P(r) = [ — )™p(-2r/a 0 ). (2.100) 
K na 0 

where a 0 = 4n/(me 2 ) is the Bohr radius, the form factor is, using (2.94), 
(1 + a 2 q 2 /4) 2 

An alternative, but roughly equivalent, starting point for calculating 
the scattering of an electron by a neutral atom is by using a screened 
Coulomb potential (rather than (2.90)): 

V{r)= -^jexp(~r/a). (2.102) 

For small r this behaves as the nuclear Coulomb potential for atomic 
number Z, whereas for values of r large compared to a, the radius of the 
atomic electron cloud, screening is obtained. The Thomas-Fermi statis- 
tical model (see e.g. Schiff, 1955) gives a ~ 4n/{m e e 2 Z u2 ), where m e is the 
electron mass. Substituting V(r) from (2.102) in (2.89) and integrating 
over r gives 

2n{q z + \/a A ) 

Thus, 
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Now, from the uncertainty principle, the momentum corresponding to 
the atomic size is approximately \/a. Hence, for q 2 » \/a 2 , the scattering 
probes inside the atomic cloud, and in this limit (2.104) reduces to (2.96), 
the Rutherford scattering formula. 

The Born approximation is applicable for a square well potential 
provided v»V 0 a\ hence, for the case above, with V ~ Ze 2 /4na, this 
becomes v»2e 2 /4n. Thus, putting e 2 /4n ~ 1/137, this means that the 
electron kinetic energy T » T min ~ 15Z 2 eV. For hydrogen T min ~ 15 ev, 
whereas for a heavy atom such as xenon (Z = 54) this gives approximately 
45 keV as the lower limit for validity. The upper limit is that the electrons 
are not relativistic, e.g. v < c/2, so that the kinetic energy is less than or 
equal to 80keV. 

The examples considered above correspond to the electromagnetic 
interaction. An example for the strong interaction can be evaluated with 
little extra work. The Yukawa potential has a form similar to that of 
(2.102), namely 

K(r) = Qexp(-r/a), (2.105) 

where g represents the strength of the potential and a the range. If the 
interaction corresponds to the exchange of a particle of mass Af, then 
from the uncertainty principle, a~ 1/M. The differential cross-section is 
(see (2.104)), for an incident particle of mass m, 

dcr 4m 2 q 2 4m 2 q 2 

— = , y , =— ^-r. (2.106) 

dQ (q 2 + \/a 2 ) 2 (q 2 + M 2 ) 2 

The short range nature of the strong interaction is equivalent to the 
exchange of a massive particle. The 'propagator' term {q 2 + M 2 )" 2 
dampens the range compared to the q~* behaviour of the electromagnetic 
interaction. In the forward direction g-»0, and the scattering is energy- 
independent. In fact this is true for any spherically symmetric potential, 
as can be seen by considering (2.89) in the limit g->0. 

2.2.6 Phase shift analysis 

For many scattering processes it is useful to consider the partial 
waves corresponding to states of the definite orbital angular momentum, /, 
for the initial particle with respect to the target. Again this is formulated 
in terms of the scattering of a particle by a potential. This is equivalent, 
however, to the scattering of two spinless particles when described in their 
cms. The incident plane wave exp(i/cz), corresponding to a particle 
propagating along the z-axis and normalised such that the incident flux 
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is the velocity v, can be expressed in terms of Legendre polynomials 
P,(cos 0), where 0 is the angle made with the z-axis. It is assumed that 
the scattering process has an azimuthal symmetry around the z-axis. For 
the scattering of spinless particles, far away from the scattering centre, 
the asymptotic wave function can be written (e.g. Schiff, 1955) 

= exp(i/cz) = exp(i/cr cos 0) 

-1 £ (2/+ l)i'P,(cos0)sin(/er-/7i/2) 
kr i = o 

= — t ( 2/ + l)i'P,(cos0) 
2kr i=o 

{exp[- \{kr - /tt/2)] - exp[i(fcr - /ti/2)]}. (2. 107) 

That is, is expressed as a coherent sum of ingoing spherical waves (first 
term in brackets) and outgoing waves (second term). The effect of the 
scattering centre is to modify the outgoing wave by a (complex) scattering 
coefficient n t . Thus, ip — + \j/ sc with 

\jj=— £ (2/4- l)i'P,(cos0) 
2kr i=o 

{exp[-i(/cr - Ik/2)'] - n { exp[i(fcr - /tc/2)]} (2.108) 

Now the outgoing scattered wave can be written t// sc = f(6) exp(i/cr)/r; 
thus, using i// sc = i// — (2.107) and (2.108), together with the identity 
i' = exp(i/7i/2), gives 

m 4l( 2/+, )d- ^)^(cos 0). (2.110) 



Hence, the differential scattering cross-section 



(2.111) 



X (2/+ no - foMcos 0) . 

/ = 0 

Using the orthogonality relationship of the Legendre polynomials 

4n 

dQP,(cos 0)P r (cos 0) = — <5 /r , (2. 1 1 2) 



2/ + 

gives the total cross-section 



dfl|/(0)| 2 =^ 1 (2/+l)|l -^| 2 . (2.113) 

K / = 0 
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This cross-section refers to particles scattered elastically in the inter- 
actions, i.e. with the same value of k before and after the collision. Particles 
can also be absorbed from the incident beam by inelastic scattering. Using 
(2.108) and (2.109), the inelastic cross-section is thus 
/» 

* inel = jdfir 2 (|^ n | 2 -|^ out [ 2 ) (2.H4) 

In general, the scattering process can change both the amplitude and 
phase of the outgoing wave. Thus, one can write n, = p t exp(2i(5,), where 
p,(k) and S,{k) are both real. The phase angle b { is called the phase shift. 
Thus, the inelastic cross-section can be written 

&i„d = n I (2/+l)(l ~pfl (2.116) 
k l i = o 

Thus, for p t — 1, the inelastic term vanishes and the elastic cross-section 
becomes 

471 * 

*ei = H £ (2/+ l)sin 2 a f . (2.117) 

k / = 0 

The inelastic cross-section is a maximum, for a given /, when n t = 0. 
For this case, <7 e , = a ine , and also the scattering amplitude f(6) is purely 
imaginary. The total cross-section is o tox = <j e , + a incl . From (2.113) and 
(2.1 15) this can be written 

*io«=n S (2/+l)(l-Rc^). (2.118) 
/c / = o 

The total cross-section is related to the elastic scattering amplitude 
(2. 1 10), evaluated at 6 = 0. Using the property P,( 1 ) = 1 , (2. 1 1 0) and (2.118) 
give 

a lol = (47c/fc)Im/(0). (2.119) 

This relationship is called the optical theorem and, in fact, also holds 
for particles with non-zero spin and also for potentials which are not 
azimuthally symmetric. 

Inelastic scattering cannot occur without the corresponding elastic 
shadow scattering. The total cross-section comes about by the removal 
of a certain amount of incident flux from the beam. This can only occur 
as a result of destructive interference between the incident plane wave and 
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the coherent scattered wave in the forward direction. It must therefore be 
a linear function of the forward elastic scattering amplitude (Schiff, 1954). 
The radial current of particles, corresponding to the asymptotic form of 
the wave function \p from (2.84) (with z = r cos 0), is (from (2.52)) 



j t = — [if, -L- - xjj 
2m \ 8r dr 



m\ r 2r 

x {/(0)exp[i/cr(l - cos 0)] + cc}^ , (2.120) 

where terms in exp(ifcr)/r 2 have been neglected as they average to zero, 
and cc means complex conjugate. The first and second terms arise from 
the component of the plane wave in the radial direction and from the 
elastically scattered flux respectively. The third term arises from interference 
between the incident and scattered amplitudes. The differential cross- 
section dcr/dft is obtained by dividing j r r 2 by the incident flux k/m. 
Integrating over the solid angle dft, the cross-section is, 

|/(0)| 2 dfl + ^ 



( 1 + cos 0)f(0) exp[i/cr( 1 - cos 0)] dQ + cc j . (2.121) 

This outward flux, plus the inelastic cross-section, must give zero by flux 
conservation. Thus, 



a xo{ = -7rr| (1 + cos 6)f{8) exp[ifcr(l - cos 0)] d cos 0 + ccj. 

(2.122) 

Integration by parts yields the optical theorem 

*toi = ~ [/(0) -/*(0)] = ~ Im /(0). (2.123) 
\k k 

The main contribution to the integral comes from values of cos 0 such 
that kr{\ - cos 0) ^ 1. For large r, this corresponds to a distribution 
peaked forward with an angular spread 0 ^ (kr)~ 1/2 . This is the region in 
which the destructive interference occurs. 

The above formalism does not, of course, specify the actual value of 
the energy dependence of the phase shifts. The method is most useful if 
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the cross-section is dominated by a few low values of /. From the properties 
of P,(cos 0) it follows that if values of / up to a maximum L contribute, 
then the angular distribution contains powers of cos 0 up to cos 2L 0. Thus 
s-wave (L = 0) scattering gives an isotropic distribution. As an example, 
consider the scattering by a completely absorptive (black) sphere, radius 
R y such that y\ x = 0 for values of / < kR y but rj } = 1 for larger / values. This 
gives, using (2.1 13), (2.1 15) and (2.1 18), 



Tel = ffinel = 5 Z (2/ + 1 ) = (L ■ 



nR 2 



(2.124) 



since L^kR. The inelastic cross-section is just the area presented by the 
black sphere. The elastic component ( = <7 inel ) is the diffractive (shadow) 
scattering term. Furthermore from (2.110), it can be seen that f(0) is 
purely imaginary. If a large number of values of / contribute then the 
summation can be replaced by an integral. For small 0, P,(cos 0) ~ J 0 (l sin 0) y 
where J 0 is a Bessel function, and the elastic cross-section can be written 
(using (2.111)) 



1 

T 2 



/J 0 (/sin 0)dl 



= R< 



J^kRsm 0) 
sin 0 



(2.125a) 



with a minimum at sin 0 = 3.8/fc/?. The relation (q ;c/ 0 (x)dx = xJ t (x) is 
used in the derivation. Alternatively, the cross-section can be expressed 
as a function of q = 2k sin 0/2 (2.88) as follows 



dry 2 



nR 4 



Rq J 



exp 



R 2 q 2 



(2.125b) 



For a typical hadronic radius 7? ~~ 1 fm, the latter expression is valid for 
g 2 ^ 0.2 GeV 2 . The slope of the exponential fall-off thus depends on R 2 . 
For higher values of Rq the Bessel function exhibits maxima and minima, 
characteristic of a diffractive process. Equation (2.125) is the formula for 
diffractive black sphere scattering, and is appropriate for high energy 
scattering. More realistically, the absorption is not total, i.e. n { ^ 0. Writing 
%= \ ~e with e real and independent of /, the cross-sections become 



v el = nR 2 e 2 y 



= 2nR 2 s. 



(2.126) 



For example, the elastic and total cross-sections for 10 GeV up inter- 
actions are roughly 5 and 25 mb respectively. From (2.126), this gives 
£ ^ 0.4 and R ~ 1 fm. Note that a potentially large number of partial waves 
are involved since L^kR ~ 50, and that the wavelength corresponding to 
the incident particle %= \/k« R. 
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For elastic scattering rj, = exp(2i<5,), so for the /th partial wave the 
scattering amplitude is (from (2.110)) 



/,(0) = (21 + 1 )P,(cos 6) exp(i<5,) sin 8Jk. 



(2.127) 



In the low energy limit X » R, so that kR « I, the scattering is dominated 
by / = 0 (s-wave). Hence 

exp(i(5 0 ) sin S 0 2 sin 2 5 0 



and 



do^, 
dft 



^ei = (47i//c 2 ) sin 2 <5 0 . 



(2.128) 



Now, for scattering off an impenetrable sphere, ijs must vanish at r = P, 
so from (2.108) this condition yields 

n 0 = exp(2i^ 0 ) = exp(-2i/cP). (2.129) 

Hence, S 0 = — kR, and therefore 

o e] ~4nR 2 . (2.130) 

The elastic scattering amplitude for the /th partial wave can be written 

1 



exp(i<5,) sin <$, 
Ji = D l — — = n { 



k(cot b { — i) 



The quantity 



1 



cot 8 t — i 



= sin 5 l cos S l + i sin 2 5 h 



(2.131 



(2.132) 



when plotted in terms of the real and imaginary parts as a function of 5 h 
gives a circle (the unitary circle), Fig. 2.3(a). This plot is called an Argand 
diagram and shows that \F t \ has a maximum value at 6 { = tt/2, where F, 
is purely imaginary. If the resonance is at E = £ 0 , i.e. cot S(E 0 ) = 0, then 
for values of E near £ 0 a Taylor series expansion gives 



cot S(E) = (E-E 0 



Hence, 



6E 

= -(E-E 0 )2/r. 

a, r/2 

~/c (£- £ 0 ) + ir/2" 



cot <5(£) 



£ = £o 



(2.133) 



(2.134) 
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The quantity T in (2.133) can thus be identified with the width of the 
resonance. The total elastic cross-section for E ~ £ 0 is, from (2.117) and 
(2.133), 

^E)^L^ ^ . (2,35) 

eli ' k 2 (£-£ 0 ) 2 + r 2 /4 

This is the well-known Breit-Wigner resonance formula. 

The above formalism has been developed to discuss scattering by a 
potential. Resonance phenomena are common in the energy dependence 
of the elastic cross-section of two particles, e.g. compound nuclear states, 
the A + + resonance in 7r + p->7r + p scattering. Furthermore, resonance 
phenomena are also common in inelastic channels, e.g. 7rN — ► N*(1675) -► 
N7T7T (N = nucleon), e + e" -> (J/ijj) -» fu + \i~ . Inelastic channels correspond 
to p, < 1. The scattering amplitude can, in general, be written 

P fcos 6) 

f t (Q) = (21 + 1) ) [p { sin 26 1 + i(l - p, cos 2(5,)]. (2.136a) 

2/c 

A resonance in the elastic channel describes a curve which, for p, < 1, is 
inside the unttarity circle (Fig. 2.3(b)). At the resonance, 6 } = n/2, the 
amplitude is purely imaginary 

f t (6) = ~(2l+ l)P f (cos 0)(I + p,). (2.136b) 
2/c 



The inelastic cross-section (2.1 15) is independent of 6 h 



oi ne i = ^(2/+l)(l -pf) (2-137) 
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In this case it is p t which exhibits a strong variation around the resonance 
energy. It is important to note that this partial wave analysis does not 
predict the existence of resonances. It does provide, however, a convenient 
formalism in which to discuss resonance phenomena. 

Suppose that a resonance is formed at a particular energy in the collision 
of two particles, a and b. This resonance can, in general, decay either to 
the initial particles a and b (i.e. elastic scattering) or to a variety of other 
(inelastic) channels. If the decay is independent of the formation process, 
then each possible final state / has a probability proportional to its partial 
width T f (see (2.77)), such that r = £y Y f , Thus, if r c , is the width for the 
elastic channel, then the cross-section to produce a final state / is 

a(E) = -a ^ — , (2. 1 38) 

k 2 * (£-E 0 ) 2 + r 2 /4 

where g = (21 + 1 ) in the case of the scattering of spinless particles. If the 
incident particles a and b have spins s a and s b and if the resonance has 
spin J then, for unpolarised particles, g = (2J + l)/[(2s a + l)(2s b + I)]. 



2.3 SPECIAL RELATIVITY 
2.3.1 Galilean and special relativity 

The special theory of relativity, which was developed by Einstein 
around 1905, is one of the cornerstones of modern physics. The ideas 
owed much to the earlier work of Maxwell in unifying the description 
of electricity and magnetism. 

The laws of Newtonian or classical mechanics are invariant under 
Galilean relativity, and also under spatial transformations of the coordinate 
system. The Galilean transformation relates the coordinates in some 
reference frame S(t, x, y, z) to those in a frame S'(t\x\ y\z'\ having a 
velocity (t relative to S, by 

x' = x - fit, t' = t. (2.139) 

The Schrodinger equation (2.47) is also invariant under this transformation. 
In frame S' the equation is 

V'V + Kt//' = i— . (2.140) 

2m dt' 

From (2.139), V = V and d/dt' = ft- V + d/dt. If V is invariant under the 
transformation and if \p' = ip exp(ia) with a = m/] 2 i/2 — m/?- x = Et — p- x 
then, substituting in (2.140), it can easily be shown that the Schrodinger 
equation in frame S is obtained. 
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In special relativity space and time are treated on an equal footing. 
Special relativity is based on two axioms. These deal with the effects on 
the laws of physics of transformations between inertial frames of reference. 
An inertial frame is one in which a freely moving particle (i.e. no external 
forces) has constant velocity. The axioms, which are well tested 
experimentally, are 

(i) the laws of nature are the same in all inertial frames (covariance); 

(ii) the velocity of light in vacuo is the same in all inertial frames. 
Neither of these axioms is true for the Galilean transformation. For 

example, Maxwell's equations are not invariant under the Galilean trans- 
formation. The phase term for the solution of the free photon wave equation 
(2.21), propagating along the x-axis, can be written kx - cot = k{x - (} c t), 
where the phase velocity fi c = oj/k. Substituting this expression for A in 
(2.20), with the free particle condition that j = 0, gives /J c =l, i.e. the 
propagation travels with the velocity of light. Under a Galilean trans- 
formation k(x — P c t) becomes k'\_x' — (fi c ~ P)t'\ so that the transformed 
velocity P' c = fi c — p. This would imply that the velocity of light in S' is 
different to that in S; contrary to experiment. In relativity, there is no 
meaningful way to define absolute velocity. 

The space-time coordinates x = (f, x, y, z) in some inertial frame S are 
related to those in S', namely x' = (t\ x\ y\ z'), moving with velocity ft 
with respect to S, by the Lorentz transformation. 



where Xy and x ± are the components of the space coordinate along and 
perpendicular to 0, and y = (1 - p 2 y 1/2 , with /? = \fi\. 

An alternative form for the transformation equations (2.141) can be 
obtained by making the substitution P = tanh y, and hence y = cosh y, 
giving 

t' = t cosh y - Xy sinh y y 

x\= -tsinhy + X|,coshy. (2.142) 

That is, the Lorentz transformation can be regarded as a rotation through 
an angle iy (since cosh y = cos(iy) and sinh y = — i sin(iy)); y is called the 
boost parameter or rapidity. For transformations in the same direction 
rapidities are additive. 

Note that the quantity x 2 = t 2 — |x| 2 is the same in both frames, that is 



4 = y( x w -00. 

t' = y(t-px l{ \ 



x ( | =y(x',| -f /?/'), 
t = y(t t + px\ { ), 



(2.141) 



(x') 2 = ^-|*'| 2 = ^ 2 -|x| 2 = x 2 . 



(2.143) 
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The transformation law (2.141) also applies for any four-vector 
A = (A 0 , A 1 , A 2 , /I 3 ), again with components of the three-vector part A 
resolved along and perpendicular to p. A four-vector may be regarded as 
a vector whose magnitude is invariant under 'rotations' in space-time, in 
the same way as the magnitude of a three-vector is invariant under spatial 
rotations. The scalar product of two four-vectors A = (A 0 , A) and B = (B°, B) 
is defined as 

3 

A-B = A°B° - A-B = A°B° - £ A l B\ (2.144) 

j = i 

Use of (2.141) shows that the scalar product is Lorentz invariant. 

The Lorentz invariant interval between two space-time coordinates a 
and h in S is defined as 

SL = (t a - i„) 2 - (x a - x„) 2 - (>•„ - y b ) 2 - (z„ - z„) 2 . (2.145) 

If S 2 h >0 the separation is time-like because it is always possible to find 
a frame S' in which \' a = \' h . If S] h < 0 the separation is space-like, because 
it is always possible to find a frame S' in which t' a = t' h . Two events can 
only be related causally if S 2 b is time-like. Any event related causally to 
that at b (taken to be the origin 0) must be inside the light cone defined 
by t 2 - x 2 (Fig. 2.4). 



Fig. 2.4 Space-time diagram showing the light cones t 2 = x 2 . 

t 
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Consider the creation and decay of an unstable particle. The time 
measured in the rest frame of the particle is called the proper time, [f r 0 
is the (proper) mean lifetime of the particle, then the value measured in a 
system in which the particle has velocity /? is yt 0 , i.e. it has a time dilation. 
This follows from (2.141) because an observer in the rest (primed) frame 
has x\ = x' 2 and t' 2 — t\ = i 0 , where the indices 1 and 2 refer to the creation 
and decays. Thus in S, t 2 — t x = 7 T o- The mean distance traversed by 
the particle in S is y[h 0 . For example, a charged pion travels, on 
average, a distance of 55.88 m GeV~ 1 c" 1 whereas a charged kaon travels 

The formula for time dilation also holds if the particle undergoes 
acceleration. In the g — 2 experiment (Combley and Picasso, 1974), which 
was performed in CERN, muons were kept in a circular orbit by magnetic 
fields and had an acceleration of about 4 x 10 18 cm s~ 2 . The time-dilated 
lifetime measured for the muon agrees with that calculated using the rest 
lifetime to better than 1%. Acceleration does not affect the validity of 
special relativity. Space-time intervals in different inertial frames depend 
only on their relative velocity and not on acceleration. Note, however, 
that during acceleration the rest system of the muon is not an inertia! 
system. Use must be made of instantaneous inertial frames to account 
correctly for the effects of accelerations. The important property of the 
Lorentz covariance of physical laws applies even if, for example, a collision 
process involves large accelerations. 

2.3.2 Classification of Lorentz transformations 

The scalar product of two four-vectors A and B (2. 144) is Lorentz 
invariant, and it is useful to write this in the form 

A ■ B = A ti B ft = (A°B 0 — A • B), (2. 146) 

where summation over /< is implied and 

A» = (A°, A \ A\ A 3 ) = (A\ A), (2.147) 

B u = (B 0 ,B lJ B 2 ,B 3 ) = (B°, -B\ -B\ -£ 3 ) = (B°, -B). (2.148) 

The four-vectors with an upper index are called contravariant vectors and 
transform like x'\ whereas those with a lower index are called covariant 
vectors. 

The invariant space-time interval in differential form is 

(d.v) 2 - (d.v 0 ) 2 - (dx 1 ) 2 - (dx 2 ) 2 - (dx 3 ) 2 . (2.149) 
Expressing this as a product of covariant and contravariant elements gives 
(d*) 2 = dx, dx a = g aP dx p dx* = g ap dx a dx p , (2.1 50) 
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where g ap is called the metric tensor and g pa = g ap . A summation over 
repeated upper and lower indices is always implied. Comparing (2.149) 
and (2150), the following properties can be deduced 

000= 1> 011 =^22=033= -1> (2.151) 

g a ,g yfi = %, g aP = g aP , (2.152) 

x a = g aP x^ x° = g*ex p . (2.153) 

Thus, if it is required to change a contravariant index to a covariant one 
or vice versa, it is merely necessary to contract the expression with g ap or 
g ap as appropriate. The scalar product is written in terms of the metric 
tensor as follows 

A ■ B = A a B" = A°B a = g afi A'B p = g ap A p B a . (2.1 54) 

In general, the Lorentz transformation between a space-time four-vector 
x = (x°, x\ x 2 , x 3 ) = (t y x, y, z) in S and x' in S' can be written 

(x')' = dix fi = a afi x^ (2.155) 

where a is a 4 x 4 (real) matrix and summation over index /? is implied. 
The covariant four-vector x^ transforms as 

(*')« = (2-156) 
Now Lorentz invariance gives (x') 2 = x 2 . Thus, 

(x') 2 = (x') a (xT = ala«x p x' = x y x y . (2.157) 

Thus, 

a p a« = 5*. (2.158) 
With the help of (2.155), one can write 

aZ(x'Y = ala*x\ (2.159) 
Hence using (2.158), 

x p = a p a (x') a = a~ [ x\ (2.160) 
Using (2.158) and the well-known matrix properties gives 

(det a) 2 = 1. (2.161) 

Thus, det a = ± 1, and this property is used in the classification of Lorentz 
transformations as follows: 

(i) proper Lorentz transformations which can be achieved by a series 
of infinitesimal transformations and hence have det a = 1 ; 
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(ii) improper Lorentz transformations: space inversion (det a = —1), 
time inversion (det a = — 1 ), space-time inversion (det a = 1 ). 
Observable quantities can be conveniently classifed by their properties 
under Lorentz transformations. This is discussed further in Section 3.2.5. 

Relativistic wave equations contain derivatives with respect to space-time. 
The transformation of the derivative is as follows: 

S ** » (2.162) 



d(xj d(x') a dx p 

Thus, the components of the derivative are those of a covariant vector 
operator. It is usual to write 

3. = A = (A>' 





d 


d 


~ d )- 




dx 0 ' 


dx 1 ' 


8x 2 ' 


dx 2 ) 


-r 



dx a \dx° 

The divergence of a four-vector A is thus 

dA° 

d°A a = d a A a = + V-A. (2.164) 

dt 

The second derivative with respect to x a can be written 

n 2 = d a d* = ^--V 2 . (2.165) 
dt 2 

□ 2 , the D 4 Alembertian operator, appears in relativistic wave equations. 
The four-vector operator representing the energy-momentum operator is 
p« - \d\ 



2.3.3 Relativistic kinematics 

If m is the rest mass of a particle, then in a frame in which the 
particle has velocity /?, the energy and momentum are 

E = ym, p = ymp. (2.166) 

Alternatively, given E and p ~ |p|, the parameters y and (3 are 

y = E/m, p = \p\ = p/E. (2.167) 

The energy-momentum four-vector is written p a = (p°, p\ p 2 , p 2 ) = (£, p) 
with 

p 2 = p a p« = E 2 -\i>\ 2 = m 2 . (2.168) 
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The components of p a transform between different inertial frames with the 
same equations (2.141) as for space-time with p° = E = t and p = x. 

If p a and p h are the four-momenta of two particles a and b, then the 
quantity 

W?b = (Pa + Ph) 2 = (E a + £ b ) 2 " (Pa + Pb) 2 > (2.169) 

is called the effective mass squared of a and b. If a particle R decays to 
a and b, then M ab is the mass of the parent particle R. 

Consider the collision a + b -> c + d; energy-momentum conservation 
gives 

P a + P b = Pc + Pd, (2.170) 

with pi = w a , etc., and c and d represent either single particles or groups 
of particles. The Mandelstam variables s, r, u are defined as follows: 

s = (p a + p b ) 2 > 

^ = (Pa-Pc) 2 = (Pb-Pd) 2 , 

" = (Pa-Pd) 2 = (Pb-Pc) 2 - (2-171} 

The sum of 5, t and u is a constant 

5 + £ + u = 3p a 2 + Pb + pi 4- pi + 2p a ■ (p b - p c - p A ) 

= ml + ml + ml + ml (2.172) 

As an example consider the process np — > X, where X is a system of 
hadrons (i.e. a and b represent n and p respectively). The physics of the 
process is probably best described in the centre- of -mass or centre-of- 
momentum system (cms), which is defined such that the net sum of the 
three-momenta is zero. If p a and p b are given in the lab system, which in the 
case of fixed target experiments is the rest system of particle b (Fig. 2.5(a)), 
then the velocity /? of the cms in this system is (using (2.167)) 

P= P * + ?b = Pa , (2.173) 
E a + £ b £ a + m b 

The total energy in the cms system is 5 1/2 = W. Up* = p* is the magnitude 
of the momentum of a or b in the cms, then 

W= E* + E* y with E* = (p* 2 + w b ) l/2 - 

Thus, 

^ W 2 + ml -ml W 



2W 2 
provided W is large compared to w a and m h . 



(2.174) 
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If c is one of the final state particles having four-momentum p* = (£*, p*), 
a nd if OT is the angle between p? and the direction of the initial pion (Fig. 
2 5(b))' then tne angle of c in the lat) svstem is S iven b y (using (2.141)) 
(Pt)c P? sin 0* 



tan 0 C = 



(PL 



y(p* cos 0* 

sin 9* 
y(cos0* + 0/# 



(2.175) 



where /?* = p* Note that p T , the momentum transverse to the direction 
of the incident beam particle, has the same value in all frames, whereas 
the longitudinal momentum p L depends on the choice of frame. Particle c 
can go backwards in the lab system provided that it goes backwards in 
the cms and also has /?* satisfying ( — /?* cos 0?) < /?. A proton at rest in 
the lab system has pf = —yfim h and E* = ym b , and hence /?£ = /?, i.e. 
goes backwards in the cms with the maximum possible momentum. Thus, 
no proton can be emitted backwards in the lab system. However, a lighter 
particle, e.g. a pion, can have /?* > /? and hence can be emitted backwards 
in the lab. 

In the frame in which p' L = 0, and hence £' = (m 2 + Pt) 1/2 = rn T (the 
transverse mass), we have, using (2.142) 



E = ym T = m T cosh y = m T [exp(y) + exp( — y)]/2, 

Pl = y/frftj = ™t smn y = w T [exp(>o ~~ ex P( — y)V^ 

Hence, the rapidity y can be expressed as 

[E + p L 

exp(y) = (E + p L )/m T or 

Some further manipulation gives 

'£ + Pl 
-Pl 



y = \\n 



(2.176) 



(2.177) 



(2.178) 



Fig. 2.5 Kinematics of np scattering in {a) lab and (b) cms systems. 



(*a>Pa) 



(EZ Pa*) 




(£?, P?) 



(6) 
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An important property of the rapidity is that a boost along the /i-axis 
(i.e. affecting the parallel components) changes all rapidities by a constant 
amount. Rapidity is a useful variable in the description of the hadrons 
produced in high energy collisions, because it is found that the rapidity 
density (d/V/dy) is roughly constant throughout the accessible rapidity 
range, and is only a slowly varying function of the cms energy. 

Collision processes involve the exchange of particles, and the exchanged 
particle (with four-momentum p t ) can be either time-like (p, 2 >0) or 
space-like {pf <0). For example, the virtual photon (y*) in the process 
e + e + -> y* -+ hadrons is time-like with (p*) 2 = (p a + P b ) 2 = s = W 2 , whereas 
for e~p->e" + hadrons, the virtual photon exchanged is space-like. In 
the latter case 

t = q 2 = (Pi - P f ) 2 - -Q 2 = 2m 2 - 2(£ i £ f - P| ..p f ) 

~ -4£j£ f sin 2 0/2, (2.179) 

where p y = (£ i? p.) and p f = (£ f , p f ) are the four-momenta of the incident 
and scattered electrons, and 9 is the scattering angle. The approximation 
holds for the case where m t is negligible. Note that q 2 is negative, so that 
Q 2 is positive. The outgoing hadronic system d has an effective mass W 
given by W 2 = p\ \ that is, W is the total energy in the cms of the outgoing 
hadrons. For the discussion of the physics off-channel processes a useful 
frame, called the Breit frame, is that in which the energy in the r-channel 
is zero. For example, in ep scattering, if the virtual photon has four- 
momentum q = (v, q) in the lab system, then in the Breit system q = 
(0, -(G 2 ) 1/2 )- Tne velocity of the Breit system in the lab is /? B = v/|q| = 
v/(v 2 + Q 2 ) 1/2 . 

2.3.4 Maxwell's equations in covariant form 

Maxwell's equations (2.13) are covariant, i.e. they are the same 
in all inertial frames. Indeed, the special theory of relativity was developed, 
to a large extent, to obtain this property as required by axiom 1. The form 
given in (2.13) is in terms of three vectors, and their derivatives with respect 
to space and time. Introducing a four-vector for the electromagnetic 
current f(x)= (2.14) becomes 

dj»(x) = 0. (2.180) 

The field equations for the vector (A) and scalar (</>) potentials are, from 
(2.15) and (2.16), 
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K dt 2 J dt\dt 



which can be written in terms of the four-vector potential A* = (0, A) 

d^A*-d v (d^) = j\ 



or 



d M F" v = j\ 



where 7 r/iV is the electromagnetic field tensor defined as 

The gauge transformation (2.17) can be written 

(AT = A» + d« X , 



(2.181) 
(2.182) 

(2.183) 

(2.184) 



and hence % can be chosen (IZI 2 x = 0) to give the Lorentz condition or 
Lorentz gauge 4 

with the field equation (2.181) taking the simple form 
d„5M v = D 2 /l v = y v . 
A solution to this equation for a free photon 0' v = 0) is 
A" = exp( — iq-x), 



(2.185) 



(2.186) 



(2.187) 



where q is the four-momentum of the photon and e" the four-vector 
polarisation. Substitution of (2.187) in □ 2 /l /i = 0 gives q 2 = 0, i.e. the 
photon is massless. The argument of the exponential (i.e. — iq-x) is a 
Lorentz scalar and hence is the same in all inertia! frames. 

The physically observable fields in Maxwell's equations are the electric 
and magnetic fields. The relationships between E and B and the vector 
and scalar potentials are given by (2.13). Thus the electromagnetic field 
tensor F MV can be written in terms of E and B as follows 



' 0 


-E x 


-Ey 


-E. ) 


E x 


0 


~B Z 


By 


E y 


B : 


0 


-B x 


. Ez 


-By 


B x 


0 J 



(2.188) 



* The Lorentz condition is covariant. Other gauge fixing conditions, such as 
the Coulomb (V A= 0), axial (,4 3 = 0) and temporal (A 0 = 0) gauges, are 
non-covariant. 
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Consider, for simplicity, a Lorentz transformation along the x-axis. 
This corresponds to a matrix a) as follows (2.141) 

' y -yp 0 0 \ 

-yp y 0 0 

0 0 10 

0 0 0 1 



(2.189) 



such that a four- vector V J is transformed to V n = a)V J , A tensor such as 
F kl is transformed to (F') ij = a l k a{F kl . Using this transformation on (2.188) 
gives the transformed electric and magnetic fields, 



£l = y[£i + (vxB)J, 



fli=A-(vxE)J, 



(2.190) 



where II and 1 correspond to the components along and perpendicular 
to the direction of motion (e.g. x-axis). Thus, if there is an electric but 
no magnetic field in some frame, then in the transformed frame there is 
a magnetic field in the transverse direction. 

2.4 ANGULAR MOMENTUM 

Classically, angular momentum is defined as the cross product 
of a position vector r and a momentum vector p. Putting p = — iV 
(equation (2.30)) we obtain the quantum mechanical angular momentum 
operator 

j = r x p = - ir x V, 

with components 

Jx = yPz ~ zp y = 



Jy = Z Px ~ XPz 



d 








d 

Z dx~ 


dzj 


' d 

X 

Sy 





(2.191) 



The commutation relations can be evaluated from (2.191). Using the 
relationships [x, pj = i, etc, gives 

In general, writing the indices x, y, z as 1, 2, 3, we have 

U t Jj] = ^jJ k , (2.192) 
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where e ijk is the totally antisymmetric tensor, which has the value + 1 ( — 1 ) 
if it is obtained from 1, 2, 3 by an even (odd) number of permutations 
of the indices, and is equal to zero if any two indices are equal. Hence, 
fii23 = £ 3i2 = £ 23i = 1 (cyclic) and e 321 = £ 132 = £ 213 = -1 (anticyclic). 
The total angular momentum operator j 2 is defined as 

} 2 =j 2 x +j 2 ,+jl (2-193) 

Now j 2 commutes with each of j x , j y and /,; hence, j 2 and one component 
of j (e.g. j z ) can be simultaneously diagonalised with eigenfunctions Y jm 
(spherical harmonics) and eigenvalues which can be written 

l 2 Y Jm =j(j+\)Y jM , 

J: Y jm = mY jm . (2.194) 

The angular momentum is related to the rotational properties of a 
system. Consider the rotation of an angle ol about the z-axis in a clockwise 
direction; this can be represented by a rotation matrix R^ such that r' = R a r, 
defined as follows: 



(2.195) 



If the probability amplitude for finding a particle at some point in space 
is independent of the coordinate system, then 

ijj'(x', y\z') = \p{x, y t z). 
So, equivalently, 

iP'(x y y 1 z) = iP[R- i (x,y,z)l (2.196) 

The relationship between t//' and \p can be written in terms of a matrix 
t/(a), which must be unitary in order that the norm (\p'\\p'} is preserved 
by the transformation. Thus, 

V(x,y,z)=U(zWix % y,zl (2.197) 

For an infinitesimal rotation angle 6a, (2.196) may be expanded as 
follows 

y t z) = ij/(x + y Sex, y - x <5a, z) = i//(x, y, z) 4- ySa ^--xda~ 

dx dy 

= <//(*, y,z)-\daLj z . (2.198) 
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Now, comparing (2.198) with (2.41) shows that the generator for rotations 
is j 2 (Hermitian and therefore observable). Thus, 

U(5ql)= 1 -\6aj z . (2.199) 

In general, for a rotation co about an axis A, we have (cf. (2.45)) 

U(<u) = exp(-ia>A-j). (2.200) 

Invariance of the Hamiltonian under rotations gives UH = HU. Hence, 
from (2.199), [J, /f] = 0; that is, conservation of angular momentum. In 
particular, note that if U is a unitary operator which is independent of 
time, then if the Schrddinger equation (2.47) is invariant under the trans- 
formation i// = U\j/ (so that i d^/dr = iU ty/dt = UHij/ = UHU^' = H^'\ 
then this implies that [U, H] = 0. Thus, for example, if j is a 'generator' of U 
(see (2. 1 99)) then [j, H~\ = 0, so j is conserved. 

In order to discuss the possible eigenvalues of j and m in (2.194), it is 
useful to introduce the following operators 

j ± =j x ±ij r (2.201) 

The operator j 2 can hence be written 

\ 2 =jJ. + j 2 ~j z =j-j + + j 2 +j z - (2.202) 

Using this and (2.192) the following relations can easily be derived 

U + = 2/ s) (2.203) 

jj±=j±(h±l), (2.204) 

□ 2 ,7"±: = 0. (2.205) 

In terms of the eigenfunctions (2.194), (2.205) and (2.204) imply 

} 2 (j ± Y jm )=j ± i 2 Y jm =j(j+\)(j ± Y Jm l (2.206) 

and 

W± y jJ =J±U Z ± i)Yj m = {m± W± YjJ- (2.207) 

Thus, j ± Y jm has the same eigenvalue j as Y jm but with eigenvalues of j : 
differing by ± 1. Thus, j+ and j_ act as raising and lowering operators 
for m with 

j ± Y jm = C ± (j i m)Y lm±l . (2.208) 
The coefficients C ± can be calculated starting with (2.208), 
\C ± (j, m)\\ Y hm± , | Y hm± x > = <; ± Y jm \j ± Y jm ) 

= < Y jm \j+j ± | y^> = < Y jm \\ 2 -H+j z \ Y jm y 

= j(j+ \ )-m(m± 1). 
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Hence, with a suitable choice of phase, 

C ± (y, m) = + 1 ) - m(m ± 1 )] 1/2 . (2.209) 

The operations C + y^ and C_ y^ both give zero. Thus, for a given value 
of y, there are 2j + 1 values of m from -7" to 7. For a system exhibiting 
spherical symmetry, the energy eigenvalues of the 2y + 1 states are 
degenerate, but the addition of a symmetry breaking term in the 
Hamiltonian can separate the degenerate levels (e.g. the application of an 
external magnetic field to an atom in the Zeeman effect). 

The possible eigenvalues of the orbital angular momentum are / = 0, 1,2, 
etc. This follows, since the operator l z can be written in spherical 
coordinates as L = —\d/d<f>, where 0 is the angle of rotation about the 
z-axis. The solutions for the eigenfunctions thus have the form exp(im0). 
The requirement that a rotation of 2n leaves the system unaltered means 
that the allowed values of m, which satisfy this periodic boundary 
condition, are 0, ±1, ±2, etc., so that / has integral values only. 

In quantum mechanics there is a component of angular momentum, the 
intrinsic angular momentum or spin s, which has no classical analogue. 
The commutation relations for spin are of the same form as those for 
orbital angular momentum. Hence, the difference 2s between the highest 
and lowest values of s z must be integral; thus s can take the values of 
0, 1, |, etc. Note that for particles of half-integral spin the eigenfunction 
exp(\s z <p) changes sign (phase) for a rotation of 2n, The wave function 
itself, however, is not observable, and bilinear combinations of the wave 
function, which occur in measurable quantities, do not change sign under 
a 2n rotation. 

Particles are either bosons (tc, K, y, Z°, . . .) with integral spin or fermions 
(e 1 , p, A(1232), quarks, . . .) with half-integral spin. Particles which are 
tightly bound states of some more fundamental entities can be characterised 
by a definite spin, provided that the internal motion and relative spin 
orientations of the components are not significantly affected by the inter- 
actions between the composite particles. A system of bosons obeys Bose- 
Einstein statistics and has a wave function symmetric under interchange 
of two particles, whereas a system of fermions obeys Fermi-Dirac statistics 
and has an antisymmetric wave function. 

A state with angular momentum zero has only one possible state 
(singlet), whereas for angular momentum 1 there is a triplet of possible 
states. The eigenstates for the orbital angular momentum states / = 0 and 
1 are given in Table 2.1 (see, e.g., Schiff, 1955). In the case of spin \ it is 
convenient to use a matrix representation for the two possible spin states, 



Table 2.1 . Eigenstates Y lm for the angular momentum states I = 0 and I = \ 

For / = 1 the correspondence to the transformation of a unit vector A along the radius is given 



m = 0 



i V' 2 



3\" 2 . exp(-itf>) 

— sin 0 

An 2" 2 



4nJ 

3 \ " : 



y i0 = [-| cos, 



(n x - \n y )/2 



1/2 



/3\" 2 . exp(itf>) 
y, , = - — sin 0 — - - 

- K + i/i,.)/2" 2 
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namely x + f° r s P m U P anc * X- for spin down, as follows 



X- 



(2.210) 



These states are related by the raising or lowering operators. Thus, 
since C ± {\, + j)= 1, 



5 + 



(2.2)1) 



These results, plus the requirement that the eigenvalues of 5. are ± give 
the following 2x2 matrix operators 



S + = 



0 1 
0 0 



0 0 

1 0 



1 / 1 



2V0 



(2.212) 



Thus, one may write S = <r/2. The matrices a^, ^ and <r 2 are called the 
Pauli spin matrices 



<7 V = 



0 1 

1 0 



0 -i 

1 0 



0 



(2.213) 



These matrices are Hermitian (<y + =a) and satisfy the commutation 
relations \_o x , o y ~\ = 2i<j 2 , etc. i.e. 

[a h ffj = 2ie ijk <7 k , ^ = <5 lV -f ie^a*. (2.214) 

All three components have o] = /, the unit matrix. Using these relationships 
one can show that, for any two vectors A and B, 

(a ■ A)(<r • B) = A * B/ + iff ■ A x B. (2.215) 

In particular, when A = B this becomes (p • A) 2 = A 2 /. 

For a spin \ particle the effect of a rotation through an angle a> about 
an axis n is given by the unitary matrix 

l/(a)) = cxp(-ifiA-ff/2) (2.216) 

This has a form similar to (2.200) except that the state vector is no longer 
a scalar but a two-component vector, hence j = a/2. 

Let x represent a general spin \ state in the form of a column vector, 
with components a l (spin up) and a 2 (spin down), and normalised so that 
l a i| 2 + \ a 2\ 2 — I- Under rotations xJx * s invariant. In the rotated system 
X'=UX, with U from (2.216), so that (/)Y = x*V*Ux = X f %- Note > 
however, that it may easily be shown that the quantity V = yjax transforms 
as a vector under rotations. Now we can write 



XX 



(*M) = 



a { a 
a 2 aj 



a, a* 
a->a 



2«*2 



(2.217) 
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The expectation value of some operator A (2 x 2 matrix) is 
</!> = <x\A\x) = a?A lm a m = p ml A lm 

= tr(pA). (2.218) 

For the case A = o z 

<(7 s >-| fll | 2 -|fl 2 | 2 = P z> (2.219) 

the polarisation vector in the z-direction. Now p is Hermitian, and any 
2x2 Hermitian matrix can be written in the form 

p = c(/ + d-<x). (2.220) 

Since tr(p) = 1, this gives c = \. Using (2.220) gives 

tr(p<x) = itr[(d-<r)<x] = d. (2.221) 

Now, from (2.219), we can identify d as the polarisation vector. Hence, 
we obtain 

*/ = P = i(/ + P-<x). (2.222) 

Multiplying (2.222) by x from the righthand side, and using x*X = U gives 
the eigenvalue equation 

(P-*)X = Z- (2-223) 

If a system consists of two particles a and /?, each of spin 5, then there 
are four possible combined spin states. Let J, M be the total and 
z-components of the angular momentum of the combined system. Since j z 
has additive quantum numbers, the four possible values of M are — 1, 0, 
0 and 1, and the possible J values are 0 and 1. Writing the combined 
state as \p JM and the states of a and /? as \J/j z> then 

*i 1 = ^1/2^/2, - 1 = 0 - W2^- 1/2. (2-224) 

If J_ is the lowering operator for J, then J_ = + hence 

1/2^2 + ^/2^/2 

= 2^ 10 . 

Hence 

*io = W - 1/2^/2 + <Aw2^- w2>- (2-225) 
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The J = 0 state is orthogonal to \p l0 and is thus 

^oo = ^ 1/2^/2 ~ V m V- w2 )- (2-226) 

Mote that the J = 1 state is symmetric, whereas the J = 0 state is anti- 
symmetric. In general the combination of states with angular momentum 
m and J 2 gives (2J l + 1)(2J 2 + 1) possible states, with values of J from 
Rjj — ^| t0 Ji + ^2- The eigenfunctions of the total angular momentum 
state ip(J, M) can be described as a superposition of states which are 
products of the eigenfunctions i//(7 l5 M { )\l/(J 2 , M 2 ). The coefficients con- 
necting these representations are called Clebsch-Gordan coefficients, and 
can be found in most standard texts on quantum mechanics. The 
coefficients relating J { = J 2 = ^ to J = 0, 1 (and i>ic£ i>£r.sa) are obtained 
from equations (2.224) to (2.226). 

2.5 GROUP THEORY 
2.5.1 Classification of groups 

Symmetry transformations on physical systems have the mathe- 
matical properties of groups. A group is a set of elements satisfying the 
following axioms: 

(i) The 'product' or combination, ab, of two group members, a and 
b, is also a member of the group. 

(ii) Associativity; (ab)c = a(bc). However, the elements do not neces- 
sarily commute. 

(iii) One member of the group is the identity element /, which satisfies 
al = Ia = a. 

(iv) For every element a in the group there exists an inverse element 
a'\ such that a~ l a = aa~ 1 = / (/" 1 = /). 

A group is said to be commutative or Abelian if all of the elements of 
the group commute. A group can have either a finite number of elements 
or, for example, if the group elements are defined in terms of a continuous 
variable (e.g. a(x)), an infinite number of elements. The group of all possible 
rotations, with each rotation being represented by a(a 1 ,a 2 ,a 3 ) is an 
example of a continuous group. The rotation group is an example of a 
Lie group, in that each rotation can be expressed as a product of 
infinitesimal rotations or, more generally, can be represented by a unitary 
matrix U. 

The group of coordinate transformations in one dimension, x' = x + e, 
ls a one-parameter Lie group. These transformations clearly commute, so 
that the group is Abelian. The effect of the transformation on the wave 
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function can be written, since ij/(x) = \p'(x') y as follows 



ip'(x)^ U\jj{x) = \jj{x- £). 



(2.227) 



For an infinitesimal transformation 



^X-£)^(x)-£- + 0(£ 2 ) 



\p{x)-\ep x ijj. 



(2.228) 



Thus, for a finite transformation, U = exp( — iep x ). The requirements that 
the norm (\J/'\\p'} is preserved, and that an infinitesimal transformation 
can be realised by starting from the identity matrix, imply that U is unitary. 
Hence, p x is Hermitian and so is observable. Thus, invariance of the system 
under translations implies conservation of linear momentum. Similarly, 
invariance of a system with respect to time leads to conservation of 
energy. 

Discrete transformations, however, cannot be realized by continuous 
transformations starting with the identity transformation. The parity 
transformation (r r' = — r) is an example of a discrete symmetry because 
there are only two possible frames, the original and the inverted. The 
parity transformation cannot be produced by the group of proper rotations 
in three dimensions, R 3 , and is thus an improper rotation. Two successive 
parity transformations restore the original system, thus 



Hence JJ 2 P = \, and therefore U p is Hermitian (U p =U^) and thus 
observable. The eigenvalues of parity are P = ± 1 and the eigenvalues are 
multiplicative. For a single particle, P is the intrinsic parity of the particle. 
Thus, two particles a and b in a state of relative orbital angular momentum 
/ have 



where P a and P b are the intrinsic parities. The relative intrinsic parity of 
particles is only meaningful if they participate in the same interaction. 

The charge conjugation operator C changes a particle A to its 
antiparticle A, leaving the four-momentum and spin unchanged. Two 
successive applications restore the original state, hence the possible 
eigenvalues of C are + 1. The time reversal operator T, changing t to 
/'=—/, is again two-valued, but cannot be represented by a unitary 
operator. This can be seen by taking the complex conjugate of the 
Schrodinger equation (2.47) from which, for the case of H real and 



f(r')=^(r)=^f(r'). 



(2.229) 



(2.230) 
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independent of r, it follows that ip*(t) is the solution for the time-reversed 
case. The operator T is thus antilinear in terms of the state function i// 
and can be written 

T=U T K y (2.231) 
where K is the complex conjugation operator [Kip = (//*) and U T is unitary; 
the operator T is antiunitary. The choice that C is unitary rather than 
antiunitary is dictated by quantum electrodynamics. 

2.5.2 SU(2) 

Unitary groups are useful, for example, in describing the properties 
of the various particle multiplets observed in nature. The classification of 
particles in isospin multiplets stems from the idea of Heinsenberg in 1932 
that, if the electromagnetic interaction could be switched off, then there 
would be no distinction between protons and neutrons. The proton (7 3 = \) 
and the neutron (7 3 = — 2) are then states of a single particle, the nucleon, 
with isospin f In terms of quarks, u(/ 3 = \) and d(/ 3 = -|) are members 
of an isospin doublet q. Isospin invariance means that, instead of u and d 
as base states of q, any linear combination of q' with 



d7 \U 2l U 22 J\d 

is equally as good. The matrix U must be unitary to preserve the norm, 
and this implies |det U\ = 1. Choosing det U = 1, it is easy to show that 
U can be written 

U = ( Um ^ l2 Y (2.233) 

Consider an infinitesimal transformation of the form U = 1 + ieG, with 
£ real. From (2.42), G is Hermitian, so G M and G 22 are real, and hence 
we can write 



^ , -.J G n G 12 



u =[o ,j +ie u;; c ;;j +o(t »- < 22341 

Using (2.233) gives 

G XI + G 22 =Q. (2.235) 
Hence, for a finite transformation, we have 

U =exp(i/7)-exp(iaG), (2.236) 

where H is a traceless matrix and det U = 1 . In fact this follows in general, 
since det(exp(i//)) = exp(i tr H), so tr H = 0 implies det 7/ = 1. 
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The group of all 2x2 unitary matrices, with the special condition that 
det U = 1, is called SU(2). There are 2 2 - 1 = 3 independent parameters. 
It is thus useful to write 

3 

H= X (XjGj = <x-G. (2.237) 
;= i 

Comparison with (2.216) shows that we can identify G j ^a j /2. Thus we 
have the commutation relations 



Of Oj 

2' 2 



= (2.238) 



This is called the fundamental (2) representation of SU(2). An n-dimensional 
representation of SU(2) consists of n x n matrices satisfying the same 
commutation relation algebra, (2.238). 

From the commutation relationship (2.238), by analogy with the results 
for angular momentum, a state with isospin / will have 21 + 1 substates 
with different eigenvalues of / 3 . The eigenvalues 7 3 are additive quantum 
numbers. Thus, in the absence of electromagnetic interactions, one would 
expect degenerate multiplets if isospin were an exact symmetry. Note that 
no two of the three generators a x commute. The rank of a group can be 
defined as the maximum number of mutually commuting generators; thus, 
SU(2) has rank 1. One can form combinations of generators (Casimir 
operators) which commute with all the generators of the group. For SU(2) 
there is one such operator (the number of Casimir operators for a Lie 
group is equal to the rank of the group), and is C = J 2 = (<r/2) 2 . 

In the above example the isospin properties of u and d quarks have 
been discussed. Next we consider the corresponding properties of the 
antiquarks u and d. For a rotation 0 about an axis n for a spin \ state 
we have, from (2.200) and (2.237), 

U =exp^-i ^ n-<^j = /cos^-i(iW)sin^ (2.239) 

where use has been made of (2.215). Thus for a rotation of 6 about the 
/ 2 -axis 

V\_/cos0/2 -sin0/2\/u N 
,d7 Uin0/2 cos<9/2/\d, 



(2.240) 



Under charge conjugation (C), (2.240) becomes 
0' = u cos0/2 — d sin 0/2, 

& = u sin 6/2 + d cos 0/2. (2.241 
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Hence the isospin doublet for antiquaries must have the form 

(2.242) 

in order to satisfy (2.241) and transform according to (2.240), together 
with the requirements that d(u) have I 3 values of \ ( — j) as necessitated 
by their charges. This equivalence in the transformation properties of the 
quark (2 representation) and antiquark (2* representation) is a property 
of the SU(2) group and does not, for example, hold for SU(3) or SU(4). 

A system of two quarks qq has four possible states in terms of isospin 
|/,/ 3 > (see (2.224) to (2.226)) 

|U> = uu, 

1 1, 0> = (ud + du)/2 1/2 , |0, 0> = (ud - du)/2 1/2 , (2.243) 
|1, -l>=dd, 

consisting of three symmetric and one antisymmetric states. This combina- 
tion qq is called the direct product and is usually written in the form 

2(8)2 = 30 1. (2.244) 

Note that this gives a more formal basis for the combination of angular 
momenta discussed at the end of Section 2.4. The states 3 (triplet with 
isospin 1 ) and 1 (singlet with isospin 0) are called irreducible representations 
in that, application of the group operators (the a matrices) on any state and 
in any order, only results in other states of that representation. The group 
operators connect states within an irreducible representation, but do not 
connect different irreducible representations. 

Bound states of two quarks do not appear to exist in nature. This can 
be readily understood in terms of the colour quantum numbers. A qq 
system has net colour (or, more precisely, anticolour) and hence will 
strongly attract a further quark. A qq system, however, has no net colour 
and hence will be strongly bound. The 7r-meson is the lightest symmetric 
state 3 of qq. Hence the n has isospin 1 and its isospin properties can be 
derived in a similar way to that used for spin \ in Section 2.4. In this case the 
Matrices I { , I 2 and I 3 are 3 x 3 matrices satisfying the same commutation 
relations (2.238), namely 

[/;> Ijl = ie iJk l k . (2.245) 

Specific formulations of these matrices are discussed, for example, in 
Close (1979). This representation of the SU(2) group has dimension three. 
P general, a particle of isospin / corresponds to a dimension 2/+ 1. 
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A representation of SU(h) with dimension n 2 — 1 is called a regular 
representation. 

Under charge conjugation a 7i + -meson is transformed into arc - , and 
vice versa. The 7c°-meson is, however, an eigenstate of C. Since the n° 
decays electromagnetically to two photons and (experimentally) the electro- 
magnetic interaction conserves C, we have C{n°) = C(y) 2 = 1. The photon 
has, in fact, C(y) = — 1; this is because all the components of the electro- 
magnetic current change sign under C, and the product of the field and 
current is invariant. If the eigenstates 1, 0 and — 1 of I 3 are identified with 
tc + , 7i° and n~ respectively, then a rotation of 180° around the two-axis 
(R 2 (n), cf. (2.240)) will, to within a phase factor, transform rc + to n~ and 
vice versa. A more detailed analysis (see, e.g., Gibson and Pollard, 1976) 
shows that the phase factor is — 1 for both n + and n~ , and that the same 
factor also applies to n°, which is an eigenstate of R 2 (n). The combined 
operation, which is known as G-parity, 

G = CR 2 (n) i (2.246) 

has the same eigenvalue for all values of J 3 . Thus G(n) — — 1 and, for a 
system of n pions, 

G(nn) = (-1)". (2.247) 



2.5.3 SU(3) 

The extension of the above ideas to include three rather than two 
quarks is conceptually straightforward, but leads to more complicated 
mathematics. If any combination q' of u, d and s quarks is equally as good 
as the base states u, d and s, then we have 

/u'\ /u 
q'= <j' = U d 

where U is unitary and can be written 

V = exp(i//), with tr H = 0, det V = 1. (2.249) 

For the fundamental (3) representation we can express H in terms of eight 
3x3 traceless matrices lj as follows 

where olj are real continuous parameters and A j are the generators of SU(3). 



(2.248) 
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The matrices X } are the SU(3) equivalents of the Pauli matrices. If the 
system is invariant under interchange of u, d and s quarks, then it must be 
invariant separately under the interchange of the pairs of quarks ud, ds 
and us respectively. Thus there are three corresponding SU(2) subgroups 
of SU(3). Each of these SU(2) subgroups has two shift operators, 
analogous to the operators I ± (see (2.201) and (2.212)) of isospin. If we 
define M u to be a 3 x 3 matrix whose elements are all zero except for the 
element i,j which has a value of one, then the isospin raising and lowering 
operators are I + =M l2 and 7_=M 2l respectively. The raising and 
lowering operators corresponding to the symmetry between d and s quarks 
([/-spin) and between u and s quarks (K-spin) are U+ = M 23 , U _ = M 32 , 
y + -M 13 and K_ =M 31 . Thus the values of (/ 3 , £/ 3 , K 3 ) for the three 
quarks are (|, 0, j) for u, ( - {, |, 0) for d and (0, - - 2 -, - for s. 

The eight matrices Xj can be formed from these six shift operators, 
together with the two remaining matrices which are diagonal and traceless. 
Thus the X matrices can be chosen to be (Gell-Mann, 1962) 









0 0 


0 




1 0 


0 




0 0 


0 


0 




0 


0 




0 


1 





(2.251) 

0 ; 

ki/2 we can identify 

/+ =^±^ = ^±^2. (2-252) 

U ± =U { ± iU 2 = F 6 ± iF 7 , (2.253) 

V ± = ^±iK 2 =F 4 ±iF 5 (2.254) 

The additional two matrices are the diagonal matrices F 2 and F 8 . The 
matrix F 3 is the operator 7 3 , with eigenvalues \ % — \ and 0 for the u, d 
and s quarks respectively. The SU(3) group has rank 2 and the second 
mutually commuting generator, F 8 , has a form chosen such that its 
eigenvalues for u and d quarks are equal. From the definitions of 7 3 , U 3 
and K 3 we have V 3 = I 3 + U 2 . Hence, writing 

F s = aI 2 + bU 3i (2.255) 
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and substituting the values of 7 3 and l/ 3 for the u and d quarks, gives 
b = 2a; hence, F 8 (u) = F 8 (d) = a/2, and so F 8 (s) = — a. The requirement 
that the distance in the (F 8 , F 3 ) plane between the two (7-spin multiplet 
members (i.e. d and s) is unity gives, taking a to be positive, a= 1/3 U2 t 
Hence, 



This specifies the form of the matrix F 8 , and hence A 8 in (2.251). Fig. 2.6 
shows the values of F 8 and F 3 for the u, d and s quarks and the effect of 
the operators /+, U+ and V+. The operators /_, etc., work in the opposite 
sense. The difference in charge resulting from the operation I + is one unit 
(of e); hence, Q u — Q d = 1. We can define a hypercharge Y, such that the 
difference in Y between u (or d) and s is also one unit. Thus 



F 8 = (/ 3 + 2U 3 )/3 



(2.256) 



(2.257) 



Fig. 2.6 Triplet representation of SU(3) in terms of F 8 and F 3 . The 
action of the shift operators is also shown. 
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The values of the third components of £/-spin and K-spin are thus 

F V 12 I 
U, - + — F 8 = — 3 4- lY, (2.258) 
3 2 2 2 



F 3 l/2 / 

V 3 = / r 8 = y + ^- (2.259) 



From the above considerations it can be seen that the quark charge is 
related linearly to / 3 and Y, with the form 

Q = I 3 + bY+c. ( (2.260) 

This implies that the sum of the charges of the u, d and s quarks is 3c. 
The Gell-Mann-Nishijima relationship 

Q = l 3 + y/2, (2.261) 

corresponds to b = \ and c = 0. In this case the quark charges are 3,-3 and 
— \ for u, d and s respectively, with sum zero. The quark charges are the 
same for the two members of the £/-spin doublet. Use of the definition 
that Y = B + S, with the strangeness S = 0, 0, - 1 for u, d and s quarks 
respectively, implies that the bar yon number B = i, -3 for quarks and 
antiquarks respectively. Note that the choice as to which physical quantity 
(y, S, . . .) is used as the coordinate orthogonal to / 3 is arbitrary. The 
hypercharge is useful in that it centres the multiplets on zero. 

The generators of the SU(3) group F, satisfy the following closed algebra 
of commutation relations 

IFuFjl^ifwF* i J, fc =],..., 8, (2.262) 

where f ijk are the SU(3) structure constants. The following anticommut- 
ation relations also hold: 

{F i ,F J -}=tf u + 'VV (2.263) 

The f ijk and d ijk are respectively symmetric and antisymmetric under the 
interchange of any two indices. The values of f ijk and d ijk can be found 
from (2.251) by explicit calculation, and the non-zero values are given in 
Table 2.2. Use of this table shows that 

[Q,^±] = [Q,t/ 3 ]=0, (2.264) 

so that charge is a (/-spin scalar. 

The irreducible representations of SU(3) can be derived by consideration 
of the action of the shift operators for I, U and V (Fig. 2.6). The resulting 
multiplets, which transform amongst themselves under the action of the 
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Table 2.2. Non-zero values of f ijk and d { 



123 I 118 1/3 1/2 

147 [ 146 \ 

156 ~\ 157 \ 

246 \ 228 1/3 1/2 

257 \ 247 

345 \ 256 i 

367 338 l/3 1/2 

458 3 1/2 /2 344 { 

678 3 1/2 /2 355 - ^ j 
366 



448 -l/(2x3 1/2 ) 

558 -l/(2x3 l/2 ) 

668 ~l/(2x3 1/2 ) 

778 -l/(2x3 1/2 ) 

888 -l/3 ,/2 



shift operators, are specified by the eigenvalues of the two additive 
constants of the SU(3) group F 3 and F 8 . The simplest state is the singlet 
(0,0), specified by 1. The next highest multiplet is the triplet (3) 
representation, which is the one so far considered in this section. The 
antiquarks are represented by the 3 representation, as shown in Fig. 2.7. 
The regular, adjoint or octet (8) representation is also shown in Fig. 2.7. 
Since each site is specified by the additive quantum numbers (F 8 , F 3 ), the 
possible sites for the direct product of say 3 and 3 are obtained by adding 
all possible (F 8 , F 3 ) values of 3 and 3. This can be achieved by positioning 
the centre of gravity of the 3 multiplet on top of each position of the 3 
multiples This gives an octet (Fig. 2.7), whose states transform amongst 
themselves, and a singlet. Thus the direct product of the 3 (quark) and 3 
(antiquark) representations gives 

3(8)3 = 80 1. (2.265) 

That is, the nine possible meson states consist of two irreducible represen- 
tations, an octet 8 and a singlet 1. A detailed discussion of how 
representations can be built up by such graphical methods is given by 
Gasiorowicz (1966). 

The multiplicity of the site at the origin (0,0) is three, since there are 
two contributions from the octet and one from the singlet. The resulting 
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states can be represented by a 3 x 3 matrix M constructed as follows: 



M 

(2uu 



' uu 


ud 


us 


du 


dd 


ds 


y su 


sd 


ss 


dd - 


ss)/3 





(2.266) 



+ - 



du 






su 








0 


0 


(: 


7 


0 




0 


7 



(2dd 



ud 
uu 

S a 



■ss)/3 



(2ss- 



us 
ds 

uu-da)/3 y 



(2.267) 



where T is the trace of M. 

The assignment of the off-diagonal elements in terms of mesons is 
straightforward. However, there are three states with F 8 = F 3 = 0, which 
must be constructed out of uu, dd and ss. These can be assigned as follows 



^80 = 



(uQ - dd) 

2 i/i ' 

(uu + dd — 2ss) 



M l0 



(uu + dd + ss) 



IU2 



(2.268) 



Fig. 2.7 The 3 (quark), 3 (antiquark) and 8 (octet) representations 
of SU(3) in terms of F 8 and F 3 . 
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The first index indicates whether the meson beongs to the octet (8) or 
singlet (1), and the second index gives the /-value of the state (0 or 1). 
The state M 81 is the neutral member of the isovector triplet which contains 
ud and du; this state was determined in (2.243). Note that, for a qq system, 
the phases for the q given in (2.242) are used; this changes the relative 
signs of the symmetric and antisymmetric 7 = 0 terms in (2.243). The state 
M 10 is an SU(3) singlet and M 80 is orthogonal to both M 81 and M l0 , 
with all the states normalised to unity. 

Let us now consider the quark assignment of the J pc = 0~ + and 1 ~ 
meson nonets (Table 1.2). For 7 PC = 0" + , the off-diagonal elements are 
u " , , K° and K°. We can identify 7r°, rj' and n with M 81 , M l0 and 
M 80 respectively. Thus, the first matrix (the octet) in (2.267) can be written 

2 l/2 + 6 ./2 



M = 



8 



2 l/2 6 l/2 





K + 


2 T75 + 6 T7i 


K° 


K° 


2 


F, + iF 2 


F 4 + if 5 


2 >/2 6 l/2 


F 6 + iF 7 


^6 - >F 7 





(2.269) 



F, - if, 



F 4 - iF 5 



The second form is obtained from noting that qF 7 q transforms as the octet 
representation with, for example, F { ±\F 2 transforming as n ± and F 8 
transforming as r\. 

For J PC = 1 , the state p° can be identified as M 81 , but the remaining 
two neutral states are written as 

w = (uu + da)/2 1/2 , <£ = ss. (2.270) 

In general, the physically observed neutral 7 = 0 states can be considered 
as linear combinations of the SU(3) singlet and octet states, thus 

W = M 10 cos 0 + M 80 sin 8, 

- M l0 sin 9 - M 80 cos 6. (2.27) ) 

Thus the assignments for J PC = 0~ + and 1"" correspond to 6 = 0 (no 
mixing) and sin 0= 1/3 1/2 (ideal mixing) respectively. The justification for 
these assignments comes from consideration of the meson decay modes 
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and of models for their masses (see, e.g., Close, 1979). However, these 
assignments should not be taken to be exact. 

The nonets of mesons correspond to different values of the quark- 
antiquark spin (5) and orbital angular momentum (/). For a fermion-anti- 
fermion pair P = (-l) ,+ l , and for neutral states C = (-l) / + s . Thus for 
s== 0, C= -P and so for / = 0 we have J PC = 0" + . For / = 0 and s = 1 
we have J pc = The heavier nonets of mesons correspond to both 
higher values of / and/or radial excitations of the quark— antiquark state. 
Note that the inclusion of the two possible spin states for the quarks into 
the symmetry extends the symmetry group to be considered from SU(3) 
to SU(6). 

The combination of two quarks gives (Fig. 2.8) 



where the 6 is symmetric (since it contains uu, etc.) and the 3 is anti- 
symmetric. Addition of a third quark gives the multiplet structure for 
baryons 

3®3®3 = (6®3) 0 (3® 3) 

= 10080801. (2 ' 273) 
Fig. 2.8 The 6 and 3 representations formed by the product 3® 3. 



3® 3 = 603, 



(2.272) 
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Table 2.3. Quark content of the J p = j + baryons containing at least one 
charmed quark 



c s 


Quark content 


Name 


Quark content 


Name 


1 0 


cu u 


y+ + 




— 




c(ud 4- du) 




c(ud - du) 






cdd 


zs 






- 1 


c(us + su) 


' — 'c 


c(us — su) 


1 — c 




c(ds + sd) 


~o 

' — 'c 


c(ds - sd) 


z:0 

' — 'c 


-2 


CSS 


n c ° 






2 0 


ecu 


«c + c + 








ccd 








-I 


ccs 









The decuplet and singlet are symmetric and antisymmetric respectively 
under the interchange of quarks, whereas the octet states have mixed 
symmetry. The lightest baryon multiplet is the J p = \ + octet (Table 1 .3), 
which can be written as a 3 x 3 matrix B y analogous to M in (2.269), 



Z° A 0 

2 T7I + 6 171 



A 



A c 



(2.274) 



2.5.4 SU(4) 

Extension of the SU(3) scheme to include the charm quarks leads 
to larger multiplets. For mesons and baryons we have, respectively, 

4® 4= 150 1, 

and 

4 ® 4 ® 4 = 4 0 20 0 20 © 20. (2.275) 

The quark content and usual nomenclature for the J F = 0~ and I " meson 
multiplets are given in Table 1.2. The twenty J p = baryon states are 
composed of the octet of C = 0 states (Table 1 .3), nine states with C = -f 1 
and three with C = 4-2. These are listed in Table 2.3, the notation being 
that of the Particle Data Group (1986). Note that there are both 
symmetric and antisymmetric states for the cud, cus and cds combinations. 
In addition to this multiplet 20 M of mixed symmetry, a symmetric multiplet 
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20 s with J p = | + is also expected. This latter multiplet contains the decuplet 
of non-charmed baryons, which includes the A + + . Most of these states, 
however, remain as yet to be discovered. Inclusion of b and t quarks in 
the unitary symmetry scheme leads to even larger multiplets, which are 
likely to remain sparsely filled for some time to come. 

2.5.5 SU(3) colour 

The unitary symmetry group SU(3) was first used in particle 
physics in order to try and understand the large number of observed 
hadronic states. Indeed this classification led to the idea of quarks, in that 
the hadron states could all be built out of the fundamental 3 and 3 
representations, and that the basic slates in these representations are the 
u, d and s quarks and antiquarks respectively. The discussion of the group 
SU(>i), h = 2, 3,..., in the preceding sections was developed on the 
hypothesis that, for example for n = 3, any combination of u, d and s 
quarks was equally good. The application of SU(3) in this way is usually 
referred to as SU(3) flavour , in that symmetry between different quark 
flavours is implied. Although these ideas are useful in developing the 
discussion of the underlying group theory ideas, this symmetry is far from 
exact. The estimated quark masses range from a few MeV for u- and 
d-quarks, to about 5 GeV for the b-quark. Despite the fact that SU(n) flavour 
is badly broken, it is useful in the classification of hadronic states, not 
least in looking for states which cannot be accommodated within this 
scheme. Furthermore, the weak currents involved in the decays of J p = ^ + 
baryons can also be described by SU(3). In this case the group symmetry 
properties can be used to derive relationships between these currents. 
Nonetheless, these applications of SU(3) are not, in general, expected to 
give quantitative results to better than about 5 to 10%. 

The application of SU(3) in the description of the colour properties of 
quarks and gluons (Section 1.7) is, however, widely believed to be exact. 
Since each quark comes in three possible colour states (c) there are, for 
example, nine possible ways to make a charged pion (7r + =u f d c -, c, 
c' = 1,2, 3). Each of these states could have a different mass. However, 
such a proliferation of meson states is not observed, and it is postulated 
that all interactions satisfy SU(3) colour exactly and that all observed 
hadrons are colour singlets. 

The base states for SU(3) colour are column three-vectors, whose 
elements correspond to the possible colour states called (arbitrarily) R 
(red), G (green) and B (blue). The 3 and 3 representations can be combined 
to give an octet (1.15) and a singlet (see (2.268)), namely 

(RR + GG + BB)/3 1/2 . (2.276) 
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The colour singlet does not carry any colour, and is postulated not to 
carry any force between colour charges. Such a singlet would give rise to 
long range forces between baryons. In QCD the eight members of the 
octet are the gluons. The various SU(3) properties established in Section 
2.5.3 apply equally well to SU(3) co)our . There are SU(2) subgroups and 
shift operators equivalent to /, U and K-spin; however, the physical 
interpretation of these operators is, of course, quite different. The colour 
content of a gluon can be pictured as that of a coloured quark and 
antiquark. Some examples of possible vertex diagrams are shown in Fig. 
2.9. 

Let us now consider the force between two coloured quarks or 
antiquarks, mediated by the exchange of a gluon. The possible gluons 
which can be exchanged in the scattering of two red quarks are shown in 
Fig. 2.10(a). The colour factors involved at each vertex are g/2 l/2 and 
g/6 l/2 for the gluons (RR - GG)/2 1/2 and (RR + GG - 2BB)/6 1/2 respectively, 
where g is the colour charge. The strength of the interaction, in an 
analogous way to the electromagnetic case, is proportional to the product 
of these colour charges. Hence the contributions are g 2 /2 and g 2 /6 giving 
for Fig. 2.1 0(a) a total of 2g 2 /3. The colour factor C F is conventional ly defined 

Fig. 2.9 Examples of possible quark and gluon vertex diagrams, together 
with the corresponding colour flow. 
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to be one-half of this coefficient; hence for Fig. 2.10(a) C F = For the 
scattering of a red and a blue quark there is a similar diagram (Fig. 
2.10(6)) involving the exchange of the gluon (RR + GG - 2BB)/6 1/2 , with 
colour factor C F = (l/6 1/2 )(-2/6 1/2 )/2 = — £. There is also an exchange 
diagram RB BR (Fig. 2.10(c)) involving the gluon RB; this has 
C F = (1 )/2. The sum of the two terms for RB is thus ^. However, these 
indistinguishable amplitudes should be added only if the colour wave 
function is symmetric. For the antisymmetric case the amplitudes should 
be subtracted, giving Cp = It is easily checked that other colour 
combinations give the same results, as indeed they must from colour 
symmetry. 

The interaction of a red quark and antired antiquark involves the gluon 
exchanges shown in Fig. 2.10(d) and (e) respectively. For the two possible 
gluons which can be exchanged in Fig. 2.10(d), the strengths are -g 2 /2 
and -g 2 /6, giving a total C F = {—j — %)/2 = -5. The negative sign is 
introduced because the colour of the antiquark has the opposite sign to 
that of the quark. The diagram for RR -> BB (or, equivalently, RR GG) 
is shown in Fig. 2.10(e), and has C F = — (l)/2. The interaction of a quark and 
antiquark of different colour (Fig. 2.10(/)) gives C F = (l/6 1/2 )(2/6 1/2 )/2 = i 
which is of opposite sign to that of RR. 



Fig. 2.10 Interactions between quarks of various colours by gluon 
exchange. 

RR-GG . RR + GG-2BB RR + GG - 2BB 



m 6 1 ' 2 6 1/2 RB 




(d) (e) (/) 
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The potential between two quarks or antiquaries can, to a reasonable 
approximation, be written as a sum of a short range Coulomb-like term 
plus a long range confining term. Thus 

V(r) = C F — + kr = C F - 4- kr, (2.277) 
47ir r 

with k ~ 0.2 GeV 2 . The strong coupling constant a s = g 2 /4n. The colour 
factors for the short range part of the interaction can be derived from the 
above results. We will consider the following cases: 

(i) qq in colour singlet state. The wave function for the colour singlet 
(2.276) contains equal contributions from RR, GG and BB. Hence it is 
only necessary to evaluate the RR contribution and multiply this by three. 
Thus, we have 

3~(RR)~(RR+GG + BB). 

The colour factors for RR RR, RR -* GG and RR -> BB are C F = 
-\ and — \ respectively, giving an overall colour factor which is negative 
(corresponding to an attractive potential) of 

C F (qq in 1)= -J. (2.278) 

(ii) qq in colour octet state. The scattering, for example, of a red quark 
and blue antiquark was discussed above and gives C F = J, corresponding 
to a repulsive potential. The octet members are just the gluon states of 
1.15 and all these states are equivalent (this can be checked by specific 
calculation); thus, 

C F (qqin8) = i (2.279) 

(iii) qq in 3 (baryon colour singlet). The colour part of the baryon wave 
function must be antisymmetric and can be written 

(1/6 1/2 )[R(BG - GB) + G(RB - BR) + B(GR - RG)]. (2.280) 

Each pair of quarks is in a colour 3, since the pair must couple to the 
remaining quark to give a singlet. Each of the pairs of quarks, e.g. BG, 
GB, BR, has a colour factor C F = — f for the antisymmetric case, as 
discussed above. There are six pairs to take into account, all with the same 
value of C F , together with a normalisation factor of giving 

C F (qq in 3)= -f (2.281) 
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(jv) qq in sextet. The 6 representation has the symmetric form 



1 

6^ 



RR-hGG-hBB-h I-(RG + GR) 
2 

+ ^(RB + BR) + ^(G£ + BG) 



(2.282) 



In this case we have 

C F (qq in 6) = i (2.283) 

Hence, the states with net colour have a repulsive force, whereas the 
colour singlets have an attractive force. This is in accord with the 
observation that only these combinations are stable. However, this is 
perhaps just a hint and does not constitute a proof, as the latter requires 
a complete description of the hadrons. 

The gluon octet can equivalently be described by the ). a matrices (2.25 1 ), 
where a = 1, . . ., 8 represents the gluon label. The matrices T a = XJ2 are 
generally used. The commutation relations of T a are those of (2.262). Note 
that the gluons are now combinations of the representation used above 
with, e.g., RG = 7\ + \T 2 . 

The vertex factor for the transition q, — ► + g a is 

•>„, = ig(T a ),j, (2.284) 

The force between two quarks 1 and 2 depends on the expectation value 
of T r T 2 with 

|/(r) = a s (T r T 2 )/r. (2.285) 

If T = T L + T 2> then we have 

Tj T 2 = (T 2 -Tj -T 2 )/2. (2.286) 

That is, Tj -T 2 is expressed in terms of the quadratic Casimir operators, 
which are invariant under group rotations and depend only on the 
representations of quarks 1 and 2 and their sum. To calculate T 2 for a 
specific representation it suffices to find the average value of a single 
generator over the members of the representation, and then multiply by 
the number of generators (8). This follows since all the generators are 
ec luivalent. Choosing, for example, the generator / 3 , we must thus calculate 
the mean value (M) of l\. For the fundamental (3) representation (or 3) 
this is M = J, since the states have / 3 = i, —\ and 0. For the symmetric 
6 representation of 3® 3 (see Fig. 2.8) the members have / 3 = - 1, 0, 1, 
I k i and 0, giving M = T V For the octet (Fig. 2.7) M = f . Thus T 2 , which 



102 Towards a quantum field theory 

is equal to 8M, is as follows 
T 2 (3) = f, 

T 2 (6) = ^°, 

T 2 (8) = 3. (2.287) 

It is straightforward to reproduce the results (i) to (iv) above for the 
colour factor C F = TVT 2 . For example, for qq in a colour singlet 
T l =T 2 = 3 and T=l (T 2 =0 in this case), so using (2.286) we find 

The colour factor for the emission of an external gluon by a quark can 
be calculated starting from the vertex factor (2.284). The contribution to 
the cross-section for the colour terms is 

t t {T a ) ik (T a ) kJ =C F 5 iJ . (2.288) 

n - 1 k = 1 

Summing over possible colour states we obtain 
3C F = t tr(T fl T,) = 8-i 



Fig. 2.1 1 Diagrams for the calculation of the colour factors for (a) 
Q -> Q + g; (b) g -> g + g; and (c) fermion loop. 



(a) 





(c) 
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so 



C F = i (2.289) 



Here the relationship tr(T a T b ) = 5 ab /2 (which can easily be derived from 
(2.262) and (2.263)) has been used. Fig. 2.11(a) shows the contribution 
graphically, the colour factor for g -> g + g (Fig. 2.1 1(b)) can be calculated 
by consideration of the corresponding colour loops. For gluon states a 
and b there are three possible internal colour loops; thus C F = 3. Note that 
the ratio of the colour factors is 

q -» q + g A 

Kco, = ^^~ = l- (2.290) 
g^g + g 

A consequence is that, in a QCD 'cascade' process involving the evolution 
through many such vertices, gluons are preferentially produced. 

Finally, for completeness, we note that the colour factors are often 
referred to in terms of the corresponding SU(3) representation, i.e. 
fundamental or adjoint. There are two Casimir terms C 2 (F) = f (i.e. 
(2.289)) and C 2 (A), which is given by (Fig. 2. 11 (b)) 

C 2 M&a b = lf*c<lf M =16a b . (2-291) 
c.d 

That is C 2 (A) = 3, as deduced above, and corresponds to the g g -+- g 
vertex. In addition, for fermion loops (Fig. 2.11(c)), we obtain a term 
containing a trace factor, namely 

T 2 (F)S ab = t T)Pl = 5J2. (2.292) 



In general, for n f fermion families, we have T 2 (F) = n { /2. 
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Wave equations, 
propagators and fields 



The description of scattering processes using quantum mechanics, as 
discussed in Chapter 2, has two obvious deficiencies. Firstly, it is not 
formulated in a relativistically invariant manner. The particle spin, which 
was incorporated by having a multicomponent wave function, must also 
be treated in a Lorentz invariant way. Secondly, it deals with scattering 
processes where the incident particle is scattered by a force represented by 
a fixed potential (or effective potential). However, in high energy scattering 
processes particles can be created or annihilated. Fermions must be created 
or destroyed as particle-antiparticle pairs, whereas any number of bosons 
may be involved. Thus the formalism needed to discuss the interaction of 
particles must include these points. Indeed, great care must be taken as 
to the actual definition of a particle and its properties. For example, a 
'free' electron can dissociate (see Fig. 3.1) into an electron and a photon, 
or more complex states involving loops of e + e" (or any other charged 
particles). A 'dressed' particle, with which we deal experimentally, has 
different properties to the 'bare' particle, the wave equations of which are 
discussed in this chapter. 

The fundamental particles in the standard electroweak model are the 
spin \ leptons and quarks, the spin 1 gauge bosons W*, y and Z° (which 
propagate the forces), and the spin 0 Higgs bosons (which are necessary 
to give the , Z° and the fermions their masses). In addition to the free 
particle wave equations, which are introduced in the order of increasing 
spin (and hence complexity), this chapter also deals with the methods 
used to describe the propagation of particles (and hence forces) from one 
space-time point to another. The description of a multiparticle system, in 
terms of the field theory creation and annihilation operators, is also 
discussed. A rigorous and general field theory approach is not, however, 
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pursued. Some field theory ideas are introduced, however, mainly with the 
aim of 'underwriting' the more intuitive approach adopted. 



3.1 SPIN 0 PARTICLES 

3.1.1 Klein-Gordon equation for spin 0 particles 

The simplest free-particle relativistic wave equation, the Klein- 
Gordon equation, can be constructed from the energy (£) and momentum 
(P) operators, in a way analogous to that used for the Schrodinger equation 
(2.47), but using E 2 — p 2 + m 2 rather than the non-relativistic E = p 2 /2m. 
Thus 

(E 2 - p 2 )cj>(x) = -(£- 2 - V 2 ^(x) = - D 2 (t>(x) = m 2 ct)(xY (3.1) 

A free particle solution, which can be checked by substitution, is of the 
form 

<t>(x) = N exp( — ip-x) = N exp[ — \{Et - p-x)], (3.2) 

where N is a (complex) normalisation constant. The wave function <fi(x) 
has only one component. In general, the description of a particle of spin 
5 requires 2s + 1 components. Thus (f>(x) is suitable for the description of 
a spin 0 particle. The covariance requirements of (3.1) imply that 0 must 
be a scalar or pseudoscalar quantity, with thus no preferred direction. 
Note that, since E 2 = p 2 4- m 2 , this does not fix the sign of E, which can be 
positive or negative, and thus constitutes a potential problem. 

A further problem arises when we consider the probability and current 
densities. Proceeding in a manner similar to that used for the Schrodinger 
equation (Section 2:2.3), we calculate [<£*(eqn. 3.1) — </>(eqn. 3.1)*] and 



Fig. 3.1 Virtual states of a free electron. 
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cast this in the form (2.180) 
dt 

with the four-current / = (p, j) given by 



1^ ^* 



j = i(</>V</>*-</>*Vtf>). 



For the plane wave solution (3.2), this gives 
/ = 2|N|V = 2|N| 2 (£,p). 



(3.3) 



(3-4) 



The sign of the probability density p is the same as the sign of E and 
can thus be positive or negative. In general, it can be seen from the form 
of (3.3) that p is not necessarily positive definite, and hence cannot, as 
such, be interpreted as the probability density. 

3.1.2 Creation and annihilation operators 

In 1934 Pauli and Weisskopf proposed a solution to the problem 
of negative values of p by suggesting that </> should be treated as a field 
operator rather than a single-particle wave function. As outlined below, 
(j) can be used to describe a system containing both positive and negative 
charges and p interpreted as the net charge density function. 

The Fourier transform of the free particle solution (0 ~ exp( — \p ■ x)) in 
momentum space, namely 



<fi(x) = 



(In) 1 



d 4 p(4nE p ) il2 a(p) Hp 2 - m 2 ) exp(-ip-x), (3.5) 



is also a solution. This can be seen by operating on <p(x) in (3.5) by 
(□ 2 + m 2 ), and using the property that the result contains a factor yS{y) 
which yields zero on integration. The factor containing E p = + (p 2 + m 2 ) 1 ' 2 
is for later convenience. The Dirac ^-function (see Appendix D) has the 
property that 



S(p 2 - m 2 ) = [<5(E - E.) + S(E + £.)]/(2£.), 



E p >0, (3.6) 



so, substituting (3.6) into (3.5) and integrating over d£, yields 



4>(x) = 



1 



d 3 P 



(2£, 



a(p, E ) exp[-i(£.t-p x)] 



+ a(p, - £„) exp[i(£ p ; + p • x)] 



(3.7) 
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Changing variables from p to -p in the second term gives a( — p, —E p ) x 
exp(ip-x). Thus, writing a{p) = a(p,E p ) and a(-p) = a(-p, -E p \ (3,7) 
becomes 



1 



(2*) 



3/2 



d 3 P 
(2£J I/2 



#(p) exp( — ip-x) + a( — p) exp(ip-x) 



(3.8) 



If 4>(x) is Hermitian, i.e. <j>\x) = <f>(x), then from (3.8) we obtain the 
conditions that a 1 (p) = a(-p) and a^ — p) = a(p), hence 



4>(x) = 



l 



d 3 p 



(2£ p ) ,/2 



= # ( + , (jc) + </> (_) (x), 



a(p) exp( - ip ■ x) + a f (p) exp(ip • x) 



(3.9) 



where </> ( + ) and </> (_) correspond to the positive and negative frequency 
components exp( — ip-x) and exp(ip-x) respectively. 

It is often useful to normalise to a box of side L and volume K, with a 
periodic boundary condition giving discrete momenta 



P = (w*, >V n z )2n/L. 
The discrete case can be obtained by the replacement 



1 

(271) 



3/2 



<5(p-p')-><^. 



(3.10) 



(3.11) 



Thus, (3.9) can be written 



i 



(2£ P n 



1/2 



a(p) exp(-ipx) + ^(p) exp(ip-x) . (3.12) 



In Chapter 2 the classical Lagrangian and Euler-Lagrange equation 
for an ensemble of particles with generalised coordinates q i was discussed. 
In classical field theory the discrete coordinates q { are replaced by field 
functions <j)(x), where x is a continuous variable. This can be accomplished 
in a covariant way and, as shown below, conserved quantities (e.g. energy, 
momentum) are associated with the disturbance represented by 4>(x). In 
Quantum field theory </>(x) no longer represents ordinary functions, but 
father linear field operators which act on the state vectors of an ensemble 
°f particles and can change these quantum states. These operators satisfy 
certain commutation relations and, furthermore, the eigenvalues of 
hermitian operators constructed from the field functions (e.g. E, p) 
represent observable quantities. In the rest of this section this process of 
Se cond quantisation is outlined for the scalar field. The approach adopted 
^re follows that of Muirhead (1965) to which the interested reader is 
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referred for further details. An alternative, and ultimately equivalent 
method, is to start with the commutation relations and deduce the 
properties of the operators a and a f ; see, e.g. Bjorken and Drell, 1965, 
Vol. 2. 

Consider a normalised state vector |n p > in an occupation number space 
containing n bosons with momentum p. In the second quantisation 
process, the operators a(p) and a^(p) in (3.9) and (3.12) are defined to be 
annihilation and creation operators as follows 

a t (p)K> = (n+l) P ,/2 K«+l)p>, 

a(p)K> = K)" 2 |(«-l) p >. (3.13) 
Successive application of these operators gives 

a(p)« f (p)h> = («+l) P k>, 

aHp)a(p)\n p ) =">„>. (3.14) 
However, for p p' 

fl(py (p')|w,, V> = + 1 ),•]"> - Dp, (n + 1 V>, 

flt(p')a(p)|n p , V>= C(« + 1 V"p] ,/2 K" - 1 ) P , (» + » )„•>, (3-15) 
Thus, # and <3 T satisfy the commutation relations 

[fl(p),flV)] or <5 3 (p-p'), 

[fl(p),aV)] = [fl t (p).fl t (P')]=0. (3.16) 

From (3.14) it can be seen that the operator N(p) = tf T (p)a(p) gives the 
number of particles in the state with momentum p. This occupation 
number operator N(p) is the product of an operator and its Hermitian 
conjugate, and so is positive definite with lowest eigenvalue zero. Therefore 
a state |0>, the so-called vacuum state, must exist with 

£i(p)|0>=0, iV(p)|0>=0. (3.17) 

States with one, two (etc.) particles can be built from the vacuum by 
successive application of the creation operator a\p), using (3.13), giving 

|l P >=fl t (p)|0>, 

\2 p >=^ 2 aHp)\\ p >=^ 2 aHp)aHppX 

k> = r4u72f flt ^" p l°>- ( 3J8) 
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The scalar particles arising from the quantisation obey symmetric, or 
Bose-Einstein, statistics. 

The 0 ( + ) (*) and <f> ( ~\x) parts of (3.9), which are useful for practical 
calculations, satisfy 



0< + >(x)|O> = O, 



<O|0 (_) (x) = O. 



(3.19) 



The application 0 (_) (x)|O> can be shown, by consideration of the Fourier 
transformation of tf f (p), to correspond to the creation of a particle within a 
distance of approximately l/m (Compton wavelength) of the space point x. 



3.1.3 Lagrangian for a scalar field 

The Lagrangian and Euler-Lagrange equation for an ensemble 
of classical particles was discussed in Section 2.2.1. For a relativistically 
invariant theory, the action integral A must be a Lorentz scalar. Thus, if 
we define a four-dimensional action integral 



d 4 xif (</>, 



(3.20) 



then if, the Lagrangian density, should be invariant under proper Lorentz 
transformations (since d 4 x is invariant). Furthermore, if should not 
contain second or higher-order derivatives, otherwise the theory would 
have negative metric states. The requirement SA = 0, for <\> -> </> 4- 5<t> with 
6(f) having the boundary condition that it is equal to zero everywhere on 
the surface of fi, gives, writing cx fl = d u (j> = dcfr/dx* 1 , 



SA = 



d 4 x[ — 8<f> + <5a, 



3* 

dcf> doc, dx" J 



0. 



Integrating the second term by parts, this expression gives 

d 4 x 

d(f) dx» da. 



(3.21) 



(3.22) 



where the other term in the partial integration, which is a 'surface' term 
in four-dimensions, is zero because 8<f> is everywhere zero on the boundary. 
Thus (3.22) gives the Euler-Lagrange field equation 



(3.23) 



In order to derive the field equations, further conditions on if are 
usually required. It is assumed that the field equations are linear in </>(x), 
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so that if should contain only bilinear combinations of 0 and dcfr/dx* 1 . It 
is further assumed that the state of the field and its interactions at x are 
completely specified by 0 and d<f)/dx fi at x; that is, the fields are local 
For a scalar particle if can be constructed as follows 

2 \dx fi dx^ ) 
= {(a^-m 2 4> 2 \ (3.24) 
Application of (3.23) on if gives the Klein-Gordon equation. 

3.1.4 Invariance properties of the Lagrangian 

If the Lagrangian, or more generally the action integral, is 
invariant under a continuous group of transformations, then there exist 
certain conserved quantities for the associated fields {Noethers theorem). 
Consider the infinitesimal displacement 

x,! ->■<, = x„ + e„. (3.25) 
which changes the Lagrangian if (0, da**) to if' with 
b<£ = $£' - if = d<f/dx M 

d(p dof 

In the latter equation it is assumed that if is invariant under translations, 
with no explicit space dependence. Noting that 

S<t> = 4>(x + e)- 0(x) = £ v — = e v a\ (3.27) 

dx v 

and using (3.23) and (3.27) in (3.26), gives 

d b<£ bS£ d££ 

dx^ da" da" dx^ 



This can be rewritten as 

d 



dx u 



£ u if -h £ v a v 

da" 



= 0, (3.29) 



which is of the form 

dJ M Jd Xll = 0, (3.30) 
where, noting that = ^ v £\ e v a v = £ v a v , and that g v is arbitrary, 

OCX 
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The conserved quantities, corresponding to the conservation equation 
(3.30), are 



with 



d 3 *J 0v = 



dt J dx n 



d 3 xl — <x. v -g 0v & 



dl 



dx k 



(3.32) 



(3.33) 



where use has been made of (3.30), and the term on the right can be 
replaced by a surface integral which gives zero contribution at infinity. 

Consider, as an example, the conservation of energy and momentum 
associated with the field. This requires a definition of the Hamiltonian 
density of the field. We can write 



H = 



d 3 x.tf- 



d 3 xJc 



(3.34) 



which has a form similar to that for a mechanical system; H = p { q { — L. The 
equivalent momentum conjugate of the field is dJ^/dot 0 = d<$f/d{d(fi/dt) = Yl(x) 
(cf p; = dL/dq-X Thus we may identify P 0 as the energy-momentum 
four-vector associated with the field. 

Additional conservation Jaws, associated with internal symmetries, arise 
if S£ is invariant under local transformations of the type 



<f>(x) -+ exp( — ie)(p(x) = <f>(x) - is<j)(x), 



fore-^0, (3.35) 



where e is real and independent of x. Equation (3.35) thus represents a 
global phase transformation. Proceeding in a similar fashion to the previous 
example, with S(f> — — 

fig? 

SJ? = — Sct> + ~8ct u 
dcj) da u " 



. d d& , 

= — 1£ d) 

dx»\da lt 



0. 



Hence, there is again a conserved current 

dJ'/dx* = 0, 

with 



(3.36) 



(3.37) 



(3.38) 
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and a corresponding conserved 'charge* for each internal symmetry 

dQ 



Q = 



d 3 xJ°= -i 



d 3 x — 0, 
da 0 



at 



= 0. 



(3.39) 



The above considerations apply to a relativistically invariant, but 
classical field, In quantum field theory, the field functions <j>(x) become 
operators acting on the state vectors. As an example, let us consider the 
quantum field operator for the four-momentum. For the scalar field this 
can be derived by evaluating the effect of the operator P v (3.32) on the 
scalar Lagrangian (3.24), expressed in terms of the field operator (3.12). 
Thus the energy operator P 0 is 



d 3 x^(a 0 , </>). (3.40) 

For SC given by (3.24), and noting that a 0 = d<j>/dt, can be written, 

jf=i(o> 2 0 + \7 2 <P + m 2 4> 2 ). (3.41) 
Using (3.41) and <p from (3.12) gives 



p>p' 



d 3 x 
2VE r 



( - E P E P . - p - p')[a(p) exp( - ip • x) - a r (p) exp(ip ■ x)] 

x [a(p') exp( — ip' ■ x) — a*(p') exp(i J p / ■ x)] 
+ w 2 [a(p) exp( — ip-x) + a r (p) exp(ip-x)] 

x [a(p') exp(-ip'-x) + fl f (p') exp(ip'-x)]j. (3.42) 

The term in curly brackets can be expressed as 

{} = {(- E p E p , - p • p' + m 2 )a(p)a(p') exp[ - i( p + p') ■ x] 

+ (£ p £ p . + pp' + m 2 )a(p)a t (p')exp[-i(p-p / )*x] 

+ (£ p £ p , + p - p' + m 2 )a T (p)a(p' ) exp[i ( p - p') ■ x] 

+ ( - E p E p . - p • p' + wi 2 )aW (p') exp[i( p + p') ■ x]}. (3.43) 

Integration over d 3 x yields zero for the first and fourth of these terms, 
since they involve contributions of the type 



d 2 x 



exp[i(p + p>x] = <5 Pi _ p ., 



and so the requirement that p' = — p gives 



(~E p E p . - pp' + m 2 ) = (- E 2 + p 2 + m 1 ) = 0. 
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The corresponding integration of the second and third terms involves 
their evaluation with p' = p(E p . = E p ) t so that (3.42) simplifies to 

Po= l -l^r(E 2 P + P 2 + m 2 )Wp)aHp) + * r (pWp)] 
2 p 2E p 

= l - £ E p [2N( ? ) + 1] = I £,[N(p) + fl, (3.44) 
2 p p 

where the operators a and a 1 " have been expressed in terms of the 
occupation number operator N(p). 

The expectation value of P 0 for a state |^>, consisting of ^ particles 
with energy E ly n 2 with £ 2 , etc., is 

E = (H) = <iA| X £ p [JV(p) + i]|^> = X ^pK + i). (3^45) 
p p 

The momentum operator P can be analysed in similar fashion, giving 

p = Ip[JV(p) + !] = Xp^(p). 

p P 

<P> = I «pP. (3-46) 

P 

Note that, even if there are no particles in the field, the energy operator 
has a contribution from the term £ p \E p . This term is called the zero point 
energy and, when summed over all possible states, gives an infinite energy. 
If we exclude gravity from our discussion, then this infinity, as with others 
which arise in field theory, does not correspond to a measurable quantity. 
Only changes in energy, and not the absolute value, are measurable so 
that the zero point energy can be subtracted off and ignored. The corre- 
sponding term in the momentum sum gives zero when summed over all 
directions. A more detailed analysis shows that the infinite energy term 
of the vacuum can be removed by ordering all products of operators such 
that the annihilation operators appear after (i.e. to the right of) creation 
operators (normal ordering). More generally, however, these infinities are 
& problem in field theory. 

3.1.5 The charged scalar field 

The Hermitian field, outlined in Section 3.1.2, has only one 
component and is thus suitable only for the description of neutral scalar 
Particles, e.g. the n° or the neutral Higgs particle H°. The arguments 
°utlined above indicate that the charge of the particle should be related 
to an internal symmetry of S£. This can be achieved (see (3.35) and 
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subsequent discussion) if (f>(x) is non-Hermitian (i.e. complex). If (p l and 
(p 2 are both Hermitian (i.e. real) then we can construct 

<t> = ~ 2 W>i + i<W> 0 f = ~ W>i " i0 2 )> (3-47) 

where 0 and 0 t each satisfy the KJein-Gordon equation 

(□ 2 + m 2 )<P = 0, (D 2 + m 2 )tf = 0, (3.48) 

and the corresponding Lagrangian is 

d& dd) , + 

if = — -^--w 2 ^^. (3.49) 
dx„ dx» 

Equations (3.48) can be derived from (3.49) using the Euler-Lagrange 
equation. 

Each of the solutions 0! and 0 2 nas a field operator equation of the 
form of (3.9), with corresponding operators a x (p), a\(p), a 2 (p) and a\(p) y 
with fl t and a 2 each satisfying commutation relations of the type (3.16). 
Introducing the linear combinations 

*(P) = ^ K (p) + ^(P)], b\p) = ^ [a\ (p) 4- i4(p)], (3-50) 

and using (3.47), we can write 

' d 3 p 



0(x) = 



(2ti) 3/2 
1 



(2;r 



,3/2 

' J - 00 



d 3 P 



- [a(p) exp( - ip ■ x) + £ f (p) exp(ip ■ x)] , 



— — [V (p) exp(ip ■ x) + b(p) exp( - ip ■ x)] . 
(2£ p ) 1/2 

(3.51) 

The commutation relations for a(p) and b(p) can be easily derived and are 
[afipW(pO]-[ft(p),frV)]-5 3 (P-p'), 

[A(p), fc(p')] = |V (p), ftt ( p ')] = [a(p) f 6 f (p')] = [<,* ( p ), ft(p')] = 0. (3.52) 

Thus a(p) and b(p) satisfy the same algebra as a Y (p) and a 2 (p) and hence 
we can define corresponding occupation number operators which will 
have the same integer eigenvalues, namely 

N ( + ) (p) = aHp)a(p), /V ( ")(p) = bHp)b(p). (3.53) 

In terms of these, the four-momentum operator can be written 
P^E^< +) (p) + ^ f ^(p)]. 



\~. 

Spin 0 particles 115 

We will now justify the use of the notation N ( + ) and N { ' ) for the 
occupation numbers. For complex solutions of the Klein-Gordon equation, 
(3.36) becomes 

d * = -*±(™*- d *4,A = 0. (3.54) 



This gives, for if from (3.49), a conserved current of the form (3.3). 
Substituting for <f> and ^ from (3.51) it can be shown, with a derivation 
similar to that above for energy operator, that the total charge 



e = 



d 3 xp = i 



3r flt 



d 3 p[N< + Hp) - N< - >(p)], or X [ N< + >(p) - N { " >(p)] . 



(3.55) 

That is, the positive and negative frequency states carry quantum numbers 
with eigenvalues + 1 and - 1 respectively. In order to give a physical 
significance to this charge g, the coupling of the current to the electro- 
magnetic field must be established. We may identify the states with positive 
eigenvalues of Q as particles (e.g. n + ) and those with negative values of 
Q as antiparticles (e.g. n~). Thus, p in equation (3.3) may be identified 
with the net charge density (Pauli and Weisskopf, 1934). In this case the 
appearance of negative values of p is no longer a problem (as it was in 
trying to interpret it as the probability to find a particle). Charge 
conservation is thus a consequence of the invariance of the Lagrangian 
under global phase transformations. Finally we note that the above 
approach to internal symmetries can be applied to quantum numbers 
other than electric charge. 

3.1.6 Propagator theory 

The aim of a quantum field theory is to provide a framework in 
which the interactions of the basic field particles can be described. In the 
formal approach to field theory the route to this goal is rather lengthy. 
The end product is that the interactions of particles can be described in 
terms of Feynman diagrams, which describe the propagation of the 
particles involved, and their interactions, in space-time. A non-rigorous, 
but more intuitive, approach using Feynman diagrams directly is adopted 
here. The formalism needed to describe the propagation of particles is 
^troduced in this section. After having established the techniques required 
to make calculations using Feynman diagrams, the relationship to the 
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more formal approach is described briefly in Section 4.7. The reader 
interested in more details on the formal approach is referred to Itzykson 
and Zuber (1980), Mandl and Shaw (1984) or to many of the other excellent 
texts on field theory. 

In scattering theory we desire to discover the space-time development 
of a system. t Suppose that, in non-relativistic quantum mechanics, the 
solution \p(x) = ip(t f x) is known at some time t. The solution at x — (t\ x'), 
with t' > t y can be written, using Huygens' principle, in the form 



d 3 xG(t\ x'; t, x)\j/(t 9 x) 



t'>t y 



(3.56) 



where the propagator or Greens function G(x';x) gives the strength of 
the wave propagation from x to x'. Let us denote \p Q to be the wave 
function, H 0 the Hamiltonian and G 0 the Green's function for the free 
particle case. Suppose a potential V(x x ) (x : = t l ,x l ) is turned on for a 
brief period d^ around t v . For t > t L) this gives an additional source of 
waves A^(xj) compared to the free particle case. Now \l/(x { ) satisfies 



1^ = ^+^,)]^), 
dt 

so Aij/(x l ) is obtained by integrating (3.57), which gives 
-iV{x i )4j 0 (x [ )dt l . 
The development at later times, using (3.56), is 



(3.57) 



(3.58) 



AiP(x')- 



d 3 x 1 G 0 (x / ; x l )V(x l )ij/ 0 (x l )dt l 



d 3 x 



d 4 x 1 G 0 (x';x 1 )K(x 1 )G 0 (x 1 ;x)^ 0 (x), (3.59) 



where the second line is obtained by substituting ip 0 ( x i) ^ rom (3.56) and 
writing d 4 Xj = dr 1 d 3 x 1 . Using this expression for Ai//(x ; ), and comparing 
^{x') = \l/ 0 (x') + Ai^(x') with (3.56), gives the following relation for the 
Green's function: 



G(x / ;x) = G 0 (x / ;x)-h 



d 4 x 1 G 0 (x , ;x 1 )K(x 1 )G 0 (x 1 ;x) 



(3.60) 



That is, it is expressed in terms of the free-particle Green's function G 0 , 
which we assume to be known. The above considerations can be 



t The discussion in this section follows closely that in Bjorken and Drell (1964), 
where more details on some points are given. 



Spin 0 particles 



117 



represented graphically by space-time diagrams. Fig. 3.2(a) represents free 
propagation from x to x\ whereas Fig. 3.2(b) corresponds to free 
propagation from x to x { , a scattering at x, , then free propagation to x\ 

The above methods describing a single scatter may readily be generalised 
to multiple scatters. Firstly, let us consider a second scatter at x 2 = (t 2i x 2 ), 
with t 2 >t lt produced by turning on a potential V(x 2 ) for a time dt 2 . For 
t' > t 2 , the additional contribution is 



d 3 x 2 G 0 (x';x 2 )l/(x 2 )i//(x 2 )dj 2 
d 3 x d 4 x 2 G 0 (x'; x 2 )V(x 2 )[G 0 {x 2 ; x) 



+ 



d 4 x { G 0 (x 2 ; x 1 )V(x 1 )G q (x 1 ;x)']iIj q (x). 
Thus the total wave function is 



(3-61) 



</,(*') = </, 0 (x') + 



d 4 x l G 0 (x'\x l )V(x l )il/ 0 (x { ) 



+ 



+ 



d 4 x 2 G 0 (x';x 2 )K(x 2 )i// 0 (x 2 ) 

d 4 x 1 d 4 x 2 G 0 (x'; x 2 )K(x 2 )G 0 (x 2 ; x 1 )K(x 1 )^ 0 (x 1 ). 



(3.62) 

That is, the individual terms correspond to free propagation, a single 
scatter at x h a single scatter at x 2 > and double scattering respectively. 
The corresponding space-time diagrams are shown in Fig. 3.2(a) to (d). 
Thus we are Jed to an iterative or perturbative approach. This conclusion 
does not apply to all problems, and we note that Green's function can 



Fig. 3.2 Propagation of a particle from x to x'; (a) free propaga- 
tion; (b) scatter at x^ (c) scatter at x 2 and (d) double scatter. 




(a) (b) (c) id) 
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be used to solve Poisson's equation \ 2 (f> = — p (2.19) in electrostatics. In 
this case, <p(\') = J G(x\ x)p(x)d 3 x; that is, it can be written in a closed 
form since the righthand side of (2.19) does not involve 0, in contrast to 
the applications we shall consider. 

Next we consider the solution for the free-particle Green's function G 0 . 
Equation (3.56) can be written in the form 



0(t' -t)\l*(x') = i 



d 3 xG(x'; x)ip(x), 



(3.63) 



where the restriction t' > t is removed and replaced by the step function 
0, defined such that 0(t) = 1 for t > 0, else 0(t) = 0. Alternatively, 0(t) can 
be written in terms of a complex variable co, as 



0(t) = lim — 



doj exp( — icor) 
co + is 



(3.64) 



The pole at co = —is and the integration contours for positive and negative 
t are shown in Fig. 3.3. The lowest contour (t >0) encloses the pole, so 
gives unity by Cauchy's theorem, whereas the upper contour yields zero. 
Application of [id/dt' — //(*')] to the lefthand side of (3.63) gives 



i — -//(*') 

dt' 



8{t' - t)ip(x') = i — ip(x') = i 5(t f - t)il/(x 



dt' 



(3.65) 



since the derivative of 0 is a ^-function. Thus, application to both sides 
of (3.63) gives, using (3.65), 



S(t' -t)ip(x f )= |d 3 x \^ t -H{x')^G{x'\x)^{x) 



(3.66) 



The lefthand side of (3.66) can be expressed as an integral over x together 
Fig. 3.3 Integration contour for step function 0(t). 
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with the (5-function (5 3 (x' — x). Hence, since the equation is valid for any 
solution we obtain the Schrodinger Green's function equation 



dt* 



G(x'',x) = S 4 (x'-x). 



(3.67) 



Note that G(x'; x) = Oforr' < r, so that G is a retarded Green's function. 

For the free particle case H 0 (x') = - (V 2 )'/2m. Since G 0 (x'\ x) represents 
the amplitude of a wave at x' originating at x, it follows that G 0 is a 
function of x' - x. It can be written as a Fourier transform 

d 4 P 



G 0 (x';x) = G 0 (x'-x) = 



exp[-ip(x'-x)]G 0 (£,p). (3.68) 



Substituting (3.68) in (3.67) gives, using the definition of <5 4 (x' - x), 



(2tt) 4 



E-^—\ G 0 (E, p) exp[ - ip ■ (x' - x)] 
2mj 



d 4 P 



Hence 



(2tt 
G 0 (£,p) = 



-exp[-ip-(x'-x)]. 



1 



E-p 2 /2m 



E # p 2 /2m. 



(3.69) 



For the relativistic case, the creation and destruction of particles and 
antiparticles must be handled, and the whole formalism must be covariant. 
In addition to space-time diagrams of the type shown in Fig. 3.2, there 
are also diagrams such as those shown in Fig. 3.4. In Fig. 3.4(a) there is 
one particle (a n + ) present between t and t { and between t 2 and t\ 
However, between t y and t 2 there are two particles and one antiparticle 
(n~) present. Thus the process corresponds to the creation of a n + n~ pair 
at 1 and the annihilation of the n~ by the initial n + at 2. Now the 



Fig. 3.4 Space-time diagrams for n + n pair production. 

x' 





(a) 



(b) 
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propagation of a positive energy n + forwards in time is equivalent to that 
of a negative energy n~ propagating backwards in time (see Section 3.1,5) 
Hence Fig. 3.4(a) can also be interpreted as the scattering of a n + at 2 
which travels backwards in time and with negative energy to 1 ; then, after 
the scatter at 1 , travels forwards in time with positive energy. Closed loops 
(Fig. 3.4(b)) can be interpreted in a similar manner. 

The propagator for a scalar particle can be derived from the Klein- 
Gordon equation, in a similar manner to the non-relativistic case, starting 
with (3.63). The required Green's function, G s , is a solution to the equation 
(the equivalent of (3.67)), 

[(□ 2 V + m 2 ]G s (x\ x) - - <5V - x) (3.70) 
Again, G s is a function of x' — x and has a Fourier transform given by 



G s (x', x) — G s {x' — x) = 

Substituting in (3.70) gives 
1 



(271)' 



exp[-ip-(x'-x)]G s (p). (3.71) 



(3.72) 



The boundary conditions on G s (x' — x) must be utilised in order to 
handle the singularity at p 2 = m 2 in (3.71). The required condition is that 
the wave propagating from x to x' into the future or, more precisely, the 
future light-cone, should only contain positive frequency (</> ~~ exp( — ip - x)) 
7c + and n~ components. The propagator (3.72) has poles at p 0 = ±E py 
where E p = + (p 2 + m 2 ) 1/2 . If we treat p 0 as complex and let m 2 -► m 2 — is 
(£->0 + ), so that the poles are in the lower and upper half-planes, then 
(3.71) becomes 

d 4 p exp[ — ip- (x — x)] 



G s (x\ x) = 



(2tt) 4 



(2n) 3 2E p 



m + ie 



{exp[ - ip ■ (x' - x)]0(t' - t) 



(3.73) 



(3.74) 



+ exp[ip- [x - x)~\Q[t - t')). 

Equation (3.74) is derived by integration over contours in the lower and 
upper half-planes (using Cauchy's theorem), and has the required property 
that positive (negative) frequencies propagate forwards (backwards) in 
time. 

The equation (3.74) for the propagator can be rigorously derived from 
field theory. The propagation of a n + from x = (t t x) to x' = (t\ x') (Fig- 
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3.2(a)) corresponds to the creation from the vacuum of a n + at x and the 
destruction at x'(t' > t). A physically equivalent contribution is the creation 
of a %~ at x and the destruction of a n~ at x with t' < t. The propagator 
contains the sum of these two amplitudes, namely 

jG s (x' - x) = <O|(£(x')</> r (x)|O>0(*' - 0 4- <0\4>Hx)4)(x')\0)8(L - t') 

= <0]T{<£(x^x)}|0>, (3.75) 

where 4> and (f> r are field operators as given in (3.51) and T is the 
time-ordering operator giving (j)(x')(p\x) if l' > t and (ft{x)(j)(x') if t > i\ 
Noting that the operators a and b satisfy a|0> = fr|0> = <0|a r = <0|fc f = 0, 
the first term in (3.75) can be written, using (3.51), 



<O|0(x')^(x)|O>fl(£'-r) = 



d 3 p' d 3 p 

exp( — ip'-x') exp(ip x) 



(2tt) 3 (2£ p< 2£ p ) 1/2 



x(0\a(p'W(p)\0)6(t'-t). (3.76) 

The second term has a similar form but involves <0|fe(p)/? t (p')|0>. Noting 
that <0|a(pV(p)|0> = <0\[a(p') y aHp)~_\\0) y and thus contributes 5 3 (p' - p) 
from (3.16), then integrating over p' gives (3.74). In summary, the 
propagation of a scalar particle between x and x' is represented by iG s (x\ x) 
in configuration space, and by iG s (p) = i/(p 2 — m 2 + ie) in momentum 
space. 

Using the expression for <p(x) from (3.9) and the commutation relations 
(3.16), it can also be shown that [^(x'), 0 j (x)] = iG s (x\ x) = 0, if (x' - x) 2 < 0. 
The commutation relation can be shown to be zero by evaluating it for 
t' = t (equal time commutation relation) and noting that Lorentz invariance 
of G s requires that this holds for any space-like separation of x and x' . 
This is equivalent to the requirement that no effect may propagate with 
a velocity /? > c (micfocausality). It can also be shown that two observable 
quantities (which are bilinear in the fields) commute if they have a 
space-like separation. This property of microcausality would not hold if 
the scalar field was quantised with Fermi-Dirac, rather than Bose-Einstein 
statistics. 



3.2 SPIN \ PARTICLES 
3.2.1 The Dirac equation 

In order to avoid the difficulties of negative probabilities associated 
with the Klein-Gordon equation, which were discussed in Section 3.1.1, 
Dirac proposed an equation linear in d/dt y rather than second order. The 
equation should also be linear in the space coordinates djbx { (i ~ 1, 2, 3), 



122 



Wave equations, propagators and fields 



in order to treat space and time on an equal footing. The Dirac equation is 

i ^ = HMx) = ia 1 £- f + pm^x) 

= (a-p + /?iw)^(x). (3.77) 
The relativistic energy-momentum relation for a free particle requires that 
H 2 \p = (a - p + j8m)(a. p + 



X a'ayy + X ( a 7? + /?a W + P 2 ™ 2 



4< 



-(p 2 + r« 2 )f (3.78) 

Thus (3.78) implies (where { } denotes anticommutation) 

{a'' f /*}=<>, {aV} = 25 Us /? 2 =1. (3.79) 

Since pure numbers will not satisfy (3.79), Dirac proposed that a and 
P are matrices and that the wavefunction \jj be multicomponent and written 
as a column vector (Dirac spinor). The requirement that the energy 
operator in (3.77) has real eigenvalues implies a' and P are Hermitian. 
Since af = ft 2 = 1, the eigenvalues of a and /J are + 1. Further, a and /? 
are traceless. This follows since, from (3.79), 

a'' = -Pa l P and 0 = -a} Pa}. (3.80) 

So, taking traces, and using the property that iv(AB) = ir(BA), gives 
tr(a') = tr(/?) = 0. The number of positive and negative eigenvalues must 
be equal, and since the trace is the sum of the eigenvalues, hence the 
dimension of the matrices must be even. The simplest representation 
satisfying (3.79) is 4 x 4 matrices. Thus \j/ is a four-component column 
vector. 

For later use, it is convenient to define 

y ° = P, f=P<x\ i= 1,2,3. (3.81) 

The relationships (3.79) become (//, v = 0, 1, 2, 3) 

7V + yY={/,y v } = 2^*, (3.82) 
giving, for the squares of the y-matrices, (y^) 2 = g^ v so 

(y°) 2 = l, (y') 2 =-l 1=1,2,3. (3.83) 

Since a 1 and P are Hermitian, we further obtain 

( y *)t = y <yy> f (y°y = y°. (3.84) 
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Equation (3.82) is only a constraint on the possible y-matrices, however 
specific representations are often useful. The Pauli — Dirac representation 
has 



a = 



P = y°- 



i o 

0 -/ 



7 = 



0 
-a' 



(3.85) 



where a' are the 2x2 Pauli spin matrices (2.213) and / the unit 2x2 
matrix. A further useful shorthand is the matrix y 5 



with 



{y">y 5 } = o, 



(y 5 ) 2 



o / 
1. 



(3.86) 



(3.87) 



The Dirac equation can be expressed in a simpler form in terms of the 
y-matrices. Using (3.8 1 ), and multiplying (3.77) from the left by y°, gives 



m 



= =0. (3.88) 

where the slash notation 4 = = y^ has been used. 

If we take the Hermitian conjugate of (3.88), multiply from the right 
by y° and use the property (3.84) for (y") + , then we obtain the adjoint 
equation 

fy°(f + "0 = fjR jf + m) = 0, (3.89) 

where ^ = i/^y 0 and the operator ^ acts to the left. A conserved current 
- 0) can De constructed for a Dirac particle, in a similar way 
to that for the Klein-Gordon equation. The method is to multiply (3.89) 
from the right by i// and (3.88) from the left by and add the results, giving 

ifti d^y" + w)^ + f (iy^„ - mW = \d u {M) = 0. 

Thus the conserved Dirac current is 

0 

the Klein-Gordon equation (3.3). The electromagnetic current for a Dirac 
particle must be obtained by including the electric charge, giving for the 
electron, 

j»= -e\Fy*il/. (3.92) 



(3.90) 



(3.91) 



Note that p=j° = i/f/ty = ls positive definite, in contrast to p from 
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3.2.2 Spin of a Dirac particle 

The wave function for a Dirac particle is multicomponent and is 
thus suitable for describing a particle with non-zero spin. In this section 
the spin { assignment is justified. In order to do this we must find a 
quantity which represents the total angular momentum of the particle 
and which commutes with H. First we consider [L, //], where L = r x p i s 
the orbital angular momentum operator. Using H from (3.77) 

[L,//] = [rxp,yVp + Ai] 
= y°[r x p,yp] 
= y°[r,yp] x p 

= iy°yxp, (3.93) 

where the last line is derived using [r, p] = i. Thus L does not commute 
with H. Consider the operator L with components 

£'=^[y 2 ,y 3 ], Z 2 = l -ly\y l l I 3 = ^[y',y 2 ] 

i.e. E = iyx y . (3.94) 

We can define 

^ v = ~[y*,y v ], (3.95a) 

which has the property, using the Pauli-Dirac representation and the 
properties of the 2x2 Pauli spin matrices (2.213) 



5 k 0 
0 a" 



ij, /c = 1,2,3 in cyclic order. (3.95b) 



Thus £ can be written in the form 



,0 a 

The commutation of E with H gives the following result 



[E, H]=-[yx H Vp + / M ] 



' o 



2 y°[yxy,yp]=-2iy°yxp, (3.97) 



where the last step can be shown, for example, by explicit evaluation of 
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the individual components. From (3.93) and (3.97) we can construct a 
total angular momentum operator J, which commutes with H, and in 
which we identify £ as the spin operator 

J = L + S = L-h 2 -E. (3.98) 

Thus we can conclude that a Dirac particle has spin since the eigenvalues 
of £ are ± 1. Furthermore, since it can be shown that 

[E-p,//]=0 and (E-p) 2 = p 2 , (3.99) 

the operator L-p has eigenvalues ±|p|. Thus the eigenfunctions of L*p 
represent systems in which the spin is parallel or antiparallel to p. 
Alternatively, we can define the helicity operator /i(p) = (2>p)/|p[, which 
has eigenvalues -I- 1 and - 1 for the parallel and antiparallel configurations 
respectively. 



3.2.3 Free particle solutions 

Many problems can be solved without resort to specific solutions 
of the Dirac equation or to specific representations of the y-matrices. 
However, some insight into the properties of a Dirac particle can be gained 
from consideration of specific solutions. As for the Klein-Gordon equation, 
we seek plane wave solutions for the free particle case. For the Dirac 
equation these have the form 

M x ) = JJii "(P) ex P( ~ ip " *)> *AM = v(p) exp(ip - x), (3. 100) 

where u and v are four-component Dirac spinors. The spinor u refers to 
states with four-momentum p = [ + (p 2 + w 2 ) 1/2 , p], whereas v refers to states 
with four-momentum — p = [ - (p 2 + m 2 ) l/2 y — p], that is negative energy 
and momentum. Negative energy solutions for the Dirac equation arise 
from the quadratic nature of (3.78). The factor L 3/2 can be replaced by 
(27c) 3/2 where appropriate. Using the 2x2 matrix form (3.85), and 
applying the operators on the plane wave for the w-spinor, we can write 
(3.88) as 

(f Po -rp-rn)u = h- m (3.101) 
V <r-p -Po~mJ\xJ 

This gives two coupled equations for the two-component (Weyl) 
spinors 4> and % 



(p 0 - m)4> = (ff-p)*, (p 0 + m )x = (*-p)0. (3.102) 
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Thus u can be written in terms of <ft only as 

0 
<7p 



u = N\ 



Po + m 



■<ft 



(3.103) 



where N is a normalisation factor. Note that the two-spinor (ft can be 
chosen to be an eigenstate of the operator (<r»p)/|p| (see (2.223)) with 
eigenvalues ±1. In this form u is then an eigenfunction of the helicity 
operator h(p) = (L ■ p)/|p| with eigenvalues ± 1 . The choice for (ft discussed 
below will be, however, more frequently used. 

Similarly for \p = 17 3/2 u exp(ip ■ x) we obtain, with p 0 = (p 2 + m 2 ) 1/2 , 

<7.p 



" Xv 

v = N\ p 0 + >n 

Xv 

Thus for a particle at rest we have 
1 / - , N 



(3.104) 



exp( — imt) y 



1 N /0> 

\p = — -v exp(iwf) = — - ) exp(im0, 



L 3/2 



L 3/2 



(3.105) 



Now the rest-frame two-spinors (ft an d % can be chosen to correspond to 
the two independent spin states of a spin \ particle, giving the four rest 
frame solutions 



u 1 = N 



v l =N 



r\ 

o 
o 

V 

n 

o 

0 



■ = N 



N 



l°\ 

1 
0 

\ol 

r\ 

1 0 

W 



(3.106) 



The reason for the choice of the third and fourth components is discussed 
later. Now the third component of the spin operator X 3 (equation (3.96)) 
gives eigenvalues 1, —1, —1 and 1 for the four solutions respectively i n 
(3. 106). Thus the four independent solutions represent positive energy spi* 1 
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up, positive energy spin down, negative energy spin down and negative 
energy spin up respectively. Under proper Lorentz transformations the 
positive and negative energy solutions do not mix, so that we can choose 
u to represent a particle (e.g. e") with positive energy and v to represent 
a state with negative energy, corresponding to an antiparticle (e.g. e + )> 
The starting point in the solution of many problems is writing down 
the amplitude for the process in terms of the spinors u and v. The solutions 
refer always to the particle (e.g. e~). The antiparticle solutions do not 
appear directly, but are treated as negative energy particles propagating 
backwards in time. Note that the arguments of v(p y s) are those of the 
physical antiparticle. It is useful to write the Dirac equations for the 
spinors u and v explicitly. Proceeding as above we obtain 



(jj> — m)u = 0, 
u{jj> — m) = 0, 



+ m)v = 0, 
jf> + m) = 0. 



(3.107) 



The normalisation constant N in (3.103) and (3.104) has so far not been 
considered. From (3.91) the probability density of Dirac particles is 
j° = p = i/^V- Integrating over a normalisation volume we obtain 



d 3 xu t w/L 3 = u*u 



\N\ 



1 + 



(<r-p) 2 

(£ + m) 2 



= N 



2E 
E + m 



(3.108) 



where use has been made of (2.215) and the solution for u in (3.103). If 
we normalise this to a flux of 2£ particles (this is discussed further later) 
then N = (E + m) 1/2 , and we have the following normalisation relations 



= 2£, 



uu — 2m, 



vv = — 2m. 



(3.109) 



The relationship uu = 2m can be derived by multiplying y ti p fi u = mu (i.e. 
(3.107)) from the left by uy v and then adding this to the result of uy^p^ = mu 
multiplied from the right by y v u and then utilising (3.82), giving 2up v u = 
2muy v u. Thus, for v = 0, 2Euu = Imu^u. The relationship vv = — 2m can be 
shown in a similar way. 



3.2.4 Projection operators 

In the evaluation of matrix elements the combinations uu and vv 
frequently appear. Note that these are 4x4 matrices compared to the 
normalisation relations for uu and vv, which are just numbers. Using u 
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from (3.103), uu can be expressed as 

4> 

uu = (£ + m)\ a-p 



E + m 



4> 



= t + m, (3.110) 



E + m — a «p N 
<x- p — E + mj 

where the relationship (f><j>^ = 4>i<f>\ + </>2$2 = J 0- e - summing over the 
possible spin states) has been used. Similarly, for the v spinor 

2 

vv= X t>V = j*-m. (3.111) 

i = I 

From (3.110) and (3.111) we obtain the completeness relation, 

I (i/iT-vrvr) all = 2mI afi = 2m5 ap . (3.112) 

r= 1.2 

It is useful to define projection operators, which project out states of a 
particular energy or spin. The energy projection operators A + and A_ 
are defined as follows 

A + =^- , A_=-4 , (3.113) 

2m 2m 

so that A + + A_ = 1, and 

A + u = u y A_u = 0, A + u = 0, A_y = y. (3.114) 

Hence A + and A_ project out the positive and negative energy states 
respectively. 

A similar operator is required to project out the spin up and spin down 
(i.e. helicity) states. The operator must commute with f so that the four 
solutions have unique energy and spin eigenvalues. In order to treat spin 
in a covariant way, a four-vector for the spin polarisation s^ is required. 
In the rest system of the particle, by classical analogy, there will be only a 
'space' component. That is, we can write 5^ = (0, s), where s is a unit vector 
along the spin direction. The usual Lorentz transformation properties can 
be used to transform s" to other frames in which acquires a 'time' 
component, with no classical analogue. Note that s 2 = s^ = — 1 , and that 
in the rest system p" = (m, 0), so that 5 • p = 0: by Lorentz covariance these 
relations are true in any frame. 

The two spin components of the positive energy spinor (u) are, in the 
rest frame, eigenfunctions of £*s, with £ as defined in (3.96); i.e. 

(L-s)u l (p,s) = u l (p y s), (£ • s)u 2 (p, s) = ~ u 2 (p, s). (3.115) 
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The required covariant operator should reduce to this form in the rest 
frame. Consider the operator y V = y 5 s"V In the rest system (r) this becomes, 
using (2.144), (3.85) and (3.86) 

For the rest frame spinors u 1 and u 2 this operator has the required 
properties of (3.115). For the negative energy spinors v l and v 2 

where c 1 = 1, c 2 = — 1. This follows since (a-tyx 1 — ~X 2 and (<t-§)# 2 = x 2 - 
Thus,y 5 y acting on v(p,s) corresponds to a state with polarisation — s. 
This explains the form adopted in (3.106) for the v spinors. The solution 
u(p, s) describes a particle with momentum p and polarisation s, whereas 
v(pyS) describes a particle with momentum — p and polarisation — s, i.e. 
the labels attached to v are for the equivalent antiparticle. The operator 
y s tf has the required properties to label the states, since it may easily be 
shown that it commutes with $ and has eigenvalues ± 1 , i.e. 

LrVJ] = o, (rV) 2 = i. (3.H8) 

Thus we can construct the required spin projection operator 
A( 5 ) = (l+y s y)A 

A(s)u(s) = m(s), A(5)m( - s) = 0, (3.119) 

The expression for uu (3.1 10), which allows this spinor combination to 
be replaced by ($ + m) in the evaluation of matrix elements, was derived 
by summing over the possible spin states. If it is required to calculate the 
contribution of a specific spin state, then the appropriate replacement is 

MM = (|J + m)(l+yV)/2. (3.120) 

This can be derived from the rest frame solutions and using the expression 
for from (2.222). A similar treatment for vv gives 

vi>=(it-m)(\ +y 5 #/2. (3.121) 

3.2.5 Lorentz covariance 

The Dirac equation in some Lorentz frame O' must yield the 
same physical content as that in O. The coordinates and the four- 
momentum operators in O' and O are related by (from (2.155)) 

(x'Y = <x v = a^x v , ( p'Y = a»p v = a» v p v . (3 . 1 22) 
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Assuming the transformation between the wavefunctions \p'{x') and \p( x ) 
is linear and that the y-matrices remain unaltered*, then the Dirac equation 
in O' will be 

(y%-mW(x) = 0 ) (3.123) 

with 

il/'(x') = SiP(x), (3.124) 

where S is a 4 x 4 matrix. If we multiply the Dirac equation for frame O 
(3.88) from the left by S and insert S~ l S= 1, we obtain 

(Sy»S- l Pfl - mSS~ l )SiP(x) = 0. (3.125) 

This is of the required form (3.123), provided that 

S/S-^yX or S- l y v S = ay, (3.126) 

where use has been made of (2.158) in the latter form. 

For the case of a pure rotation (R), only the space coordinates are 
affected and |p'| = |p|. Equation (3.126) then simplifies to 

S R y°S^=y°, S R /S R ' =y'a) or S R yS~ R 1 -p = y.p'. (3.127) 

The solution to (3.127) is the unitary matrix (a generalisation of (2.216)) 

/exp[-i(c/2).. ft ] 0 \ (3.128) 

V 0 exp[-i(G)/2)«T-A]y 

For the case of a Lorentz boost (B) of velocity fi along the x'-axis, the 
required transformation is 

S* = exp(yy>;/2), (3.129) 
where cosh y = y (see (2. 142)). This can be demonstrated by showing that 

exp(yVy/2) = / cosh(y/2) + (/y 1 ) sinh^), (3.130) 
and, using this relation, that 

S B y°Ss 1 = y° cosh y - y 1 sinh y , (3.131) 

S B y l SB l = -y°sinhy + y 1 cosh y, 

which is the required form of (3.126), since the coefficients for this boost 
are a% = cosh y and a 0 = —sinh y etc, 

The proof of invariance under a general proper Lorentz transformation 
is as follows. Consider the infinitesimal transformation 

al = gl + *el> A^O. (3.132) 

* The proof that the form of the y-matrices is invariant (Pauli's fundamental 
theorem) is given in Sakurai (1967). 
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Applicaton of (2.158) gives e»=-e>1 or e^-fiT If we write the 
transformation S in the form 



S=\+JLT, S~ l = \ -XT, 

then, inserting (3.132) and (3.133) in (3.126), gives 
(1-A7> V (1 + m = (gl + KY> 



(3.133) 



or 



where A 2 terms are neglected. Hence 



(3.134) 



(3.135) 



hus the problem is reduced to finding T which satisfies (3.135), and with 
r j— 0 (which follows from the normalisation det S = 1). A suitable form, 
which can be checked by substitution, is 



£ 8 



(3.136) 



inite transformations gives an exponential for S and, for the specific case 
m treated above, it can be seen that (3.136) is equivalent to (3.129). Thus 
the Dirac equation is invariant under proper Lorentz transformations. 

For the parity (P) transformation, a% = 1, a\ = a\ = a\ = - 1. Hence 
(3.126) becomes 



(fc= 1,2,3), 



hich is satisfied by (ignoring an arbitrary phase factor) 
S P = y°. 



(3.137) 



(3.138) 



The Hamiltonian H (3.77) commutes with y° only if p = 0. Application 
of S P to the spinor solutions (3.106) indicates that the positive and negative 
~nergy rest states have opposite intrinsic parity. The assignment of 
opposite intrinsic parities for fermions and antifermions is supported by 
the observation that the polarisation vectors of the two photons in the 
J ecay of the positronium (e + e~) state are perpendicular. This implies 
a negative parity state, and using P(e + e~) = P e + P c -( — I) 1 with / = 0, gives 
P e « = — P t -. A further example is the pion (qq in / = 0 state), which has 
egative intrinsic parity because the q and q have opposite intrinsic parities 

p=(-D' +i ). 
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The matrix elements encountered in practical calculations involve, in 
general, the products of y-matrices. It is possible to construct 16 linearly 
independent 4x4 matrices r„ from these products, namely 

r s = /(i), p v -/(4), rr-^ v (6) 5 

ni = yV(4), r P = r 5 (i). (3.139) 

The subscripts refer to the properties of the quantity \jjTJt under Lorent2 
transformation (as discussed below), and the number of components is 
shown in parentheses. From (3.133) and (3.136) it follows that 

S f = y°S- { y°. (3.140) 
Thus, for the transformation of \jj we have (this also holds for S P ) 

f = = ^t s y = ^t y o s - 1 = $ s - 1 (3 141) 

Therefore, under proper Lorentz transformations, the S, V and A terms 
transform as follows 

$r s \l/ = $ijj^ W = $S~ X S\P = (3-142) 

= tfy^ -> $Y\i/' = $s~ = (3.143) 
= h s y^ $'y 5 yy = V/s^ = afflyY*!' • (3.144) 

In deriving (3.144) the property [S, y 5 ] = 0, which follows from [<7^ v , y 5 ] = 0, 
has been used. The transformation properties under parity (S P ) are as 
follows, where the upper line is for \i — 0 and the lower fi — k — 1, 2, 3. 

to* $+, m±\ (3-145) 

Thus T s , T v and T A transform as a scalar, vector and axial-vector 
respectively. Similarly it can be shown that T T and T P transform as a 
rank-two tensor and a pseudoscalar (i.e. changes sign under P) respectively. 
The T v properties justify the use of the / vector notation. 

3.2.6 Massless spin \ particles 

The family of neutrinos consists of neutral spin \ particles, one 
or more of which may be massless. Except when indicated to the contrary, 
we will assume that m v = m 0 = 0. For the massless case, the spinor solutions 
(3.107) reduce to the same form, namely 

jfw = 0, fto = 0, ujJ = 0, yjl = 0. (3.146) 

For m = 0 there is no fim term in the expression for H in (3.77), and the 
commutation relations for a (3.79) can be satisfied by the 2 x 2 Paul spin 
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matrices. Such a two-component spinor was considered by Weyl in 1929, 
but was initially rejected since it meant that the parity operator (P = f$ = y°) 
was lost. The charge conjugation C is also lost; however, the combined 
operation CP is still valid as discussed below. 

Returning to the four-component spinors, the helicity eigenstates can 
be found by expressing the spin operator E (3.96) in the following form 

L = y 5 y°y, (3.147) 

which can be shown using (3.85) and (3.86). Starting with the free particle 
Dirac equation, and multiplying from the left by y 5 y°, we obtain (with 
£ = |p|) 

y 5 y°y-pw = y b y°Ey°u y 

i.e. £-pu = £y 5 u. (3.148) 

Now, from (3.99) we know that L-p= ±|p], so y 5 u = ±u. The two 
solutions are thus 

y 5 u = u :L-pu = £u, h = 1 (3.149) 

y 5 u=-u :£-pu=-Eu, h = - 1 (3.150) 

That is, the solution y s u = u has helicity h = 1 (spin parallel to p), whereas 
y s u = — u has h = — 1 (spin antiparallel to p). The wave function can be 
split into lefthanded (h = — 1) and righthanded (h = 1) parts, as follows 

u = u L + u R , (3.151) 

with the properties y 5 w L = — u L and y 5 u R = u R , hence 

^ L = — ~ — u > u r = — - — (3.152) 

It is useful to define left- and righthanded projection operators as follows 

A, = , A R = , (3.153) 

2 2 

which have the properties A L w L = w L , A L w R = 0, etc. 

The spin projection operator A s for a particle with non-zero mass (3.119) 
reduces to the form of (3.153) in the extreme relativistic limit E»m. 
Boosting antiparallel to the spin direction in the rest frame, the positive 
helicity component becomes -> p M /m,so = u. Thus A s =(l +y 5 )/2 for 
the positive energy spinor. For the negative energy v spinor, A $ = (1 — y 5 )/2. 
For a particle of non-zero mass, the spinor can also be written in the form 
of (3.151) and (3.152). Using (3.107), and the property (3.87), gives 
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tfu R = mu L and tfu L = mu Ry which shows how the solutions decouple in the 
massless limit. The operator y 5 is important in our understanding of weak 
interactions and is called the chirality operator. Note that for the Dirac 
Hamiltonian (3.77) [H, y 5 ] = 0, for m = 0. 
The normalisation of the spinors for m = 0 (cf. (3.109)) is 

u t u = v i v = 2E. (3.154) 



3.2.7 Dirac particle in an electromagnetic field 

In the presence of an electromagnetic potential A* = (A 0 , A) the 
wave equation for a particle of charge e is obtained by making the 
(minimal) substitution (see Section 2.2.2) 

p»-+p»-eA\ 3* -* D» = + \eA\ (3.155) 

The Dirac equation (3.77) becomes, writing = (D°, -D), 

i — = (-ia-D 4- fim + eA°W. (3.156) 
dt 

This introduces an effective potential e(A° — a* A) into H. The magnetic 
moment of a Dirac particle can be found by considering the non-relativistic 
limit of (3.156). In this limit H = m + H nn where H nr is the non-relativistic 
Hamiltonian. From (3.156), this gives 

H nT = -ia-D + pm + eA°I -ml. (3.157) 

The effect of H nr acting on if/, in terms of two-component spinors, is 



where ip L and ij/ s still contain the space-time dependence, and use has 
been made of (3.81) and (3.85). The second of these two coupled equations 
gives 

(H nr + 2m - eA°)il/ s = -i*.D^ L . (3.159) 

For small kinetic and field energies we have 

i// s - -i(<r.D/2m)i// L> (3.160) 

so i// s is 'small' compared to the large' component i// L . Substituting \j/ s in 
the first equation of (3.158) gives 

#nA = l-{°'V) 2 l7m + eA°W L . (3.161) 
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Using (2.215), (<r-D) 2 can be written as 
(<T.D) 2 = D 2 + i<r.D x D 

= D 2 + b«(pxA + Axp) 

= D 2 + e<rB, (3.162) 

where B = V x A, and use has been made of the relation 

(p x A 4- A x = — i[V x (At//) + Ax (V^)] = - /(V x A)i>. 

Thus (3.161) can be written in the form of the non-relativistic Pauli 
equation 

H m +L = [ (P ~ eA)1 - 4- ° • B + eA °\ (3-163) 



2m 2m 

The term ( — £<r«B/2m) is of the form — /i«B, describing the potential energy 
of a magnetic moment /i = ea/lm. Since the spin s = <r/2 (Section 2.4), the 
gyromagnetic ratio g is 

»-,/(£.)-! (3.164, 

The values of # for the electron and the muon are very close to this 
prediction. The small deviations in g — 2 can be accurately predicted in 
quantum electrodynamics (Section 4.9.4). However, for the proton 
0 = 5.586, indicative that the proton is not point-like. 

The wave equation in the presence of an electromagnetic field should 
provide a consistent treatment for both particles and antiparticles. For 
an electron (charge ~e) the wave function \jj is the solution of 

[/(i5, + ^)-w]i> = 0. (3.165) 

A similar equation should exist for the positron (charge +e) with wave 
function i// c satisfying 

[f(i^^)-* = 0, (3.166) 

In the specific representation (3.85), y 2 {y tJ Y — — /y 2 . Hence, taking the 
complex conjugate of (3.165), then multiplying by iy 2 and comparing with 
(3.166), gives 

^ = \y^* = iyYft = (3.167) 

where is taken to be real, the phase of \jj c is arbitrary and t 
denotes transpose. Note that here, and in the rest of this section, equivalent 
transformations exist in other representations (see Appendix B). Thus 
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(3.167) links the solutions for the electron and positron. However, this 
interpretation should be made with care, as the Dirac equation is a single 
particle theory. In the equation for the electron, the negative energy 
solutions were interpreted as being equivalent to a positron. Alternatively 
one could equally well start from (3.166) and identify the negative energy 
solutions of *// c with the electron. 

A more complete discussion of this problem involves the use of field 
theory, which naturally provides a framework for the description of 
multiparticle (e.g. e~ and e + ) states. Following a prescription similar to 
that developed for the scalar field (Sections 3.1.2 and 3.1.5), creation (aj) 
and destruction (a r ) operators for e~ and creation (bl) and destruction 
(b r ) operators for e + can be defined. The index r = 1 , 2 refers to the possible 
components of the spinors u r and v r . Occupation numbers for e" (N~ = a* a) 
and for e + (N r + = tfb) can be defined. However, in order to obtain the 
following form for the energy operator (E p = +(p 2 + m 2 ) 1/2 ), 

H = I E p lN-(p) + N, + (p) - 2], (3.168) 

it is necessary to assume that operators a and b anticommute, e.g. 

{a r (p), aj(p')} = 6 n 6 pp ., {a„ a 5 ) = 0, (3.169) 

rather than commute as for the scalar field. For the Dirac field, commuting 
operators would change the sign of N r + (p) in (3.168), leading to unaccept- 
able negative energy values. The occupation number operator N~ has, 
using (3.169), the following property 

(N-) 2 = a\a r a\a r = a\a r = N~ . (3.170) 

A similar relation holds for JV r + , so N* have eigenvalues 0 and 1 only. 
This is the Pauli exclusion principle for particles obeying Fermi-Dirac 
statistics. More details of the Dirac field are given in Appendix F. 

Charge conjugation C is a unitary operator, which transforms a particle 
to an antiparticle, changing the signs of the internal quantum numbers 
(charge, strangeness, baryon number, etc.), but leaving the mechanical 
properties (e.g. p) unchanged. Note that the operator C defined in (3.167) 
reverses the sign of the energy, and so it cannot be identified directly with 
C. For the Dirac field it can be shown that the total charge operator Q 
changes sign under C 

CQC~ l =-Q, Q = - * £ IN' (p) - N r + (p)] . (3.171) 

Under C the wave function transforms to \jj c = iy 2 y°ij/ 1 (3.167), hence the 
bilinear covariants (3.139) transform as, using (3.85) etc., 

^ b -C^ b ^ a , (3.172) 
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where C =1 i = V, T, 

= -1 / = S, A, P. 

The electromagnetic current 'f and the charge Q both change sign under 
C. Thus C transforms a positive energy e~ current into a positive energy 
e + current. The operator C = \y 2 y° (3.167) acts on the single particle 
states. From (3.172) we have ^ c /^ c = xfj-fty* i.e. does not have the required 
sign change. An additional minus sign must be added for every negative 
energy e~ state when constructing the matrix element from Feynman 
diagrams in terms of these single particle states. The operator C transforms 
positive energy spin up electrons into positive energy spin up positrons. 
This can be seen by applying C to the rest frame solutions (3.106). 

In a more complete field theory approach, the transformation (3.172) 
includes the products of the intrinsic charge conjugation values C a and 
C b of the particles a and b. Furthermore, the bilinear covariant term 
should be antisymmetrised. This follows from a more general field theory 
requirement that Lagrangians must be symmetrised in their boson fields 
and antisymmetrised in their fermion fields. This process has the bonus 
of removing the infinite vacuum terms appearing in the expressions for 
the physical variables as well as giving a sign change in f. 

The Lagrangian & = —j^A* for the cy interaction is invariant under C 
if both } ik and A" change sign. The photon associated with field A" is 
neutral and so self-conjugate (particle not distinguished from its anti- 
particle), with intrinsic charge conjugation C y = —1. For an n photon 
state, therefore, C = ( — l) n . An example is the classification of the (e + e~) 
positronium system. C-invariance implies that the l S 0 singlet state decays 
to two photons, whereas the 3 S t triplet state decays to three photons. 

The Dirac equation (3.156) is covariant under the time reversal trans- 
formation x(t y x) x'(-t, x), if the transformed wave function \p T {x') 
satisfies 

^ = [a- (p' - eA') + pm 4- e(A 0 y]\p T (x'\ 
ct 

r 

-i ^ r(X ) = [«.(p + eA) + fim + eA 0 ~\^ T {x'\ (3.173) 
dt 

^here A' = - A and (A 0 )' = A° y because the former is generated by currents 
and the latter by charges. In the case of the Schrodinger equation it was 
found that T was not unitary, and that \l/ T (x') = ip*(x) (Section 2.5.1). 
Under complex conjugation af = a 1} a£ = — a 2 , a£ = a 3 and /?* = p (from 



138 Wave equations, propagators and fields 

(3.85)). Thus, taking the complex conjugate of (3.156), multiplying by 
<x { a 3 and commuting it through using (3.79), gives (choosing a phase 
factor exp(i<£) = — i) 

^ T (x # ) = -ia l aV*(*) = (3.174) 

Next, the effect of the combined transformation PCT is considered. 
Under PCT, (3.156) becomes 



= [a • (p' + eA') + /?/n - ^° ]i/> PCT (x'), 
= [a- (-p + eA) + fim- eA°^ PCT (x'). (3.175) 



dt' 

or 

■ #pct(*') 
3* 

Multiplying (3.156) by y 5 , commuting it through and comparing with 
(3.175), shows that the required operator is iy 5 (phase arbitrary). The 
combined application of (3.138), (3.167) and (3.174) on \p(x) gives 

^cr(*') = irV(x). (3.176) 

Thus there is an equivalence between positrons and negative energy elec- 
trons running backwards in space-time (Stuckelberg-Feynman approach). 
Finally we note that similar considerations on P, C and T can be applied 
to the simpler case of the Klein-Gordon equation for a scalar particle of 
charge e in the presence of an electromagnetic field A y namely 

(i - d H - eA H )4>(x) = m 2 4>(x\ 

i.e. 

[□ 2 + m 2 + ie(3M„ + A%) - e 2 A 2 ^(x) = 0. (3.177) 

This equation is invariant under P, and it is easy to show that 0 C ( X ) = <f>*( x ) 
and (t> T (x f ) = <f>*(x). 

3.2.8 Propagator for a Dirac particle 

The Dirac propagator can be derived in a way similar to that for 
the Klein-Gordon equation. The required Green's function G D is a solution 
to the equation 

[iy^(x') - m]G D (x\ x) = <5 4 (x' - x). (3. 178) 

The free particle propagator (D^(x') = d 1 ", see (3.155)) is obtained by 
Fourier transforming into momentum space, giving 



G D (x', x) = G D (x' — x) = 



exp[-ip-(x'-x)]G D (p). (3.179) 



(2tt 
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Substitution in (3. 178) gives (p - m)G D (p) = 1 , or, using pp = p 2 , 
1 p + m 



G D ( P ) = 



p — m 



p 2 -m 2 ' 



p 2 *m 2 . 
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(3.180) 



The poles can be handled by letting m 2 -+m 2 — \e(e -* 0 + ), as for the 
scalar case. For i' > t the integration contour for (3.179) is over the lower 
half-plane (since p 0 in exp[-ip 0 (r' — tj] cannot be positive imaginary), 
which encloses the positive energy pole at p 0 = E — \5 (E = + (p 2 + m 2 ) l/2 , 
$ = b/2E). For t > t', the contour is over the upper half-plane enclosing 
the pole p 0 = - E + \5 (see Fig. 3.5). Thus (3.179) gives 



G D (x' - x) = 



f 

(2tt) 3 



exp[ip-(x'-x)] 



dp Q exp[-ip o («'-0] 
(2n) 



p 2 — m 2 + ie 



6 3 p exp[ip*(x' — x)] 



_ (2ti) 3 IE 
x {exp[ -\E(t' - 0](£y° - VP + m)0(? - 0 
x exp[i£(*' - - £y° - y • p + m)6(t - t% 



(3.181) 



where use has been made of Cauchy's theorem. Equation (3.181) can be 
simplified, using (3.113), to 



G D (x' - x) = -i 



d 3 p m 



(Inf E 



{ A + exp[ - \p ■ (x! - x)~\0{t' - t) 



+ A_ exp[ip- (x' - x)]0(r - t')}. 



(3.182) 



Fig. 3.5 Integration contours for Dirac propagator. 
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Using the expressions for A + from (3.113), together with (3.110), (3.11 1) 
and (3.100), equation (3.182) can be rearranged as follows 



G D (x' - x) = - iQ(t'-t) 



2E J 2£ 



= -i(0\T{iP(x')if(x)}\0), (3.183) 

where the 0(t' — t) term is for positive energy solutions and the 0(t — t') 
term is for negative energy solutions. The last line gives the expression 
for the propagator in terms of the quantum field operators i/>(x') and if(x). 
The electron propagator corresponds to the creation of an electron from 
the vacuum at x and its annihilation at x'. For t' > t, an e" is created at 
x, propagates forwards in time, and is annihilated at x' (Fig. 3.6(a)); 
whereas, for t' < t y an e + is created at x\ propagates backwards in time, 
and is annihilated at x (Fig. 3.6(b)). The arrow in both graphs is thus in 
the same sense. The separation as to whether t or t' is earlier is not Lorentz 
invariant for space-like separation; however, these two diagrams are 
topologically equivalent and are subsequently treated together, with no 
distinction on time-ordering. 

The form of (3.183) is similar to that for the scalar field (3.75), except that 
the time-ordering operator T gives ty a (x')$p(x) for t > t' but — $ p(x)\p a (x ') 
for t' > r, the negative sign stemming from Fermi-Dirac statistics. The 
relationship (3.183) can be proved (see, e.g., Mandl and Shaw, 1984) by 
inserting ip(x) and $(x') y defined in terms of the field operators a r (p') and 
flj(p), into the righthand side then integrating over p using the anti- 
commutation relations {a r (p')> ^J(p)} = S rs £ 3 (p' - p) and the properties 
a(p')|0> = 0, etc. (see Appendix F). 



Fig. 3.6 Propagation of an electron from x to x' for (a) t' > t and (b) t' < t. 
x' m x' 




(b) 
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From (3.182), and the normalisation relations (3.109), the following 
results can be easily derived 



G D (x' - x)y 0 ^< + ) (x) d 3 x = B(t' - t)f^(x% 
G D (x' - x)y 0 ip ( - ) (x) d 3 x = 0{t - n^-^x'). 



(3.184) 



where ip i + ) and refer to the positive and negative energy solutions 
respectively. Thus the propagator G D (x' — x), the Feynman propagator, 
carries the positive energy solutions forward in time (corresponding to say 
e"~) and the negative energy solutions backwards in time (corresponding 
to e + ). Equation (3.184) can be compared to its non-relativistic equivalent 
(3.63). Note that we have shown that the equation for the propagator 
(3.179), with G D (p) given by (3.180) and m 2 -> m 2 - ie, is valid for all times. 

In the presence of an electromagnetic field, (3.178) can be written in 
the form 

W* ~ m]G D (x\ x) = <5 4 (x' - x) + ey^(x')G D (x\ x). 

Comparison with the non-relativistic case shows that ey^A* represents an 
effective potential V for the electromagnetic interaction. The wave function 
is given by 



d 4 x l G D (x / -x l )^(x l )i//(x 1 ), 



(3.185) 



which can be demonstrated by operating on ip(x') with (iy^d'^ — m) and 
noting that the righthand side reduces to e4{x')\j/{x), i.e. the Dirac equation. 

If we start with some initial state \p l (t' -> — oo), then we require to 
calculate the probability of obtaining a specific final plane wave state 
j^o(f' -> oo). That is, it is required to calculate the scattering or S-matrix 



S fi = lim ^ 0 (*')W)d 3 Jc', 



(3.186) 



where we assume, for the moment, that has positive energy. Starting 
with (3.185) and using G D (x' — x x ) from (3.183), the expression for the 
S-matrix for the electromagnetic potential becomes, after integration over 
dV and d 3 /?, 



S„ - S fi - ie 



d 4 x 1 ^ 0 (x 1 )^(x 1 )(// i (x 1 ). 



(3.187) 



In this expression, the term <5 fi describes the possibility that the incident 
w ave is propagated without any scatter taking place. Equation (3.187) 
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refers to initial positive energy solutions ip\ starting in the remote past, 
and final positive energy solutions \p ( in the remote future. For negative 
energy solutions, the roles of past and future are exchanged and there is a 
change of sign in the interaction term. Note that i// 1 is not, in general, 
a plane wave state. To first order in e y we have ^(xj = ^o(xi); ^ ut ^ or 
higher orders the solution must be calculated perturbatively, in a manner 
similar to that outlined for the non-relativistic case in Section 3.1.6. 
Feynman diagrams with the appropriate propagation terms are again 
used. A somewhat more rigorous treatment of the S-matrix in terms of 
field theory operators is outlined in Section 4.7. Before discussing the 
interactions of electrons and positrons, the propagators of vector particles 
are first considered. 



3.3 SPIN 1 PARTICLES 
3.3.1 Massless spin 1 particles 

The classical electromagnetic field equations for the massless 
photon were discussed in Section 2.3.5. For a free photon, in the Lorentz 
gauge, the four-vector potential satisfies 

□ 2 /P = 0, with /P = £*exp(-i4 x). (3.188) 

The Lorentz condition, d^A** — 0 (2.185), gives 

£-? = fiV-*-q = 0. (3.189) 

This constraint leaves three independent polarisation vectors, as required 
to describe a spin 1 particle. Now the Lorentz condition is satisfied 
provided n 2 x = 0 (from (2.184)), hence x is of the form % ~ exp( — iq-x), 
and q 2 = 0. Therefore, if the solution (3.188) is to satisfy the gauge 
condition (2.184), then must be invariant under 

(e'Y = e" + Xq\ (3.190) 

where X is some constant. That is, e,' and e describe the same photon. 
Therefore, using (3.190), e° can always be chosen to be zero. Equation 
(3.189) then reads 8-q = 0, so that only two independent possible polaris- 
ation states exist for a free photon. Useful choices are (for q along the 
z-axis) s x = (1 , 0, 0) and £ y = (0, 1 , 0), describing linearly polarised photons 
or, for the description of circularly polarised photons, e r = (£ x + \E y )/2 l/2 
and £ L = (e x - \e y )/2 {/2 . The helicity values J 2 of the states e R and e L can 
be found by considering a rotation of 6 around the z-axis under which g R 
and e L transform to exp(-i0)g R and exp(i0)e L respectively. Comparison 
with the corresponding expression (2.200), given in terms of the angular 
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momentum J z , shows that e r and e L have helicity values 1 and — 1 
respectively. Note that there is no helicity zero state for a real photon, and 
that the square of the polarisation four-vector satisfies e-e = - 1. 

The second quantisation of the electromagnetic field follows a similar 
recipe to that for scalar particles. This leads to creation and destruction 
operators which commute, and hence to Bose-Einstein statistics. However, 
some formal difficulties arise in the quantisation, due to there being more 
variables than internal degrees of freedom (see, e.g., Bjorken and Drell, 
1965). 

3.3.2 Massive spin 1 particles 

If the substitution D 2 + M 2 for n 2 ( = S tl d li ) is made in (2.181), 
then the following equation is obtained 

(□ 2 + M 2 )W* - d\d^) = J\ (3.191) 

where J v , in analogy to the photon case, represents a vector current 
coupled to the vector field W v . Multiplying (3.191) by d v gives 

(□ 2 + M 2 )d v W v - d v d^W) = dj\ 

or 

M 2 d v W v = d v J\ (3.192) 
Thus, for free particles (J v = 0), d v W v = 0, so (3.191) becomes 

(□ 2 + M 2 )W v = 0. (3.193) 
This has solutions 

H/ v = £ v exp(-ig-x), (3.194) 

with q 2 = M 2 (from (3.193)) and e v q v = 0 (from d v W = 0). 
If a gauge transformation of the type 

(W'Y= W v + d"x, (3-195) 

is made in (3.191), then the following equation is obtained 

(□ 2 + M 2 )W V - d v d^W 4- M 2 d v x = J v - (3.196) 

This equation is obviously different to (3.191), and only gives (3.191) 
for the case M = 0. Hence, for massive vector particles (including virtual 
photons), there is no further constraint and so there are three independent 
polarisation states, i.e. three independent four-vectors. In the Feynman 
graphs describing virtual vector bosons there will, in general, be both 
helicity 0 and 1 contributions. However, in the case of coupling to a 
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conserved current (d v J v = 0), then d v W v = 0 from (3.192) (for M 2 ^0). 
Hence, £-g = 0, and so there are only helicity 1 contributions. 

3.3.3 Propagators for spin 1 particles 

The propagators for both massless and massive vector particles 
can be found in a similar fashion to that used for the scalar particle 
(Section 3.1.6). Corresponding to the free photon equation g tiV [J 2 A v = 0, 
the propagator or Greeks function (3.63) is given by (see (3.67)) 

□ ,2 Gn*' ~ x) = 6\x - x)sT. (3.197) 

A Fourier transform to momentum space gives 

d'q 



G^(x' - x) ■■ 



-txpi-\q{x'-x)WAr\ 



(2nY 

hence, using (3.197), 

GgVH ~G»Vq\ q 2 *0. (3.198) 

Again, as for the scalar case, a prescription for handling the pole in G P 
at q 2 = 0, is needed. This can be achieved by giving the photon a small 
negative imaginary mass (see (3.73)), so that 



G£ v (x' - x ) = 



d4 <? r i * ^( ~$ 



(2ti) 4 \<T + ie. 



exp[-ig.(x'-x)] — ^— . (3.199) 



Note that the above is for the Lorentz gauge. For the most general case 
Lg^O 2 — d* 1 d v ]/4 v = 0, there is no inverse possible until some gauge 
conditions are applied (see Appendix (C.2)). 

The free massive vector particle (Proca) equation is 

[<f V (D 2 + M 2 ) - d v 3"] W M = 0, (3.200) 

and the propagator is given by 

[<r(Q' 2 + M 2 ) - ( W7Kv(*' - *) = - *)■ ( 3 - 201 ) 

Proceeding as before this gives, in momentum space, 

[<T ( — q 2 + M 2 ) + q"qlG^(q 2 ) = 1 ■ (3.202) 

To solve for G v the inverse of the term in square brackets is needed. 
Lorentz invariance dictates that the inverse must be constructed from g^ 
and q^q vy and the coefficients A and B of these terms are determined from 
the matrix identity 

[g» v (-q 2 + M 2 ) + MLAg vX + Bq v q{\ = % 
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i.e., 

A{~q 2 + M 2 )<55 + <^ A [/1 + B(-q 2 + M 2 ) 4- Bg 2 ] = (3.203) 

where the relationship g^g vX = ^ nas been used. Thus 4 = — l/(g 2 - M 2 ) 
and B — —A/M 2 . Hence, the propagator for a massive vector particle is 

G V V) = ( -<T + qW/M 2 )/(q 2 - M 2 ). (3.204) 
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In this chapter the propagator ideas which have been introduced are 
utilised in order to make calculations of processes involving electrons, 
positrons and photons. The calculations are perturbative and the lowest 
orders only are initially considered. The theory describing these particles, 
quantum electrodynamics, can be solved (at least in principle) to arbitrary 
order using the approach of Feynman diagrams. The rules for these 
diagrams will be introduced in a mainly non-rigorous way, using 
propagator ideas and intuitive arguments. 



4.1 SCATTERING OF AN ELECTRON IN A 
COULOMB FIELD 

The transition matrix element for this process is given by (3.187) 
and, to lowest order (Fig. 4.1(a)), is (noting that the charge of electron 
is —e) 



s ti = 



(4.1) 



where i/^ and are plane wave states (3.100) normalised to a volume V, 
and the Coulomb potential is given by A" = (Ze/4n\\\, 0, 0, 0) for a nucleus 
charge Ze (e>0). Inserting these ingredients in (4.1) gives 



iZe 2 
4nV 



d x , , 



exp[i(p f -Pi)-x]. 



(4.2) 



Integrating over dx 0 (see Appendix D) gives 2n S(E r — E-X that is energy 
conservation in the static potential. Writing q = p s — p f , the space integral 
part is |d 3 x exp(iq • x)/[x| = 47r/|q| 2 , which is the Fourier transform of the 
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Coulomb potential. Hence 
\Ze 2 



(43) 



In order to calculate the transition probability, the matrix element 
squared |S fi | 2 must be multiplied by the factor $ = V d 3 p f /(27i) 3 , for the 
density of final states in a volume V (see (2.81)), and by the appropriate 
volume normalisation factors for the spinors. The expression (4.3) for S { - 
contains d(E ( — £j), which must be squared. Assuming the transition takes 
place over a time interval — T/2 to T/2 and in a volume K, then the double 
^-function may be written (see, e.g., Gasiorowicz, 1966) 



5* (Pi- 



Pi) lim 

p.r- oo J 



d 4 x 



cxp[i(p f - A) *] = <5 4 (p f - Pi W/(2n)\ (4.4) 



For the energy part alone, [5(E f — £ ( )] 2 = 5(E f — E^T/ln. The spinors are 
normalised by equation (3.109) to 2E particles in a volume V. Hence the 
transition probability per unit time is 



<o r = \S t \ 2 N { N t <t>IT 

K£i Iql 4 £7 



(4.5) 



where N { = (2E i ) 1 and N { = (2E f ) 1 are the spinor normalisations and 
a = e 2 /4n. The cross-section is the transition rate co fi divided by the flux of 
incident particles of velocity P 1 ( = pJE i ), namely J { = f}.JV. The differential 
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cross-section da for scattering into a solid angle dQ is thus (using 
d 3 p ( = pfdp ( dQ) 

d^ = z_W^%l dp, 

dQ ftEJqf E, 

Z 2 a 2 

"ry^il 2 , (4.6) 



|q| 4 



where use has been made of the relation p f dp f = E ( dE ( and integration 
over £ f has been performed. 

So far the polarisation states of the electron have not been considered. 
The way in which the calculation proceeds depends on the experimental 
set-up for which the calculation is being performed. If the incident electron 
is unpolarised and the polarisation of the scattered electron is not 
measured, then we must sum over the final state spins and average over 
the initial spins. The latter gives a factor l/(2s e + 1)= 1/2. A technique 
which can be used to calculate |u f y°Wj| 2 , summed over the final spin states, 
is one which, in fact, can be applied generally. The method is to write the 
expression in the form of a trace, enabling various trace theorems to be 
utilised, and to replace the spinors by appropriate projection operators. 

Consider the evaluation of the more general form 

= UfFufiXuf, (4-7) 

where f = y°r t y°. Note that for V = or y"y 5 then T = T. Now, inserting 
specific matrix indices, (4.7) can be rearranged in the form of a trace 

(w f Wn y *("f)* = (Mrkr^UjUj^r*)^ 

= irl{u { Ut)Y{u,u,)Tl (4.8) 



The trace arises from the summation over index S and, in the last line, 
the indices are dropped. Now the spinor terms wtv, when summed over 
spins, can be replaced by + m = 2mA + (using (3.1 10) and (3.1 13)), Thus 
the use of specific forms for the spinors is avoided. The remaining task is 
the calculation of the trace of an expression which, in general, contains 
products of y-matrices and four-momenta. Some useful trace properties 
are given in Appendix B. The proofs of these theorems is relatively straight- 
forward and can be found in many standard texts. 
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Returning to the Coulomb scattering example, we have, summing over 
final state spins, 

\u f Ail 2 = trCMfJy^^iiJy 0 ] 

= tr[(^ + m)y°(^ + m)y 0 ] 

= tr[> f y°j> i y° + m 2 yV] > (4.9) 

where the property (B.l), that the trace of an odd number of y-matrices 
is zero, has been used. Now ^y°f y y° is of the form of (B.3) with a { = p f , 
a 3 = Pi and <? 2 = a * = (U 0, 0, 0). Using these and y°y° = 1 gives 

\u ( y\\ 2 = 4(2E ( E. l -p r p^m 2 \ (4.10) 

and the differential cross-section (4.6), averaging over initial spin states, 
becomes 

^JJ^{2E { E,-p r p, + m 2 ). (4.11) 
6Q |q| 4 

Defining 9 to be the angle through which the electron is scattered, and 
writing E { = E { = E and |p { | = |p f | = p y then |q| 2 = 4p 2 sin 2 (0/2) and p ( 'Pi = 
m 2 + 2p 2 sin 2 (0/2), so that (4.11) may be cast in the Mott scattering form 

— = , f 2g2 A — (1 -/? 2 sin 2 0/2), (4.12) 
dQ 4/? 2 /? 2 sin 4 0/2 

which reduces to the Rutherford scattering formula (2.96) in the limit 

The differential cross-section for the scattering of a positron in a 
Coulomb field is, to lowest order, identical to that for an electron. The 
Feynman diagram for the process is shown in Fig. 4.1(b). The 'incoming' 
state is interpreted as an electron with four-momentum — p f , propagating 
backwards in time. Similarly, the 'outgoing' state corresponds to —p r 
Thus the plane wave states are 

«Ai = yrji Vf exp(ip f ■ x), fa = v . exp(i Pi ■ x), (4.13) 

and the expression for S fi , corresponding to (4.2), is 

1 



-iZe : 
4ti V 



d 4 x^exp[i(p f - Pi )-x]. (4.14) 



The rest of the calculation is similar to that for the electron. The sum 
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over spins for the term involving the spinors (cf. (4.9)) is 

|^% f | 2 = tr[(^-m)y°(^-m)y 0 ] 

= tr[^ f y° + m 2 ]. (4.15) 

Hence the lowest order cross-section is the same for e~ and e + . From 
charge conjugation, the behaviour of an electron in a potential is the 
same as that of a positron in — A 11 . The lowest order cross-section is 
proportional to £ 4 , so the sign of A u does not enter. For the next order 
(e 6 ) this equality does not hold. 



4.2 ELECTRON-PROTON SCATTERING 

In this section the scattering of an electron by a (hypothetical) 
point-like proton is considered. This process can be considered as the 
scattering of an electron in the Coulomb field of a proton or vice versa. 
The solution for the potential A**(x) from [J 2 A* = j" (Lorentz gauge), is 



d 4 x 2 G^(x l ~x 2 ]j v (x 2 ). 



(4.16) 



This can easily be checked by operating on A^(x { ) with n 2 and (using 
(3.199)) showing that the righthand side reduces to /(xj. Introducing 
A ti (x l ) into S (i in (3.187) gives, to lowest order, 



Sfi = 



d 4 x, d 4 x 2 [i^ 3 (x 1 )r,i// 1 (x 1 )]Gr(x 1 -x 2 )j v (x 2 ), (4.17) 



The corresponding Feynman diagram is shown in Fig. 4.2. The initial 
and final state electrons (protons) are labelled 1(2) and 3(4) respectively. 



Fig. 4.2 Lowest order diagram for e p scattering. 
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That is, we are considering an elastic scattering process of the type 
1 + 2 -> 3 + 4. Much of the discussion below is valid for a general elastic 
scattering process of this type. Note that the blob at the proton vertex in 
Fig. 4.2 indicates that the proton has structure which is (for the moment) 
neglected. It is plausible to identify the electromagnetic Dirac current for 
the proton with (see (3.92)) 



Thus the matrix element has the form of an electron current and a proton 
current, connected by a photon propagator. S n has the desirable feature 
of being symmetric in the currents; we could have started with the proton 
and inserted j v for the electron. Inserting the expression for the current 
(4.18) (with the wave functions in plane wave form, normalised to a volume 
V) and for the photon propagator (3.199) into (4.17), and performing the 
integrations, gives 



The ^-function, arising from the integration of the exponentials from the 
plane waves and the propagator, expresses overall four-momentum conser- 
vation with q = p { — p 3 = p 4 — p 2 . Referring to Fig. 4.2, the expression for 
S (i in (4.19) can be written down by assigning (a) the spinors u { (u 3 ) and 
u 2 (u 4 ) to the ingoing (outgoing) electron and proton respectively; (b) 
vertex factors iey* 1 and —\ey v at the electron and proton vertices; (c) a 
photon propagator term — ig u J(q 2 + is); and (d) the 5-function expressing 
overall four-momentum conservation. These are some of the Feynman 
rules for QED, which are listed in Appendix C. The factors of i are such 
that the matrix elements for higher order diagrams can be written down 
using the same rules. Thus the Feynman diagrams, constructed in 
momentum rather than configuration space, together with the appropriate 
Feynman rules, can be considered as the starting point for practical 
calculations. 

The transition rate co fi can be calculated in a similar way to that for 
Coulomb scattering. The spinor volume normalisation N is the product 
of factors l/2£ for each of the incident and final state particles, and the 
phase space factor 0 is the product of terms V d 3 p { /(2n) 3 for each of the 



f{x 2 ) = e\I/ 4 (x 2 )y v ip 2 (x 2 ). 



(4.18) 



(P 3 + P*-Pi - Pi) 




(4.19) 
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final state particles (see equation (2.81)). Thus we have 
co n = |S fi | 2 N<D/T 

_ (2tQ 4 8 4 (p 2 -f p 4 - Pi - p 2 )\Jtn\ 2 V 3 d 3 p 3 d 3 p 4 

K 4 (2£ l )(2£ 2 )(27i) 3 2£ 3 (27i) 3 2£; 4 * ( 0) 

where the four-momenta for the incident electron and proton and final 
electron and proton are p 1 = (£ 1 ,p 1 ), p 2 = (£ 2 > P 2 )> Pi = (£ 3 > P3) and 
p 4 = (£ 4 , p 4 ) respectively. In deriving (4.20), use has been made of (4.4) 
and J/ (i is the term in square brackets in (4.19), namely 

Jt ri = u 3 (\ey»)uA ^^\ 4 (-iey v )u 2 . (4.21) 

J4 iK is Lorentz invariant and is called the invariant amplitude. The limit 
£ -► 0 for the propagator may be taken here for this process. 

The cross-section is the transition rate divided by the incident flux. For 
a proton at rest J\ nc = fiJV and, in this frame, the kinematic terms 
involving incident particles namely E l E 2 p i , can be written 

= "hlPil = [(Pi ' P2) 2 " ™WiY'\ (4.22) 

where m v and m 2 are the electron and proton masses, and the final form 
is constructed in a Lorentz invariant way. It can easily be checked that 
this latter form is true in any frame. The differential cross-section, which 
no longer contains the arbitrary normalisation volume V t thus becomes 

& (4 _23) 

4[(PrP 2 ) 2 -^] 1/2 2 
with which is called the two-body Lorentz invariant phase space factor, 
given by 

^ = (2nf 5\p 3 + p 4 - Pl - P2 ) *1 P ;^ P * F ■ (4-24) 

(27r) J 2£ 3 (27i) J 2£ 4 

The term 0> 2 [S Lorentz invariant since it is the product of factors d 3 p/£> 
which are separately invariant. This can be seen by considering, f° r 
example, a boost along the z-axis, under which dp' z = E dpJE. Alternatively, 
using the properties of the <5-function (Appendix D), one can directly show 
that J d 3 p/2£ = j d 4 p S(p 2 - m 2 )\ this latter form being manifestly Lorentz 
invariant. Note that, for an n-body final state, ^ n contains a factor 
d 3 /?/[(27i) 3 2£] for each final state particle. It is often useful to calculate 
the cross-section expected for |-# fi | 2 = constant (i.e. that arising from phase 
space alone) in order to compare with the full calculation, so that the 
effects of the 'physics* in |^ fi | 2 can be seen. 
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The evaluation of ^ 2 m tne centre-of-mass system of the collision is 
straightforward. First we integrate over d 3 p 4 using the (5 3 -function giving 

6(E 3 + E 4 -W)d"p 3 



^ 2 (cms) = 



(4.25) 



16ti 2 £ 3 £ 4 

where W=E l + E 2 is the cms energy, and it is understood that E 4 is 
evaluated with p 4 given by momentum conservation from the S 3 integral. 
The differential d 3 p 3 = p\ dp 3 dQ = p 3 £ 3 d£ 3 dft, since p 3 dp 3 = £ 3 d£ 3 . 
Thus 

~<5(£ 3 + £ 4 - W)p 3 dE 3 dQ 



^ 2 (cms) = 



(4.26) 



16rr 2 £ 4 

This integral is of the form J d£ 3 <5[#(£ 3 )] = |d#/d£ 3 | " 1 , with 
g{E z ) = E, + {E\-m\ + m\yi 2 ~W, 

dg/dE, = 1 + £ 3 /£ 4 = W/E 4 . (4.27) 
Hence, we obtain the simple expression 
p 3 dQ 

^ 2 (cms) = -^— . (4.28) 
ion W 

That is, the two-body phase space factor is proportional to the momentum 
p 3 ( = p 4 ) of the final state particle in the cms. In the cms it can be easily 
shown that ( Pl -p 2 ) 2 — m\m\ = p\ W 2 = p\s, thus the differential cross- 
section (4.23) becomes 

— (cms = 1 , = ' fl ' . 4.29 
dO v 64n 2 W 2 Pl 64n 2 s Pl 

For elastic scattering, where particles of the same mass appear in the 
initial and final states, p 3 = p l9 thus simplifying (4.29). Equation (4.29) is 
general, and is also valid for bosons provided the wave functions are 
normalised to give 2£ particles per unit volume. 

To evaluate the cross-section in the system in which the initial proton 
is at rest, with p 2 = [m 2 , 0), (which is often called the lab system), we can 
transform (4.29) to this system. Alternatively, we can evaluate ^ 2 in the lab 
system giving, after integration over d 3 p 4 , and writing d 3 p 3 = p 3 £ 3 dp 3 dQ 



iOab) = 



S(E 3 + £ 4 - E v - m 2 )p 2 d£ 3 dQ 
\6n 2 E A 



The momentum <5-function integration fixes p 4 = p x - p 3 , and thus £ 4 is 
given by 

£ «^ + p 2 +pl-2p 1 p 3 cos6/, (4.31) 
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where 0 is the angle between the incident and scattered electrons. The 
integration over d£ 3 can be carried out in the same way as for the cms. 
In this case, we define (cf. (4.27)) 

g(E 3 ) = £ 3 4- (ml + p\ + p\ - 2p x p 3 cos 0) 1/2 -E { ~ m 2 , 
dg/dE 3 = 1 + [2£ 3 - 2( Pl E 3 /p 3 ) cos 0]/(2E 4 ) 

= [£i + ™2 - (PiEM cos 0]/E 4 . (4.32) 

Thus 

Pa 

16ti 2 [£ 1 4- m 2 - (p l E 3 /p 3 ) cos 0] ' 

and hence 



g 2 (lab)= ^ / 3 , _ , m , (4.33) 



d<r L# f : p, 

— (lab) = 1 ^ ^ 3 . (4.34) 

dft 64nm 2 p { \_E i +m 2 — (p l E 3 lp 3 )cos6~\ 

The forms for the differential cross-sections, (4.29) and (4.34), are general 
for any two-body scattering processes Note that \ J? {[ \ 2 must be evaluated 
in each case with the appropriate energy-momentum constraints. For 
final states containing three or more particles, this factorisation of \M { }\ 
from the phase space integration in the calculation of single particle 
distribution, will not, in general, hold. 

The next step depends on the experimental arrangement for which the 
calculation is to be performed. If the incident electron and proton beams 
are unpolarised, and the final state polarisations are not measured, then 
we must sum over final state polarisations, and average over initial spins 
(i.e. factor £), giving from (4.21) 



^ spins 



= 7^ £ [("3/"l"iy V "3)("4y^2"2yv"4)] 
4^ spins 

where (4.7) has been used and with 

L" v = tr[(f» 3 + m^Wih + ">i)y v ]> 

= tr f(^4 + ™ 2 ) yil (fi 2 + m 2 )y v l (4.36) 
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The separation of the spin sums in (4.35) into a product of a tensor lf v 
(for the transition 1 3) and a tensor W uv (for 2 -* 4), arises because of 
the one-photon exchange nature of the interaction. In deriving (4.36), the 
projection operators (Section 3.2.4) for uu, summed over the spin states, 
have been used, together with (4.7) and (4.8). The traces L MV and are 
of the same form. Using the property (B.l), If v can be simplified to 

V^irU^fi.f + nly'fl (437a) 

The first term in (4.37a) is of the form (B.3), but with the corresponding 
four-vectors a 2 and a 4 having respectively only fj, and v components The 
term in m\ involves tr(/y ) = tr(2^ v - y v /) = 4g^. Thus, (4.37a) gives 

^ = 4|>SPi + PlPl ~ 0" v (p 3 -Pi) + m\gn. (4.37b) 

The trace H^ v gives a similar result, and so the product L UV W^ V in (4.35) may 
be formed. Using the property that g* tv g tlv = 4 > and grouping together 
similar terms, gives 
8e 4 

I Ai| 2 = —r [(Pi'PtftPi 'Pi) + (P3 Pi){Pv 'Pa) ~ ™i(P4'Pi) 

<r 

-m 2 2 (p^ Pl ) + 2mlm 2 2 l (4.38) 

This is the general and Lorentz invariant form for |^ fi | 2 . Two limiting 
cases in the lab system are interesting to consider: 



(i) Non-relativistic limit, E { « m 2 . In this limit E v ~ £ 3 = E and £ 4 ~ m 2 . 
Hence, p 3 p 4 = p l -p 2 = p 2 -p 2 = p l -p 4 = £m 2 , p^p 1 ^m\ and <? 2 = 
-4|p| 2 sin 2 (0/2). Thus 

8e 4 

| Ail 2 = — 12E 2 ™ 2 2 + m\m\ - m\{p Y p x )\ (4.39) 
Inserting this expression in (4.34) yields a form similar to (4.11) (for Z = 1 ) 

^ (lab) = ^[2£ 2 + m?-0v />,)]• (4.40) 
dQ 

(ii) Extreme relativistic limit, E l »m l . Substituting p 4 = Pi+P2 — P3 
in (4.38), and neglecting terms in m\, gives 

lAi| 2 = — [2(p 3 p 2 )(p l -p 2 ) + (P3-Pi)(Pi Pi-PvPi- ml)]. (4.41) 

Now p 3 p 2 = m 2 E 3 and /? r p 2 = m 2 £p For p t = p 3 = £ 3 , then p 3 = 
p£ l (1 - cos 8) = 2£ 3 £ 1 sin 2 (0/2). Furthermore q 2 = (p 2 - p 4 ) 2 = 2m^ - 
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2m 2 E 4 = 2m 2 (E 3 — E { ). With these simplifications (4.41) becomes 



2m\E 2 Ey + 2£ 3 £, sin 



e 



0 2 



\6e 4 mlE 3 E { 



cos 



sin^ - 

2m\ 2 



(4.42) 



In (4.34), the term \_E X + m 2 — iP\E 2 /p 2 ) cos 0] = [£j 4- m 2 — E { cos 0] = 
m 2 E 1 /E 3 , thus 



— (lab) = — - 

dfl 4£ 2 sin 4 0/2E 1 



2^ q. 2 
cos sin 



(4.43) 



where = — 4E l E 2 sin 2 0/2 has been used. 

In the high energy limit it is also interesting to consider the cross-section 
in the cms. Neglecting the masses and using the invariant Mandelstam 
variables (2.171) to describe the scattering process, namely 



then 



s=(Pi+ Pi) 2 = (p 3 + P4) 2 - 2pi -p 2 - 2p 3 -p 4 , 

« = (Pi -P3) 2 = (p 2 -P4) 2 - -2prp 3 - -2p 2 -p 4 > 

" = (Pi -P 4 ) 2 = (P2-P3) 2 - -2p r p 4 ^ -2p 2 -p 3 , 
s + t + u ^ 0, 

^ fi | 2 in (4.38) becomes 
|^ fi | 2 = 327r 2 a 2 (s 2 + u 2 )A 2 , 



(4.44) 



and the differential cross-section (4.29) is (with pj = p 3 ) 

da / a 2 /s 2 + u 2 

— (cms) = — — 

dQ 2s \ t 2 



(4.45) 



(4.46) 



If 0 is the angle made by the scattered electron with respect to the 
incident direction, then u = — 2E 2 ([ + cos 0) = ~s(l + cos 6)12. Thus 



da a 2 5 
— (cms) = — - 
dQ 2t 2 



1 + 



1 + cos 6\ 2 



a 2 s 



= ^[i + (i-y) 2 ], (4-47) 



where y = (1 - cos 0)/2. Alternatively, v = (5 4- u)/s = p 2 ■ (p I - P 3 )/Pi -P2 = 
Pi'Q/Pi 'Pi m invariant form. Further, / = — s(l — cos 0)/2 so dfi = 47td0'- 
Note that in the above discussion it has been assumed that both the 
particles are point-like Dirac particles. However, the proton is not 
point-like, and has a quark substructure (Chapter 7). The above formula 
applies for the electromagnetic elastic scattering of any two non-identical 
point-like spin \ particles (e.g. e~/i~ -> e~/z~). For the scattering of quarks 
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by electrons the appropriate quark charges (2e/3 or — e/3) must be used, 
giving additional factors of 4/9 or 1/9 respectively. Note that, as discussed 
in Chapter 7, equation (4.47) is extremely useful in the description of 
electron (or muon) quark scattering. To lowest order (that considered 
above), the cross-section does not depend on the actual sign of the charge 
(i.e. positive or negative) of the particle. However, this is not, in general, 
the case for higher order terms. 



4.3 ELECTRON-ELECTRON AND 

ELECTRON-POSITRON INTERACTIONS 

4.3.1 e~+e~->e~+e~ 

For the electromagnetic scattering of two electrons (Moller 

scattering), there is an additional graph arising because of the identity of 

the electrons. The two graphs and the corresponding four-vectors are 

shown in Fig. 4.3. The invariant amplitude has two corresponding terms (cf. 

(4.21)), which can be constructed from the Feynman rules (Appendix C) 

as follows 



( lg " v \ u,(ief)u 2 - u A {ieY)u x ( lg " v) u,(ief)u 2 



(P1-P3) 



(Pi -P4) 



_ (Pi -p 3 ) 



■p*) 1 



(4.48) 



The relative negative sign between the direct (Fig. 4.3(a)) and the exchange 
(Fig. 4.3(b)) terms ensures that the overall amplitude is antisymmetric under 
the interchange of the two initial or final state electrons, as required by 
Fermi-Dirac statistics. This relative factor can, in fact, be deduced from 
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the properties of the annihilation and creation operators (a and a ] ) for 
fermions. Graph (a) contains the combination a\a i a\a 2 , whereas for (b) 
it is a\a y a\a 2 = —a\a i a\a 2 , with the latter form derived using the anti- 
commutation relations for the Dirac field (Section 3.2.7). The calculation 
of the differential cross-section proceeds in a similar way to that for e~p 
scattering. First we compute 



e L 



" 2 yv"4"r/ "3 _ "2yv"3«iy X 

(u 3 y /i u l u 1 y v u 4 U4^u 2 u 2 y v u 3 ) XyX^yX^^yv^) 



tu tu 

(4.49) 

where the terms in round brackets have been grouped together so that they 
can be written as a trace. Note that u i y^ l u j is a 1 x 1 matrix, and so such 
terms can be written in any order. Next we evaluate each of the four terms 
in (4.49), which we will call T x to T 4 respectively. For simplicity, mass 
terms will be neglected. Thus, inserting the projection operators (summed 
over final state spins) we have 

e* 

I6e 4 

= - [2 -lP3P\ +P3Pl -^ V (Pl-/ ? 3)][P4^2v + P4vP2^-^v(P4*P2)] 

32e 4 

= —j- [(Pi -P 2 )(P3 'P4) + (Pi -P 4 )(P2 - Pa)], (4.50) 
r 

where use has been made of (B.3). Similarly, 
32e 4 

T 2 = — r t(p r p 2 )(PyP*) + (PrP2)(P2-P*)']. (4-51) 
u l 

Inspection of (4.49) shows that the interference terms, T 3 and 7 4 , each 
correspond to a single trace containing the product of eight y-matrices. 
The term T 3 is thus written and simplified as follows (using Appendix B) 

e A 

T 3 = — - tr(^ 3 y^ I yV 4 y^ 2 y v ) 
tu 

2e 4 Se 4 (pyp 7 ) 

= — tr( hy'h Piy, h) = 1 tr( h) 

tu tu 
32e 4 

= (Pi-P2)(P3P 4 )- (4-52) 

tu 
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The final term T 4 = T 3 , since T 4 differs from T 3 only by the interchange 
of indices 3 and 4. Gathering these terms together and using the relations 
(4.44), |^ fi | 2 becomes 



^ fi | 2 = 327rV 



(s 2 + u 2 ) (s 2 + t 2 ) (2s 2 ) 



+ 



+ 



tu 



(4.53) 



where a factor \ for the average over the initial spin states has been 
introduced. Comparison with (4.45) shows that the extra contributions 
arise from the exchange and interference terms. The differential cross- 
section, using (4.29), is 



do a 2 
— (cms) = — 
dft 2s 



(s 2 + u 2 ) (s 2 + t 2 ) 2s 2 ' 
t 2 u 2 tu 



(4.54) 



In terms of the cms scattering angle 0, made by one of the electrons 
with respect to the incident direction, we have, putting u/s = — (1 + cos 0)/2 
and t/s = -(1 - cos 0)/2, 



do a 

dci {cms) = Ts 



2r (J + cos 4 9/2) (1+ sin 4 0/2) 

+ " 2 + 



4<x 2 
s 



sin 4 9/2 
4 2 



cos 4 9/2 sin 2 9/2 cos 2 0/2. 



1 

sin 4 9 sin 2 0 4 



(4.55) 



For small scattering angles, only the direct term is important and the 
Coulomb form is obtained, and this is independent of the statistics obeyed 
by the particle. 



4.3.2 e"+e + ^e"+e + 

The two graphs which contribute to electron-positron elastic 
scattering (Bhabha scattering) are shown in Fig. 4.4. Using the Feynman 
rules (Appendix C), the invariant amplitude is 



-\e 



(Pi +P2) 



(4.56) 



Note that the positrons (i.e. electrons running backwards in time) have 
spinors v and v for ingoing and outgoing lines respectively. There is again 
a relative minus sign between the two terms. The calculation of dcr/dD is 
carried out in a similar way to that for e~e~ and gives 



do a 2 
— (cms) = — 
dfl 2s 



(s 2 + u 2 ) + (t 2 + u 2 ) + (2u 2 ) 



St 



(4-57) 
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or, in terms of the cms scattering angle of the electron (noting that 
u/s = - cos 2 0/2 and t/s = - sin 2 6/2), 



do a 2 
— (cms) = — 
dQ 2s 



(1 + cos 4 6/2) (1 + cos 2 0) (2 cos 4 0/2)" 



sin 4 0/2 
a 2 /3 + cos 2 0\ 2 



sin 2 0/2 



4s V 1 — cos i 



(4.58a) 
(4.58b) 



Fig. 4.4 (a) and (/?) lowest order diagrams for e"e + -> e"e* (Bhabha 
scattering), (c) comparison of QED formula with data from MARK-J 
for e + e" -> e + e" s 112 = 34.6 GeV. 





7 > /J, + p 2 



(a) 



(b) 



> 

(V 

O 




Electron-electron and electron-positron interactions 161 



The order of the terms in (4.57) and (4.58a) corresponds to the diagrams 
for the direct (Fig. 4.4(a)), annihilation (Fig. 4.4(b)) and interference terms 
respectively. The direct and annihilation interactions are often referred to 
as t- and s-channel processes respectively. A comparison of equation (4.58) 
with some data is shown in Fig. 4.4(c). 

4.3.3 e~+e + -*f + T 

In Fig. 4.4(b) the final state e + e" particles are formed from the 
virtual photon which is itself created by the annihilation of the incident 
e + e~. The virtual photon, which is of course time-like, i.e. s >0, can also 
produce any charged particle-antiparticle pair which is kinematically allowed 
(s^ 4m 2 ). In particular, we next consider a final state of a spin \ 
fermion-antifermion pair, with charges Q ( e and — Q ( e respectively (e > 0), 
as shown in Fig. 4.5. Proceeding as before, we can write down 

Jf fi = -ie 2 Q { {v 2 y fi u l u 3 y fi v 4 )/s 



where the electron mass has been neglected, and use has been made of 
(3.110) and (3.111) (i.e. summing over final state spins). Introducing a 
factor £ for the average over initial spins (i.e. assuming unpolarised beams), 
and carrying out the evaluation of the traces as before, gives 





Se*Qf 



l(Pi'P*)(P2'P3) + (Pi-P3)(Pi-P4) + ™HPi Pi)] 



2e*Q? 



[(m?~u) 2 + (mf-t) 2 + 2m?sl 



(4.60) 



s 



Fig. 4.5 Lowest order diagram for e + e ->ff. 



Pi Pa 



f 



7 i P\ +P 2 
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where the latter form uses s = 2p L • p 2 , t = (mf — 2p l ■ p 3 ) = {m} — 2p 2 ■ p 4 ) 
and u = {mj — 2p { -p 4 ) = (mf — 2p 2 -p 3 ). Note that E 1 = E 2 = E 3 = E 4 = £ 5 
so 5 = 4£ 2 . If 0 is the cms angle made by f with respect to the incident 
e~ direction, then we can write the four-vectors as 

p i = (£, 0,0, £), p 2 = (£,0,0, -£), 

p 3 = (£, 0, p 3 sin 0, p 3 cos 0), p 4 = (£, 0, - p 3 sin 0, - p 3 cos 0), 

where the axes have been chosen (for convenience) such that the e~ is 
along z and f is in the y-z plane. Thus p { - p 2 = 2£ 2 , Pi-p 4 = /VP3 = 
£ 2 (1 + j8 cos 0) and PrPi = p 2 m P4 = £ 2 0 — /? cos #)» where P = p 3 /£ is the 
cms velocity of f and T. Inserting these forms in (4.60), and using (4.29), 
we obtain 



- (cms) cos 0 + ^ 



45 



(2 - p 2 + /? 2 cos 2 0), (4.6i; 



where the factor in (4.29) p 3 /p { = p 3 /£ = p. Note that, in the relativistic 
limit p \ 9 the angular distribution is of the form (1 + cos 2 0). To obtain 
the total cross-section we must integrate over dQ = d cos 0 d0, with 
— 1 ^ cos 0 ^ 1 and 0 < <f> ^ 2n> giving 



35 V 2 / 3s 
This formula is very useful, and is discussed further in Chapter 6. 



4.4 COMPTON SCATTERING, y + e"-*y + e" 

In the reactions discussed in the previous sections the photon has 
acted as a propagator (q 2 ^ 0), and is represented by an internal line on 
a Feynman diagram. However, real photons (q 2 = 0) can also be produced 
in electromagnetic processes, and these will escape the interaction region. 
A real photon is described by two polarisation four-vectors X = 1,2) 
(see Section 3.3.1). A photon of polarisation X is represented by the plane 
wave 

A "( x > 4) = ~^ £ x exp(-i^-x), ingoing; 

A ^ x > 4) = ~77)j2 cx P( ia ' *)> outgoing, (4.63) 
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with the polarisation vectors e x satisfying 

e x q = 0, e x e x =-l, ~<V (4-64) 

The normalisation factor \ jV m (or 1/(2ti) 3/2 ) is the same as that for scalar 
particles (Section 4.8) and corresponds to 2k photons in the volume V, 
where k is the photon energy. 

As an example of the evaluation of a process involving a real photon, 
we next find the differential cross-section for the Compton scattering 
process e~(p) + y(k) -> e "(/?') + y(k')- It is assumed that the photons are 
high enough in energy that atomic effects can be neglected. There are two 
diagrams in the lowest order, and these are shown in Fig. 4.6. The S-matrix 
element for this second-order process can be constructed using the methods 
outlined in the discussion of the first order process (3.187) and from the 
propagator theory discussion of Section 3.1.6. There are two terms in S fi , 
corresponding to the two graphs of Fig. 4.6(a) and (b) respectively: 



d 4 x, d 4 jc# 0 (*i){[i^(*i, *')][iG D (*i - x 2 W4(x 2 , *)] 



+ [i^(jc l ,fc)][iG D (x 1 -x 2 )][i^(x 2 ,fc')]}^ i (x 2 ). (4.65) 

Note that (as for the first order case) we have a factor \e^{y) at the ey 
vertex, and the virtual propagator in each graph is an electron. In order 
to make the required transformation from configuration to momentum 
space, we must first insert into (4.65) the plane wave solutions for ^(x,) 
and ip\x 2 ) (from (3.100)), and for the ingoing and outgoing photons (A* 1 



Fig. 4.6 Lowest order diagrams for e y-»e y (Compton 
scattering). 




(a) 
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from (4.63)), together with the Dirac propagator G D (x l - x 2 ) from (3.179) 
(with the appropriate four-momentum for each graph in G D (p) in (3.180)). 
Integration over the space coordinates gives 



S ri = — (2nf 8*(p' + k' - p - k)uA 



(4.66) 



Writing £ = e(k) and e' = e(k'), it can be seen that (4.66) is invariant under 
the interchange k<-> — k\ e«->e'* of the two photons (an example of 
'crossing' symmetry). Note that the complete matrix element is gauge 
invariant, but the individual terms are not (see Gasiorowicz (1966) for 
a detailed discussion). Equation (4.66) is again of the form 5 fi = 
(2tt) 4 <5 4 (p f - Pi)Jt (i9 (ignoring the terms in V which always cancel out). 
The expression for M ix can be written down directly from the Feynman 
rules (Appendix C). 

In the lab system we can choose the axes such that k = (/c, 0, 0, 0, k) y 
p = (m, 0, 0, 0), k' = (k\ 0, k' sin 6, k! cos 0), p' = (£', 0, p' sin a, p' cos a). 
From (4.34), the differential cross-section for the photon to be scattered 
into dQ. about 8 is 



do 
dO 



(lab): 



(4.67) 



64n 2 mk(k + m - /c cos 0) 64rc 2 m 2 Vk, 

where use has been made of the kinematic relation /c' = km/(k + m — k cos 0). 

The expression for Jt {K can be simplified by choosing the gauge in which 
the initial and final photons are transversely polarised in the lab system, i.e. 



e(*) = (0 f «), 
e'(k') = (0 i b% 



E -k = e-k = Q i 
e'-fc' = e'-k' = 0. 



(4.68) 



That is, if the incident photon is along the z-axis, then £*{k) has only 
x and y components, thus £-p = £'-p = 0. Note that the polarisation 
vectors have been taken to be real, corresponding to linear polarisation 
states. Using the property (Appendix B.5) that $> = — Ijxji if a • b = 0, we have 
_^^'= _^^= — ^ and #7S' = -^'.Writing the Dirac propa- 
gators in the second form of equation (3.180), the Jt { , part of (4.66) is 



= —\eu t 



ie 2 u f 



2p-k 



2p-/c 2p-/c' 



(4.69) 
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where use has been made of ( j/> + m)^u i = —t(i> — m)u { = 0 (from the Dirac 
equation) and similarly of (j/> + m)i'u; = 0. 

Summing over the final and averaging over the initial electron spins, 
we can write 



^ n | 2 as usual in terms of a trace as follows 



tr 



+ m) 



2p-k 2p-k' 



2p-k 2p-k' 



(4.70) 



This trace has up to eight y-matrices, but the evaluation can be 
considerably simplified using the y-matrix properties. Splitting the trace 
into four terms for convenience, we have 



T, = tr[(j»' + m)fflL(t + m)Mf\ 

= lr[ftWMl 

= 2(k-p) tr[pY##'] 

= 2(*-p)tr[jW] 

= 8(*-p)[2(p'-e')(*-e')+(p'-*)] 

= 8(k-p)l2(k-e') 2 + (k'-p)-] 

Similarly, we can deduce 



(m 2 term contains ftft = k 2 = 0) 

: = (2*-p-WW = 2(*-p)#) 

■=-^4=-tte 2 = lt) 
(using (B.3)) 

(using e' ■ p' = z' ■ (k + p — k') = 
E'-k,p'-k = k'-p). (4.71) 



7 2 = tr[(p" + mWJ'it + mWm = 8(/c'-p)[-2(/c' £ ) 2 + (fc-p)]. 

(4.72) 

Next we evaluate the cross terms with denominator factors 4(p- k)(p< k'). 
Firstly, 

= tr[|> + m)AW + *n)W(] + tr[(ft - + ™)#W]> 

(4.73) 

since p' = p + k — k' . The calculation of 7 3 is straightforward, but some- 
what tedious. In general, for a product of n y-matrices, we can use 
property B.3 successively to reduce the product to expressions containing 
four y-matrices, which can then be written directly as vector products. The 
algebra can often be simplified by using the cyclic properties of the traces 
and by commuting the terms using ^ = —tyffi + 2a -b (especially useful in 
this example, since £ ■ k = s' ■ k' = e ■ p = e' • p = 0) and </afi — a 1 , which removes 
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two y-matrices). Using these properties, T 3 reduces to (recommended as 
a useful exercise) 

T 3 = 8(fc ■ p)(k f ■ p)[2(e ■ e') 2 - 1] - 8(/c ■ £ ') 2 (fc' - p) + 8(fc' ■ z) 2 (k ■ p), 

Similarly, (4-74) 

T 4 = tr[(^' + m)tmt + "OW] = T3. (4.75) 
This identity follows since, writing Jt { , = Ji x + Ji 2 in (4.69), then T 3 and 
T 4 are proportional to Jt^Ji* and Jt*Jt 2 respectively, and these are 
equal, since T 3 is real. 

Collecting these terms together gives 

k! ■ p h p 



- + — + 4(£-£') 2 

/c-p /c'-p 



(4.76) 



and inserting this expression, evaluated in the lab system, in (4.67) gives 
the Klein-Nishina formula 



- (lab) = — - 
dQ 4m 2 



~k' k 

^ + - + 4(£.£') 2 -2 
k k' 



(4.77) 



If the incident photon beam is unpolarised, and the final state photon 
polarisation is not measured, then we must average over the initial and 
sum over the final polarisation states. The two possible initial and final 
polarisation states are perpendicular to k and k' respectively. In the 
coordinate system used to define k and k! above, these states can be chosen 
(without loss of generality) to be 

s x =(0, 1,0,0), e\ =(0, 1,0,0), 

£ 2 - (0, 0, 1 , 0), £' 2 = (0, 0, cos 0, - sin 6). (4.78) 

The (£«£') 2 term in the cross-section has thus four contributions 

(e, ■ s\ ) 2 + (e r £ 2 ) 2 + (£ 2 ■ e\ ) 2 + (e 2 ■ e 2 ) 2 = 1 + cos 2 0. (4.79) 

Inserting this summation, and averaging over the two initial photon spin 
states (factor 5), (4.77) becomes 



— (lab) = — - 
dQ 2m 1 



— + — — s\n l 9 
k k! 



(4.80) 



For the scattering of soft photons (k ~ k' « m) y the total cross-section 
is obtained by integrating (4.80) over dQ = d cos 6 d0, giving the classical 
Thomson scattering formula 



a 87ra ! = 0.665 x 10" 24 cm 2 
3m 2 



(4.81) 
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The numerical value is obtained by using the classical electron radius 
r 0 = oc/m = 2.82 x 10" 13 cm. For very high energy photons, inserting 
Ic'/k = m/(k + m — k cos 9) into (4.80) and integrating, yields 



a ^ - — - 
km 



ln|— +i + 0 -ln~ 
w / \k m 



(4.82) 



where the main contribution is from the /c//c' term (Fig. 4.6(h)) in (4.80). 
Thus a ~ (In /c)//c and becomes negligible for high energy photons, where 
pair production is dominant. 

The calculation of Compton scattering above made use of a specific 
photon gauge and Lorentz frame. It is useful to consider a covariant 
description of the polarisation of a real photon: that is, extending the 
formalism from the two allowed transverse states to four polarisation 
states. Consider firstly the sum over polarisation states of a single external 
photon. We can write M n = t\M^ where Jt a is independent of the 
polarisation (as can be seen from the Feynman rules). Choosing the 
Lorentz frame in which e x =(0, 1,0, 0), e 2 = (0, 0, 1,0) and k = (co 9 0, 0, |k|), 
then the polarisation sum for the two transverse states is 

X = 1 X = 1 

= |^| 2 + \J{ 2 \ 2 = \^ 0 \ 2 - \J/ 3 \ 2 - g* p Jt a JTjl. (4.83) 

Now the gauge invariance property (3.190) means that k a Jf a = 0, and 
hence a>Jf 0 — \k\Jt 3 — 0. For real photons co = |k|, so M 0 = Jl^ . Thus 
(4.83) can be simplified to extract the general properties 

t | Ail 2 = -%^M.M% and £ ^5 - ~9 a ^ (4-84) 

X = 1 X = 1 

This can readily be extended to two photons (i.e. Compton scattering), 
in which case the photon polarisation sum is 

I|^ fi | 2 = ^**,. (4.85) 

x 

In the above discussion, real photons are taken to have k 2 =0 and 
hence have only two allowed (transverse) polarisation states. However, in 
some sense, all photons are virtual, since a photon line will eventually 
terminate (e.g. in the detector) and thus has a non-zero value of k 2 (albeit 
small) and have four possible polarisation states. These two descriptions 
can, however, be reconciled. For transverse photons we have 

2 

I = I e'.si = S,j - z, 7 = 1,2,3, (4.86) 
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which can easily be checked using the explicit forms of e lt e 2 and k given 
above. Now a virtual photon line represents a sum over the four possible 
polarisation states, and we can identify the term —g aP of the photon 
propagator with this summation. The polarisation sum can be split into 
components as follows (following Halzen and Martin, 1984) 

X= 1 T 

= («5, 7 - + {£&) + ( - g°"g 0 '), (4.87) 

where e h stands for a longitudinal photon (i.e along the three-axis in this 
example) and % for a time-like or scalar photon. 

The matrix element for the exchange of a virtual photon between two 
particles X and Y can be written in the form 

JtocJt*(-g aSi )Jt] 

= {Jt\J(\ + M\Jt\) + {Jt\M\ - Ji^Jt\X (4.88) 

where the first term is the transverse contribution. In the second term, 
the contributions from longitudinal and scalar photons cancel in the limit 
k 2 -> 0 since Jf 3 = Jf 0 \k\/a> (as discussed above); this leaves only the 
transverse term. 

The general form of the Compton matrix element (first line of (4.69)) 
can be written (putting m = 0 for simplicity) 



2p-k ~2p-k' 



(4.89) 



Summing over photon polarisations (using £ eV = — g afi , etc.), the trace 
terms become, using the standard methods (in particular using (B.3) and 
(B.5)), 

7\ = tvU'y'W + VfMt + = 32(p - k)(p- fc') 

T 2 = tr[#y(j^-r)y^(i*-nyJ = 32(p^)(p.fc') 

r 3 = trU'y'M + Wy^O - r)yj = o 

7 4 - tr[ jfY( jf - F)y fi ft*(t + W = o. 

From these results, the cross-section in the cms (4.29) can be written as 
follows 

da / a 2 ( u s 

— (cms) = - ( 

dft 2s V s u 
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or 



da 2na 2 



u 



s 



(4.90) 



At s 2 



s 



u 



where s = (p + k) 2 , t = (p — p') 2 and u = (p — /c') 2 , and where the latter 
form uses the relation * = -2/c 2 (l - cos 0), so dft = 2tt d cos 0 = 
7t dr/fc 2 = 4ti dt/s. 

The cross-section for e~(p) + e + (p') y(£) + y(k') can be found directly 
from that for e"(p) + y(k) -^e-(p') + y(k\ by noting that y(k) in y(k) oul 
and e~(p / ) ou , e + (p / ) in . This leads to the 'exchange' of 5 and t in the 
matrix element giving, for the polarisation summed and spin averaged result 
and working in the limit m e = 0, \ Ji\ 2 = 2e 4 (u/t + t/u)\ where s = (p + p') 2 , 
f = (p — /c) 2 and w = (p — /c') 2 . The resulting cross-section (which can be 
checked by the usual calculation starting with the two Feynman diagrams) 
is 



where 9 is the cms scattering angle of the photon. The singularity at 6 = 0 
arises from neglect of the electron mass, and a full calculation is finite 
and gives a total cross-section a tot = 4n(x 2 /s[\n(2E/m c ) — y]. 

4.5 BREMSSTRAHLUNG AND PAIR PRODUCTION 

An electron, or any other charged particles, on passing through a 
nuclear Coulomb field will emit photons through its interaction with the 
Coulomb field. This process is called bremsstrahlung. The lowest order 
diagrams (Fig. 4.7) are similar to those for Compton scattering (Fig. 4.6), 

Fig. 4.7 Lowest order diagrams for electron bremsstrahlung in a 
Coulomb field. 




(4.91) 




(b) 
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except that the incident photon is that from a static Coulomb field of a 
charge Ze. As discussed in Section 4.1, the vector potential for the 
Coulomb field has only one component, namely A 0 = Ze/4n\x\ t with 
Fourier transform Ze/\q\ 2 where q is the three-momentum of the Coulomb 
photon. Following similar arguments to those used in deriving (4.66), we 
obtain 



Ze 2 



12 



(iy°) + (iy 0 )- 



.Ze 3 
= — i — T u r 

|q| 2 r 



f + ft - m f(-|t-m 
' + tt + m)y° y°V-t+ m )t 



+ 



2p'k ~2pk 
.Ze 3 , \l2e-p'-(t'-m)t + m7° y°[2c ■ P - M ~ m) - m 



.Ze' _ 



2p'k 



2p-k 



= ->w Ury "{y-k-p-k 



(4.92) 



The simplification to the last line makes use of the Dirac equation, and 
is valid in the soft photon limit k ~>0. Comparison of (4.92) with Jt {{ for 
elastic Coulomb scattering (Jt^) (Section 4.1) gives 



<t iK =-MleF, 



F = 



e-p e-p 
p'-k p-k 



(4.93) 



The cross-section can be derived in a similar way to the elastic Coulomb 
case, giving (Appendix (C.2)) 



da 

da 



(2tQ 6(E' + k~ E)Z 2 e%y°u i \ 2 e 2 F 2 p' 2 dp' d 2 k 
p2E\q\ A {2nf2E'{2n?2k 



Z 2 a 2 \u t y\\ 2 


d 3 k-e 2 F 2 


|q| 4 (27r 


?2k 



da 



e-p 



dQj 0 (2n) 2 \p'-k 



da\ (-a)/ p 



p-/c 



dO e ; 0 (2n) 2 \p'-k p-k J k 



2 <Pk 

IT 
2 d 2 k 



(4.94) 



where use has been made of the result for elastic Coulomb scattering from 
(4.6) and, in the last line, a summation over polarisation states of 
the photon has been made using (4.84). Note that conservation of energy 
requires that E^m + k. 
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The differential cross-section in the soft photon limit (4.94) can thus be 
factorised into the product of the elastic term (i.e. the bare cross-section 
without any external photons), which is proportional to a 2 , and a term 
describing the production of the photon. This latter term has an additional 
factor a, and is thus a first order term compared to the leading term. 
However, the differential cross-section diverges as \/k as k -> 0. This is 
known as the infrared divergence and corresponds to the electron propagator 
going 'on-shell\ This apparent problem stems from two omissions in the 
above discussion. Firstly, an experiment, even an idealised one, has a 
finite resolution AE in measuring the energy of the scattered electron. 
Thus, experimentally, there is no distinction between elastic scattering 
and inelastic scattering with a photon with energy 0 ^ k ^ A£. It is only 
physically meaningful, therefore, to calculate the sum of these two terms. 
Indeed pure elastic scattering does not exist, since it is impossible to scatter 
an electron with the emission of no photons (Feynman, 1961). The second 
omission is that the bremsstrahlung correction to the elastic scattering 
process is only one of the possible corrections to order a, and they should 
all be considered to achieve a consistent result. 

The additional graphs which contribute to the order a correction do 
not involve external photons. One of these graphs, the vertex correction 
graph, is shown in Fig. 4.8. A virtual photon is emitted by the incident 
electron and reabsorbed by the scattered electron. The other graphs 
involve an internal photon starting and ending on the same electron and 
the Coulomb photon forming a virtual e + e" pair (y -> e + e" -+ y). 

The cross-section for the emission of a bremsstrahlung photon with 
energy 0 < k < AE is 



dcr / da 



df> e \dnj 0 (2tt) 



L)'. (4.95) 
k \p'-k p kj 



Fig. 4.8 Vertex diagram correction to Coulomb scattering. 
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This is, however, divergent in the soft photon Jimit. This problem can be 
tackled in several ways. One, due to Feynman, is to give the photon a 
small non-zero mass A, and take the limit A -> 0 only at the end of the 
calculation. Repeating the bremsstrahlung calculation (equations (4.92) 
to (4.94)) for the case k 2 = A 2 , we obtain 

'd 2 k{ 2e-p' 2ep 



da ( da 



dO c VdQ e y 0 (2n) 



k Xlp'-k + X 1 -2p-k + X : 



(4.96) 



Now a photon of finite mass also has a longitudinal polarisation state. 
The summation over the three possble polarisation states becomes (and 
this can be inferred from the form of (3.204) and is valid for any massive 
vector boson) 

I s'A=-9° f + ^- (4.97) 

k= 1 A 

Note that the longitudinal term does not contribute to the unpolarised 
cross-section in the limit A -> 0. Writing k = (co, k), the cross-section for 
the emission of a photon with energy A ^ co ^ AE is 

da / dcr \ ( — a) fd 3 /c/ 2p' 2p 



dft e \dSlJ 0 (2n) 2 J co \2/>'-/c + A 2 2p-k~X : 
da 



da 



a£(A), (4.98) 



The 0(a) correction from the internal photon radiative correction graphs 
arises from the interference term with the lowest order matrix element. 
The resultant cross-section is that for elastic scattering, times a factor 
aV(X). Thus the observable cross-section is of the form 



da\ _(da 

daA bs "W 



[l+a[£(A)+K(A)] + 0(a 2 )}. (4.99) 



The factors £(A), from Fig. 4.7, and V(X) 9 from Fig. 4.8, are separately 
divergent in the limit A -► 0. However, in their sum, the divergences are 
of opposite sign, and cancel leaving a finite result independent of A. Thus, 
a calculation asking a physically meaningful question does not suffer from 
the so-called infrared catastrophe. A more detailed discussion of this 
problem can be found, for example, in Feynman (1961), Gasiorowicz 
(1966) and Mandl and Shaw (1984). 



4.6 ELECTRON POLARISATION EFFECTS 

In the derivation of the cross-sections involving electrons (or 
positrons) described above, we have summed over the spin states of the 
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electron. In Section 4.2 we considered the elastic scattering of unpolarised 
electrons by (point-like) protons. If the incident electron (but not the 
proton) beam is polarised, then the projection operator (3.120), rather than 
(3.1 10), should be used for u v u v . If we sum over the spin states of the other 
particles, then the trace W uv (equation (4.36)) remains unaltered, but If* 
becomes 

IT = trju 3 + mfifkU + ™i) f 

= 2ip%p\+p\p>l~g^Xp rPl ) + m\g^ 

+ WxPzM^ + imiP la ^ v ]- (4.100) 

In evaluating the product U V W^, the terms in drop out. This can easily 
be seen because g^ v e au ^ = 0, and the remaining terms cancel because of 
the antisymmetric properties of e. The expression obtained for |^ fi | 2 is 
the same as that given in (4.39); the W V W MV term is a factor two less in 
the polarised case, but the factor for the spin average over the initial states 
is j rather than Hence the differential cross-section for ep scattering is 
the same, to lowest order in a, for polarised and unpolarised electrons. 
This is not necessarily the case, however, for higher order terms or if the 
target proton is polarised (Section 7.4). 

Let us now consider the polarisation of the scattered electron for the 
case were the incident electron is righthanded. The polarisation is 

P = (N R -N L )/{N R + N L ) 9 (4.101) 

where N R {N L ) is the probability that the scattered electron is right(left)- 
handed. This is found by inserting the projection operator (3.120), 
u 3 u 3 = (jJ 3 + m 3 )(l + y 5 ^)/2, for the scattering of a righthanded electron 
of spin s 3 to calculate N R , and reversing the sign of s 3 to calculate N L . The 
evaluation of P is somewhat lengthy but gives, in the relativistic limit, 
that the scattered electron has P -> 1, i.e., the helicity is conserved. 

A somewhat simpler example is that of the Coulomb scattering of a 
righthanded electron. Neglecting factors which cancel in the determination 
of P using (4.101), we have 

N R = i tr[(jf f + m){\ + yW(k + m)(l + y V 5 )y°], 

N L = i tr[(^ 4- m)(l - y Vf)y°(j»i + "0(1 + Y W], (4-102) 

where the appropriate projection operators for and w f u f have been 
inserted in (4.9). From (4.102), the required combinations to calculate P 
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are, using (B. 1 ) and (B.4) and noting that e""^ = 0 if two indices are equal, 

N R - N L = i tr[(jf f + m)y s f ( y°(f, + m)(l + y W] 
= |tr[(# f + m) y VfV 0 (^ + ^)rV i 7 0 ] 

= itr[-My 0 ^y 0 + ^V f y 0 ^y 0 ], 

and 

N R + N L = i tr[(A + w)y°(A + m)y 0 ]. (4.103) 

The expression for N R — N L is readily reduced using property (B.3) of 
Appendix B and by using the coordinate system in which (with /? = |p|/£) 

Pi = E( 1,0,0,/?), 5i = -(/?, 0,0,1), 

m 

£ 

p f = E(UP sin 0, 0, 0 cos 0), s f = - (/?, sin 0, 0, cos 6), (4. 104) 

where sf = s f 2 = —1, and p-Sj = p f -s f = 0, as required for the spin four- 
vector. The resulting calculation gives 

/ 2m 2 sin 2 6/2 \ 

P = [ 1 , ir — z > 1. (4.105) 

\ E 2 cos 2 6/2 + m 2 sin 2 0/2/ V 

The property that helicity is conserved in a vector (or axial-vector) 
interaction in the relativistic limit, can be shown by the following general 
argument. The matrix element for a spin \ particle to emit a virtual boson 
is of the form Jtccuy^u. In the limit m->0, the two helicity states (see 
(3.152)) are u R = (1 + y 5 )u/2 and u L = (1 - y 5 )u/2. For the adjoint spinors 
we have w R = w(l— y 5 )/2 and u L = u(\ + y 5 )/2. There are four possible 
helicity combinations of which « R y"u R and u L y ti u L are non-zero, whereas 
Wl^Wr = "r/ w l = 0 (since (1 + y 5 )(l — y 5 ) = 0). A similar conclusion holds 
for an axial-vector interaction uy"y 5 u. In the annihilation reaction (Fig- 
4.5)e + e" ->fF, where f is a spin £ fermion, helicity conservation requires 
that the ingoing e + and e" and also the outgoing f and T have opposite 
respective helicities. Although the idea of helicity is a useful one, it should 
be noted, however, that for a particle with non-zero mass it is not Lorentz 
invariant. This can be seen by considering the rest-frame spin and four- 
momenta, = (0, 0, 0, 1) and p p = (m y 0, 0, 0) respectively, and computing 
s'Jp' z for boosts in both directions along the z-axis. A frame can always 
be found in which the helicity is reversed. 
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4.7 LAGRANGIAN FOR ELECTROMAGNETIC 
INTERACTIONS 

In this section we consider the Lagrangian density for electro- 
magnetic interactions and the connection with Feynmann diagrams. For 
a free spin \ Dirac particle the Lagrangian field density can be written 

jS? D = ^(i0-m)^. (4.106) 

This has the desired property that, application of the Euler-Lagrange 
equation (3.23) with respect to i//, yields the adjoint Dirac equation (3.89) 
and, with respect to i^, the Dirac equation (3.88). In Section 3.1.4 we 
considered the invariance of the Lagrangian under a global phase trans- 
formation ift'(x) = exp( — ie)t//(x), where £ is independent of x. If we write 
this transformation as ij/'ix) = exp( — iee)\p(x), where e is the magnitude of 
the electron charge then, in the limit e -> 0, the Lagrangian (4.106) gives 
a conserved current (3.38). This current is the electromagnetic current for 
a Dirac particle, (3.92). 

Invariance under a global phase transformation means that the phase 
e is unobservable and can be freely chosen by observers anywhere in the 
universe, provided they choose the same value of £. A more powerful 
invariance property is that the observer is free to choose the phase 
independently at each space-time point, leaving the Lagrangian and hence 
the 'physics' unchanged. With respect to a local phase transformation, 
defined to be 

i//(x)->(A , (x) = exp[-i^(x)](A(x)= Uipix), (4.107) 

with 0(x) real, the Lagrangian (4.106) is not invariant but changes by 

S& D = e$y^d u 9. (4.108) 

Invariance of the Lagrangian can be restored by replacing by the 
covariant derivative D M = + xeA* (3.155) and, at the same time, trans- 
forming A" -► A* + SA". The Lagrangian (4.106) becomes 

= ^ - efa^A* = J^ D + J5?„ (4.109) 

with the invariance requirement implying that SA* = d^9(x) y that is 
A* A* + d M 0(x). This is, of course, the gauge transformation (2.184) (and 
justifies the factor e in (4.107)). Hence, invariance under local phase trans- 
formations requires the introduction of an interaction term = — 
(where j u is the electron current (3.92)) into the Lagrangian. 

For a free massless spin 1 particle (photon) a suitable Lagrangian is 



(4.110) 
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where F^. is given by (2.183). Application of the Euler-Lagrange equation 
gives the Maxwell equation (2.181), for the case of no currents. Note that 
F^ is invariant under the gauge transformation (2.184). This term for the free 
'gauge field' must be added to the Lagrangian, so that if = if e + if y —j^A* 
for an ey system. The field A" must correspond to a massless particle, 
because a massive particle would give an additional term \m 2 A 2 in (4.1 10), 
which is not gauge invariant. 

For a free scalar particle, the Lagrangian if s is given by (3.49). Similar 
arguments to those given for the Dirac field show that the electromagnetic 
interaction can be introduced by the so-called minimal coupling (3.155). 
The Lagrangian becomes 

if = (d M - ieA")^^ + ieA M )<j) - m 2 (f)*(f) 

= if s - ie(<t>* 8$ - <t> d^A" + e 2 A 2 <j)*(t). (4. 1 1 1) 

Neglecting (for the moment) the term in A 2 y this is again of the form 
if = if s + if,, with $£ x = —j M A" where is the current for the scalar field 
(Section 3.1). Local phase invariance is thus potentially a very powerful 
symmetry, and we return to it in Chapter 5. 

The S-matrix elements for electromagnetic interactions in the previous 
sections have been derived without direct use of the Lagrangian. The 
connection between the rather intuitive approach adopted above and the 
more formal approach based on the interaction Lagrangian is now briefly 
discussed. This can conveniently be developed in the so-called interaction 
representation of quantum mechanics. In the Schrddinger representation 
SR (Chapter 2) the operators, including the Hamiltonian // s , do not 
depend on time and the entire time dependence is carried by the state 
vector \j/ s (t). From the Schrodinger equation i d\j/ s /dt = //V s , the time 
dependence is 

^ s (f) = exp(-i// s 0<A(0). (4.112) 

In the Heisenberg representation HR, the state vector \p H — ij/(0) has 
no time dependence. The expectation value of an operator 0 in the two 
representations must be equal. Thus 

<iA H |0 H (r)|i/, H > = <^ s (0|O s |<A s (0> 

= <iA H |exp(i//0O s exp(-i//r)|^ H >, 

i.e. 



0 H (r) = exp(i///)O s exp( - \Ht) % (4.113) 
where we have written H s = H. In fact H H = H s = H y which can easily be 
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verified by putting 0 = H in (4.113) and evaluating H H at some small 
interval St after zero. Expanding the righthand side gives H H (St) = H s (0), 
and hence H H = H s for all times. Differentiation of (4.113) with respect 
to time gives the Heisenberg equation of motion 

= \HO H {t) - iO H (t)H = i[//, 0 H (t)]. (4.114) 

dt 

In this form it is clear that operators, which are constants of the motion, 
commute with H. 

Suppose that, in the SR, H s = Hl + where H 0 is the free particle 
Hamiltonian and H { the part due to the interaction. In the interaction 
representation IR, which is intermediate between the SR and HR, we 
consider first the time development of the H 0 part of the Hamiltonian. 
That is, we define 

tf(t) = exp(i/f s 0 0tA S (0, 

0\t) = cxp(i//gOO s exp(-\H s 0 ty (4.1 15) 

Thus the temporal development of \p l is given by 



1 = 

dt 



\H S Q exp(i/f s 0 0^ s + exp(i// s 0 r) ^ 

dt _ 

= ~H% exp(i// s o 0*A s + exp(i// s 0 0(// S o + Hf)ij, s 

= exp(\H s 0 t)Hf exp( - \H s 0 t)tf(t) = H x xjj\t). (4. 1 16) 

In order to determine the time development of O 1 we note that 0\t = 0) = 0 s , 
and hence 

0\t) = exp(iH s o t)O\0) exp(-itf^)- (4.1 17) 

Thus we have 

^=i[// s 0> 0'(f)]. (4.118) 
dt 

Hence the operators in the IR have the same time dependence as for the 
non-interacting case. Any change in the state vectors as a function of time 
arises from the interaction. Thus we can use, for example, plane wave 
expansions of the free fields. 

The time development of ^'(0, with respect to the initial time (t 0 say), 
can be written (using (4.115) and (4.112)) 

ilt l (t)=U(t 9 t 0 Mt 0 ), (4.119) 
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with U(t 0 ,t 0 )= 1. Insertion in (4.116) gives 
.df(Mo) 



so that 



l/(M 0 ) = 1 - i 



(4.120) 



(4.121) 



Assuming //, is relatively weak, this equation can be solved iteratively, 
giving 



U(t,t 0 )=\ 

= l + (-i) 
+ (-i) n 



-i f'd^H.ft.) 

JfO 



1 -i 



d* 2 f/,(t 2 )U(r 2 ,to) 



d« 1 //,(f 1 ) + (-i) 



dt, 



df 2 //,(t 1 )H I (t 2 ) + 



dt r ■ ■ 



= 1+1 



(~i) n 



dt n nH,{t l )H l {t 2 )--H,{t n )\ (4.122) 



n=l Hi 

where T is the time-ordering operator of Dyson, defined as 



t { >ty>t k . 



(4.123) 

The factor n! arises from the relative areas of the integration; e.g. for n = 2 
the integration is over a triangle rather than a square, and thus has half 
the area. 

If we consider the limits t 0 -> — oo and J oo, then comparison with 
(3.186) shows that we can relate the S-matrix and (/(Mo) by S = 
(/(oo, — oo ). Thus the S-matrix is given by the perturbative expansion 



5=1+1 

n = 1 

oo 



(-i)" 
(-i)" 



d/, ■■ 

- oo 

d 4 x, ■ ■ 



dt.T[fl,(t 1 )---H 1 (t.)] 

CO 

d^TMx,)---^)]. (4.124) 



The Hamiltonian density ^f, needed to evaluate (4.124) can be found from 
the Lagrangian density. From (3.34) we have 3tf = (dJ?/d(f))<j) — $£. For 
the case that S£ x does not include any time derivatives, then jf, = — J^V 
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Hence, for the electromagnetic interaction (i.e. QED) we have =j ti A fi 
with, for example, —exjiy^ for an electron. Thus the lowest order 
term (n= 1) is exactly that derived (from propagator considerations) in 
equation (4.1 ). 

The S-matrix is thus built up perturbatively from a series of terms 
containing ^f, and therefore i// and A, and these are linear in the creation 
and annihilation operators or the fields. For example, the n = 2 term for 
the ey interaction is 



If we call the operator in square brackets 0, then 0 contains all possible 
processes involving e~ and y to this order (i.e. e 2 ). Note that the w = 1 
term corresponds toe~->e~+y and is thus unphysical, so n = 2 is the 
lowest order possible. For a particular initial and final state |i> and |f> 
we must pick out from 0 the annihilation operators needed to destroy 
the initial state particles and the creation operators to create the desired 
final state particles. This is facilitated by the so-called normal ordering of 
0, in which all annihilation operators appear to the right of the creation 
operators, so that they directly correspond to the desired process. The 
fields consist of negative (positive) frequency parts ip ( ~\ A ( ~\ (ip ( *\ 

+ >4 ( + ) )> which are linear in the creation (annihilation) operators for 
electrons, positrons and photons respectively. 

The normal ordering is simplified by some general properties. For 
example, a multiplicative factor (- l) p arises if P permutations of electron 
and positron operators are required to go from the original order to the 
normal order. This stems from the anticommutation relations for fermion 
fields. The time ordered product in (4.125) can be replaced by the normal 
ordering, which in turn can be expressed as a sum of 'contractions' of 
fields. This yields terms of the form A(x l )B(x 2 ) = (0\T{A(x l )B(x 2 )}\0}\ 
that is, propagator terms. A detailed discussion of these methods and of 
Wick's theorem, which is used to simplify the normal ordering and identify 
the terms with Feynman diagrams, is beyond the scope of this work, but 
can be found, for example, in Mandl and Shaw (1984). For the case of 
Compton scattering, e~+y->e~+y, which is one of the possible n = 2 
processes, we require ift i + ) (x 2 ) to absorb the initial electron and $ { ~ ) (x i ) 
to create the final electron. However, either A i + \x x ) or A i + ) (x 2 ) can 
annihilate the initial photon, and either y4 f_) (x 2 ) or /4 (_) (xJ create the 
final photon. Thus there are two terms in S 2 . The contraction involving 




d 4 x 2 T[^(x 1 )y /i /l^(x 1 )^(x 1 )^(x 2 )y v >4 v (x 2 )iA(x 2 )]. 



(4.125) 
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i//(x 1 )^(x 2 ) gives an internal electron propagator. Thus the S-matrix is 



d 4 x : 



d 4 x 2 ^- ) (x 1 )y-iG D (x 1 -x 2 ) r M<->)(x 1 Mt + V 2 )i// ( + ) (x 2 



(4.126) 



The corresponding Feynman graphs are shown in Fig. 4.6. Note that 
there is no explicit time ordering in such a graph, so that it can be drawn 
in a variety of equivalent ways. Other combinations of the field operators 
give the various n = 2 processes, e.g. y-fy->e + -he". The next step is to 
evaluate <f|S 2 |/> = S fj . Considering, for the moment, just the incident 
electron, for which the initial state can be written |i> = |e~(p) . . .) = 
flt (p)|0>- The electron operator i/> ( + ) (x 2 ) acting on |i> contains a(p), and 
thus gives the combination ^(p^^p^O) = (1 — a* (p)a(p))\0y = |0>; where, 
in the last step, the anticommutation relation has been used. Similar 
considerations for the other initial and final state particles allows S fi to 
be written in the form of (4.65), i.e. independent of the field operators. This 
can be Fourier-transformed from configuration space into momentum 
space, as discussed in Section 4.4. This gives the same form for S (i as the 
more intuitive approach, and the calculation of the cross-section then 
proceeds in the same way. Thus, the field theory approach, the ideas of 
which are sketched above, can be considered to underwrite this approach. 



4.8 INTERACTIONS OF SCALAR PARTICLES 

In this section we consider the electromagnetic interactions of 
point-like charged scalar particles. These particles will be referred to as 
7i + and 7r"; however, it should be stressed that the actual 7i-meson is not 
point-like and has strong as well as electromagnetic interactions. The form 
of the n ± y interaction (Fig. 4.9) can be found from the interaction 



Fig. 4.9 Interaction of n + with photon field A*. 
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Lagrangian (4.1 1 1). Using plane waves for the ingoing (^j) and outgoing 
(<t> 3 ) k + states (of the form (3.2)), then the interaction term is 



-eN { N 2 ( Pl + p 3 ) exp[-i(p 1 ~PiYx]A» 



(4.127) 



Now for the ey interaction = — e$y ^ A^ (4.109), and this leads to the 
Feynman rule that the ey vertex factor is - \ey li (Appendix C). Comparison 
with j£j from (4.127) for the n + y case thus suggests a vertex factor 
— ie(/?i +p 3 )^. In terms of field theory, the scalar interaction is rather 
more complicated than that of the electron, because the Lagrangian 
contains derivatives. The term in A 2 in (4.111), which has so far been 
neglected, corresponds to the so-called contact interaction of two photons 
and two scalar particles (Fig. 4.10(c)). The corresponding vertex factor is 
2ie 2 g^ v> as discussed below. 

The calculation of the cross-section for n + Coulomb scattering is similar 
to that for e" (Section 4.1), except that the term u f y° w i * s replaced by 
(Pi + Pf)° = 2£. The differential cross-section in the lab frame (see (4.6)) 
is thus 



da , . 4ZVE 2 

o^ (lab)= ^r- 



zV 



4p 2 (] 2 sin 4 0/2' 



(4.128) 



i.e. the Rutherford scattering formula (2.96), to be compared to the e" 
scattering result of (4.12). 

The simplest interaction of two scalar particles is the scattering of two 
non-identical charged particles, which we will call n + and K + for 
convenience. The Feynman diagram is of the same topology as that for 
wTp scattering (Fig. 4.2), but with the e" and p replaced by n + and K + 
respectively. Thus the invariant matrix element for n + (p { ) + K + (/? 2 ) -> 



Fig. 4.10 Lowest order diagrams for n + y -> 7t + y. 
p k\ e' 



7 S k e ' 



q =p + k 




q =p ~ k' 




k. e 




(b) 



(c) 
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7t + (/> 3 ) 4- K" l "(p 4 ) is (from Appendix C or comparison with (4.21)) 



r fJ = (-\e)(p l + p 3 ) 



(P1-P3) 2 



;-ie)(p 2 + p 4 ) v -i^ : 



(s-u) 



(4.129) 



where 5 = (p { + p 2 ) 2 , r = (p { - p 3 ) 2 and u = (p t - p 4 ) 2 . 

The probability density for a scalar particle is p = 2\N\ 2 E (3.4). The 
normalisation of 2E particles in the volume V is again used so that 
N = l/V lJ2 = {/(In) 312 . Thus we can utilise the formulae established in 
Section 4.2 and hence the differential cross-section in the cms (using (4.29)) 
is 



da ( e* 

— (cms) = — 

dfl 64tt 2 s 



[(Pi +Pi)-(P2+P^)V 



4s 



(4.130) 



For the scattering of two identical bosons (e.g. n + n + ), Jt (l must be 
symmetric under the exchange of the initial or final particles. There are 
thus two diagrams, which are of the form shown in Fig. 4.3, but with e" 
replaced by n + , giving 



Jt n = \e'' 



(Pi +P3UP2 + P4)" (P. +P*) M (P 2 + P 3 Y 



(Pi "PS) 



(Pi -P4 



(4.131) 



In the case of n + n~ scattering, the n"" is treated in a similar way to the 
e + , namely an ingoing (outgoing) n~ is treated as an outgoing (ingoing) 
71 + with negative momenta. There are two graphs: the one-photon 
exchange and the one-photon annihilation, which are of the form of Figs. 
4.4(a) and (b) respectively, with e"(e + ) replaced by 7i + (7r"). The matrix 
element is 



= \e 



\Pi+Pz)»{-P2-PaY , (Pi -P2^(P3-P4) M 



(P1-P3) 2 



(Pi +P2) 2 



u — s u — t 

+ 



(4.132) 



We next consider the elastic scattering of an electron and a scalar particle 
(n + ), that is e" + 7i + ->e~ + 7i + . The Feynman graph has the form of 
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J4 n = (i^)Wi , _ [ 2 (~ig)(P2+P4)v (4-133) 



Fig. 4.2 (with p replaced by 7i + ) and, using the Feynman rules, we obtain 

(-i<T) 
(Pi ~P 3 ) 

Thus, following the methods of Section 4.2, with q 2 = t — (p { — p 3 ) 2 = 
{Pi-P*) 1 * we have 



<7 

= j^W^. (4.134) 

The lepton tensor L" v can be evaluated in the usual manner by putting 
u 1 u l = (^j -f w,), w 3 w 3 = (^ 3 -f mj, i.e. summing over electron spins, and 
averaging over initial spins (giving a factor {). Hence we obtain 

ZT = 2( p§ Pi + P? P3 + 0* V/2). (4.135) 

The tensor Lf v has the property that q M Lf v = g v L" v = 0, which can be 
checked by multiplying (4.135) by q fi = (p { — p 3 ) /i , etc. This property is 
useful since the hadronic tensor = (2p 2 + q) tl {2p 2 + g) v , so that only 
the p 2 term contributes. Hence we have 

= ^[4(PrP2)(P3-P2) + ^ 2 ], (4.136) 
and, using (4.29), 

^ (cms) = — [4( Pl ■p 2 )(p,-p 2 ) + m\q 2 \ (4.137) 
di2 sq* 

In the limit m 2 = ml=0, this takes the simple form da/dQ = a 2 (- w)/r 2 , 
which in terms of the centre-of-mass scattering angle of the e~(0) or, 
alternatively, the variable y = (1 — cos 0)/2, is thus 

do - 2 2 

(cms) = (1 + cos 6) = (1 - y\ (4. 1 38) 

dQ 2t 2 t 2 

That is, the interaction of a scalar point-like particle with a virtual photon 
gives a (1 — y) dependence compared to the [1 + (1 — y) 2 ] dependence for 
a spin j particle (4.47). The (1 — y) form comes from the electron helicity, 
which we have seen is conserved in relativistic electromagnetic interactions. 
For electrons of helicity +1 (or — 1), the configuration 8 — n is forbidden, 
whereas 6 = 0 is fully allowed. 
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In the lab system of the tt + we have p 2 = (m 2 , 0), hence from (4.34) and 
(4.136) we have 

d ^ E 

is {lab) = ^ cos2 8 i 2 > < 4 - 1 39 ) 

dO 4£f sin 4 0/2 Ej 

where 0 is the lab scattering angle of the e~. This has the same form as 
the first term in the corresponding result for spin j scattering (4.43). The 
second term in (4.43) is due to the electron magnetic moment. 

In Section 4.3, the annihilation of e + e" to form a pair of spin j particles 
of charge Q f was discussed. It is therefore useful to calculate the 
cross-section for e + e~ -> b + b~ (where b 1 is a spin 0 boson of charge Q b ), 
in order to compare with the spin £ result. The diagram is that of Fig. 4.5, 
with f(F) replaced by b + (b~). Using the Feynman rules, the matrix element 
is 

J( ti = -^ 2 Q b (^" 1 )(p 3 -p 4 )> (4.140) 

Using the standard techniques, the differential cross-section in the cms, 
averaged over the spin states of the assumed unpolarised e + and e~ (i.e. 
factor £), is 

^ (cms) = [(ml - u)K - t) - m b 2 s], (4.141) 

dQ. 25 J 

where the electron mass has been neglected and /? is the velocity of b. In 
terms of the angle 0, made by the b-particle with respect to the incident 
e~ direction, the differential cross-section is 

^ (cms) .^(,_,w»-|tV?!§MVcos^ 

dCl 8s V £ V 85 



(4.142) 

Thus, scalar particles are produced with a (1 — cos 2 0) distribution, in 
contrast to the (1 + cos 2 0) for spin The total cross-section for the 
production of b + b" is 

-^t.^ (4 , 431 

35 35 

which is a factor four less than for the production of a spin \ particle (4.62). 
Fig. 4.11 shows some measurements of the cross-section of the process 
e + e" ->t + t", normalised with respect to e + e" -*^ + /*~> and the expect- 
ations for the spin assignments 0 and j for the r-lepton. Spin \ is clearly 
preferred. 

The final example that we will consider involving scalar particles is the 
interaction of a n + with a real photon, y + n + — ► y H- 7c + , i.e. Compton 
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scattering. The lowest order (e 2 ) diagrams for yn + are shown in Fig. 4.10. 
The diagrams 4.10(a) and (b) have the same form as those for electron 
Compton scattering (Fig. 4.6). However, for the pion case there is, in 
addition, the contact diagram (Fig. 4.10(c)), which also contributes to 
order e 2 . Using the Feynman rules, the matrix element for the three 
diagrams of Fig. 4.10 is 

(P + q)\(q + P')X , (P + qJ%M + p')% , v / 
s—m u—m 



= -2\e : 



' 2(p-E)(p'-e!) 2(p-£')(p'-fi) 



5 — m 



u — m 



(4.144) 



where q = p + k, q' = p — k' and m is the pion mass. In the second line the 
Lorentz gauge condition, k • e = k' • e' = 0, has been used. 

In the case of electron Compton scattering (Section 4.4), it was shown 
that the gauge freedom of the photon polarisation vector (3.190) leads 
to the condition k*Jt a = §, where Jt n = z a k Jt a . Writing Jt n in (4.144) as 
Jt {K = e ll J? tl , then this gauge condition (i.e. substituting k ft for e p ) gives 



~ 2(p.k)(p'-e') t 2(p-£')(p'-fc) ' 



5 — m u — m 

= - 2ie 2 [( p' • e') - (p ■ e') - (fc ■ e')] = 0. 



(4.145) 



where the relations 2p-k = s — m 2 and 2p'-k = m 2 — u have been used. 
Similarly /c^# v = 0. Note that the matrix element for the sum of diagrams 



Fig. 4.11 Measurements of ff(e + e ->t + t ), in arbitrary units, as 
a function of s 1/2 ; from Bacino et al (1978). The curves correspond 
to m x = 1.782 GeV. 
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(a) and (b) is not by itself gauge invariant, and that the contact diagram 
is needed to achieve gauge invariance. This justifies the choice of the vertex 
term, 2ie 2 g^, for the Feynman rules in Appendix C. 

The matrix element can be simplified by requiring e-p = e'-p = 0 (see 
(4.68) and subsequent discussion), thus giving \Jf (l \ 2 = 4<? 4 (e-£') 2 . Hence the 
differential cross-section for the scattering of a photon into dft is 

£(lab) = 4(£)W) a . (4.146) 
dQ m z \kj 

to be compared with the Klein-Nishina formula (4.77). 



4.9 HIGHER ORDERS, DIVERGENCES AND 
RENORMALISATION 

In the previous sections the calculation of the lowest order 
diagrams has been considered, together with the precise formalism needed 
to handle the potentially infrared divergent cross-sections arising from the 
emission of soft photons. The lowest order graphs are called Born diagrams 
and involve only tree diagrams; that is, diagrams which can be constructed 
without closed loops. If we wish to calculate the cross-section for a 
particular physical process to order n in the perturbation series expansion, 
then all possible diagrams which can give a contribution to this order 
must be calculated. If A m represents the sum of all the amplitudes of 
diagrams with coefficient e m (i.e. with m vertices), then the total matrix 
element for, say, Moller scattering is 

Jt { . = e 2 A 2 + e 3 A 3 + ■■■ e m A m . (4.147) 

Hence 

\jf ri \ 2 = e*A 2 A$ + e 5 (A 2 A$ + A 2 A* 2 ) 

+ e 6 {A 2 A* + A 2 A* + A 4 A*)+ • ■ • . (4.148) 

Thus a calculation of the cross-section to order a 3 (i.e. e 6 ) requires the 
evaluation of individual graphs contributing to A 2> A 2 and A A (the latter 
entering through the interference terms with the A 2 graphs). Graphs 
without loops can be written down and evaluated using the Feynman 
diagrams and techniques already discussed, although the actual 
computational task can be a formidable one. 

Graphs containing loops lead to divergent integrals in the evaluation 
of the cross-section, and thus present an additional theoretical problem 
in QED. These divergences can be separated into three distinct classes, 
corresponding to the diagrams shown in Fig. 4.12. The full and sophisticated 
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treatment of these divergences is beyond the scope of this book, and the 
discussion below is restricted to a brief survey of how finite (and indeed 
remarkably accurate) results are obtained from these potentially divergent 
diagrams. Each of the three graphs shown in Fig. 4.12 is discussed in turn 
below. 



4.9.1 Self-energy of an electron 

The diagram of Fig. 4.12(a) corresponds to the emission and 
subsequent reabsorption of a virtual photon by an electron during the 
passage of the electron between x Y and x 2 . Using the Feynman rules 
(Appendix C) this loop gives 



a) = iegE(/>) = 



<(a) 



d 4 k 



[iGr(/c)][i^][iG D (p-fc);|[i go yJ 



d 4 k 1 



(2;r) 4 k 2 + ie (p - k) 2 - ml + ie 



d 4 k 



1 2j* — 2#t — 4m 0 



(2n) 4 k 2 + \e(p-k) 2 -nil + \e' 



(4.149) 



where the expressions for the propagators of the photon (G P ) and electron 
(G D ) have been inserted, and the simplification in the last line is achieved 
by using the y-matrix properties (B.5). The integral (27c)" 4 Jd 4 /c arises 
because the loop momentum k can take any value from 0 to oo. The 
propagator terms for the internal lines, together with the <5-functions arising 
from four-momentum conservation at each vertex, give rise to the factor 
(27i)" 4 . The reasons for writing the electron charge and mass as e 0 and 
w 0 are explained below. Inspection of the powers in k in the integral 
(4.149) shows that it has the form j" d 4 fc//c 3 , and is thus divergent as k -► oo 
(ultraviolet divergence). In fact Jf [a) in (4.149) also diverges in the limit 
k 0 (infrared divergence). 



Fig. 4.12 Divergent graphs in QED, {a) electron self-energy, (b) photon 
self-energy and (c) vertex diagram. 



q + p 



p p - k p q 



(a) 




P 

ib) 




(c) 
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This graph, plus other higher order graphs, will lead to a modification 
of the form of the electron propagator as illustrated in Fig. 4.13(a). Hence, 
the original propagator is modified as follows 

1 -- -+ 1 + 1 i^E(p) 1 4- 0(4) 

tf-m 0 j/>~m 0 fi-™o P ~ m o 

(4.150) 

p — m 

The original propagator, corresponding to a free non-interacting electron, 
has a pole at ^ = m 0 , whereas the modified propagator has a pole at some 
modified mass m = m 0 + dm. The mass m corresponds to the effect of all 
orders in the perturbation expansion and thus should give the quantity 
actually measured in an experiment; that is, the real or "renormalised" 
mass. The quantity m 0t which corresponds to the unrealistic case of an 
electron without interactions, is called the bare mass and is unobservable 
experimentally. 

To explore further the modification of the propagator it is useful to 
expand £( p) in terms of — m as follows 

I.(p) = A + (j*-m)B + (/>-m)Z f (p). (4.151) 

This form follows from Lorentz invariance, since E(p) can depend only on 
^and^ = p 2 . The constants A and B are independent of p and are 
divergent. E f (p) is finite, and can be expanded as £ f (p) oc {jj> — m) at jj> = m. 
Now, for any two operators X and Y (not necessarily commuting), the 
following identity holds (Feynman 1949) 

= - + (4.152) 
X - Y X X X 

This can be proved by multiplying by (X — Y) from the right. Using this 
identity, equation (4.150) can be cast in the following form 



Fig. 4.13 Modification of the propagator by higher order terms for 
(a) an electron and {b) a photon. 

ib) v^j-kj-w* — - #wvwt + trKJ ^^)^ r * + ^O^O^* + * • ■ 
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tf-m 0 p-m 0 + elL(p) 



0(et) 



(m 0 



■elA) + elU>-m)lB + i: ( (p)-\ 
■+0(et) 



■ + 0(e%) 



(t-m)[l+e 2 0 (B + Upm 
i 



[1 - e 2 (B + Z f (p))] + 0(e%) = G' D (p\ (4.153) 
p — m 

where we have identified in the second line that 5m - —el A. 

In order to compute the mass shift 5m we must evaluate the integral 
for Z(p) in equation (4.149), computed with the condition j/>=m, so that 
from (4.151) only the term A (and hence 5m) contributes. The divergent 
integral (4.149) must be 'regulated' in some way. This can be done in a 
variety of ways, but for the following purposes it is sufficient to modify 
the photon propagator by a regulator function C(/c 2 ), which cuts off the 
high frequency components of /c, these being the cause of the divergence. 
Following essentially the treatment of Feynman (1961), 

-A 2 

k 2 



k 2 \ k 2 — A' 



(4.154) 



The is notation is implicit in the subsequent discussion. With this 
modification, the integral £(/>) is no longer divergent for finite (but large) 
values of the cut-off constant A. Thus, from equations (4.149), (4.151) 
and (4.154) we obtain (noting that ,4 = I(p)|^ = m ) 

' d 4 k {If -2ft -4m) A 2 



3m = — \el 



(2tt) 4 [(p-k) 2 ~m 2 ] k 2 (k 2 - 
d 4 k (2# + 2m) A 2 



A 2 



(4.155) 



(27i) 4 [/c 2 -2p-/c]/c 2 (/c 2 -A 2 ) 

where the condition $ = m has been used in the simplification. 

The evaluation of 5m in (4.155) can be carried out by using the following 
integral relationships (Feynman, 1949; Sakurai, 1967) 
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Using these, the expression for 6m can be evaluated as follows 



5m = \e% 



d 4 fc 



dr(2£ + 2m) 



= let, 



= - let. 



dy 



o (fc 2 -2p-fc)(/c 2 -f) 
^ A2 r d 4 fc 



dt 



^ = /n 

(4yf£ + 4ym) 



8tt 2 



dy 



dy 



dt 



(2tt) 4 [(/c 2 -0y + (/c 2 -2p./c)(l-y)] ; 
'[4y/f(l - y) + 4>>#w] 



$ - m 



o 327r 2 [^ + p 2 (l-y) 2 ] 
A2 dt^(2-y) 



o Dy + m 2 (l-y) 2 ] 
Integrating over i, with A 2 »m 2 , we have 



(4.159) 



dt 



= Iln 



A 2 y + m 2 (l -y) : 
m 2 (l -y) 2 





"A 2 " 


+ ln 












v_ 







o 0> + m 2 (l-.y) 2 y 
1 

^ 



Inserting this in (4.159) gives the final result 

const, term + • 



. /3am\ /A\ 

<5m= In - + < 

\2nJ \m) 



(4.160) 



(4.161) 



That is, the mass correction is logarithmically divergent in the cut-off 
parameter A (this divergence is, in fact, slower than that obtained from 
simple power counting). The potential problem with infrared photons in 
the above derivation can be circumvented by giving the photon a small 
but finite mass I, i.e. k 2 -> k 2 - X 2 , then letting X -► 0 at the end of the 
calculation. The result obtained for dm is, however, the same. The 
coefficient B (like A) is logarithmically divergent in A; however, £ f (p) 
gives a finite contribution. 

For a free electron, the above considerations show that the renormalised 
or observable mass m is equal to the (unobservable) bare mass m 0 plus 
a correction 6m, which is divergent in A. If we wish to use the real mass 
m in the Hamiltonian density, then the free Dirac particle term, i.e. 
— — m 0 )\p will give an addition term —SmiJ/ip, which has the form of 
an effective interaction. Thus for each graph containing an electron 
self-energy loop, one must add a corresponding mass counterterm —Smiftip 
(usually denoted by — x — ). The divergence in this latter term exactly 
cancels that due to the term A in (4.151). 
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4.9.2 Vacuum polarisation 

The photon propagator is modified, to first order, by the graph 
shown in Fig. 4.12(b) {vacuum polarisation). Using the Feynman rules 
this loop contributes 



Hb) 



= i^n^) = (-i) 



d> 



= - en 



4 l>o/W iG D(/> + ^yUeoylysDG^p)^ 

(4.162) 



(2n) 

d 4 p tr[/(^ + ^ + m))> v (^ + m)] 



(2;r) 4 [(p + ^) 2 -iw 2 ][p 2 -w 2 ] 



where the overall factor (—1) is a consequence of Fermi-Dirac statistics 
for the fermion loop. The explicit use of the indices of the y-matrices in 
the vertex factors (ie 0 /) anc * (^ 0 y v ) and the propagators for the electron 
loop (iG D (p + q) and iG D (p) respectively), shows that this term may be 
written as a trace. As will be shown below, this graph leads to a redefinition 
of the charge of the electron, and e 0 represents the bare charge; that which 
would be measured if there were no higher order diagrams. 

The integral (4.162) is again divergent. The method used to circumvent 
this divergence is the same as that used for the electron propagator above; 
namely, the integral must first be regularised by modifying the original 
expression in such a way that it gives a finite integral. Next, the potentially 
divergent parts are renormalised in terms of physically measurable 
quantities (mass, charge). The final result should not depend on the 
regularisation method. A substitution of the type (4.154) does not work 
for the modification to the photon propagator (4.162), because it does 
not give a gauge invariant result. Two methods of regularisation, which 
are gauge invariant, are commonly used: 

(i) The method of Pauli and Villars (1949), which consists of 
subtracting from the integrand (4.162) a similar contribution, but 
with the electron mass m replaced by some large mass M. The 
result is logarithmically divergent in M. 

(ii) The method of dimensional regularisation ft Hooft and Veltman, 
1972), which consists of generalising the metric tensor g^ v from 
four to, say, four — n dimensions, together with appropriate 
redefinitions of four- vectors and y-matrices. In the new space the 
integrals are not divergent, and the limit n 0 is taken at the 
end of the calculation. Details of these methods can be found, 
for example, in Mandl and Shaw (1984) and Itzykson and Zuber 
(1980). 
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The e + e loop diagram (plus higher order diagrams) modify the effective 
photon propagator (Fig. 4.13(b)). To first order 



l 9u 



+ 



(ie 2 U^(q)) 



^[\-e 2 A(q 2 )/q^ 



(4.163) 



q 2 + e 2 A{q 2 ) 

where the form Yl a ^(q) = — g a ^A(q 2 ) has been used. This is the most general 
form satisfying both Lorentz invariance and the requirement that the 
photon propagator is coupled to a conserved current. (This latter 
requirement means that any term in q a q p may be omitted - see Mandl 
and Shaw, 1984.) In the last line it is assumed that A(q 2 ) is finite 
(regularised), so that an expansion in el can be made. This final form 
must correspond to the propagator of a physical photon, and thus have a 
pole at g 2 = 0; i.e. /i(0) = 0. (The experimental upper limit is, in fact, 
m y <3 x 1CT 33 MeV.) 

Evaluation of the integral (4.162) can be made using the Pauli-Villars 
regularisation. This method (see, e.g., Bjorken and Drell, 1964) consists 
of subtracting from the integrand, evaluated at the electron mass, the 
same quantity evaluated at some large cut-off mass M (ghost fermion 
loop), giving 

n* p = Yl aP (m 2 )-n aP (M 2 ). 

The modified photon propagator, to order e\, is 

72 



iCp(? 2 ) = 



1 - 



\2n 2 



In 



m 



+ e 2 0 U { (q 2 



(4.164) 



(4.165) 



That is, there is a term logarithmically divergent on the cut-off mass M 
and a finite term 



n f (? 2 ) = 



2tt 2 



dz z{\ — z) In 



For small q 2 , the log term in TL f (q 2 ) can be expanded, giving 



rW) = 



dz2 2 (l -z) 2 - 



60n 2 m 2 ' 



(4.166) 



(4.167) 



which results in an expression for the photon propagator compatible with 
the form of that given by (4.163) and the subsequent discussion. 
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In order to understand the significance of equation (4.165), let us 
consider the effect of the modified photon propagator on, for example, 
Coulomb scattering. This process was discussed in lowest order in Section 
4.1 The matrix element is modified as follows 



ielu f y\ 



ielu r y\ 



1 



+ elU { (q 2 



(4.168) 



In the limit q 1 0, the U ( (q 2 ) term does not contribute, in which case the 
matrix element takes the same form as the unmodified matrix element, 
but with el replaced by e 2 , where 



e = e c 



1 



\2n 2 



In 



M' 



+ 0(e*) 



(4.169) 



The measured cross-section for a process in the q 2 -> 0 (i.e. long range) 
limit is related to the physical charge of the particle; that is, e rather than 
e 0 . The infinite contribution (as M oo) from the one-loop diagram (Fig. 
4.12(b)) can be absorbed into a redefinition (renormalisation) that the 
physical charge is e rather than e Q ('on-shelT renormalisation scheme). 
The matrix element can then be re-expanded in terms of e 2 by inverting 
(4.169), giving 



el = e 2 



1 +• 



12tt 2 



In 



(4.170) 



Inserting this in (4.168) gives, to order e 2 , a matrix element independent 
of the cut-off mass M , and dependent only on the physical charge e r namely 



\e 



2 uty\ 



l 



e 2 q 2 
60n 2 m : 



+ 0(e*) 



(4.i7i; 



Similar considerations apply to other scattering processes, e.g. Moller 
scattering, in the q 2 -> 0 limit. This procedure, of being able to replace 
the divergent quantities in the expansion in el with finite ones in the 
expansion in e 2 y is quite general and works to all orders. The divergent 
quantities appear only in intermediate steps, and not in the final result. 



4.9.3 Vertex correction graph 

The third type of divergent graph is the vertex correction graph 
(Fig. 4.12(c)), which has already been discussed in Section 4.5 in 
connection with infrared divergences. We are concerned here, however, 
with the high energy (ultraviolet) behaviour of this graph. The effect of 
this graph, plus the original vertex graph (i.e. without the connecting 
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photon), is to modify the vertex factor as follows 

ie 0 / - ie 0 T»(p\ p) = ie 0 [y» + ^A"(p', p)], (4.172) 

where 

d 4 /c 1 1 



iegA' 4 (p', p) = eg 



t- -)V (4.173) 



The infrared divergence can be dealt with by the usual k 2 -* k 2 — X 2 
substitution. In treating the divergence in the electron self-energy, it was 
useful to consider the j = m free particle limit. If we consider A" in the 
limit q = p' — p -> 0, and for initial and final free particle momenta (j/> = m, 
f = w), this isolates the infinite part 

D(p) = u(p)A"(p, p)i<(p) = aMP)y^(p) + fl 2 ^(p)«(p). (4-174) 

The form of the second part follows from Lorentz invariance, and a v and 
a 2 are constants. Now, starting with the Dirac equation, mu(p) = p^u(p), 
and multiplying from the left by p^u(p), we obtain 

p"u(p)u(p) = mu(p)y»u(p). (4.175) 
Hence, (4.174) becomes 

D(p) = u(p)A"{p, p)u(p) = Lu(pYu(p), (4.176) 
where L is a constant. In general we have 

A"(p\p) = Ly* + A?(p',p), (4.177) 
where the part A?(p\ p) is finite. For a free particle, (4.176) gives 

u(p)A?(p,p)u(p) = 0. (4.178) 

Consideration of the form (4.177) in the expression (4.173) shows that 
L diverges when the cut-off in the regularisation becomes infinite. Inserting 
(4.177) into (4.172), the vertex modification factor becomes 

ie 0 y> - ie Q r*(p' 9 p) = ie 0 [y»(\ + e 2 L) + e 2 A?(p\ p)] 

= \e[y^ + e 2 Ajf(p\ p) 4- 0(e 4 )], (4.179) 

where, in the second line, the expression is given in terms of a renormalised 
charge e, where 

e = e 0 [_l + e 2 L + O{et)-] = eJZ i . (4.180) 

Inspection of the equation (4.153) for the electron propagator, when 
modified by self-energy effects, shows that the graph in Fig. 4.13(a) also 
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leads to a charge renormalisation. Since the propagator is sandwiched 
between two vertex factors (i.e. el), the renormalised charge in this case is 

e 2 = e 2 0 [\~ e\B + 0(4)] = Z 2 e 2 0 . (4.181) 

We have shown above that (at least to first order) the loop divergences 
in the photon and electron propagators, corresponding to internal photon 
and electron lines, can be handled. The same graphs will, however, also 
lead to a modification of external photons and electrons. An external 
photon can be considered to propagate to or from some distant charge, 
hence the charge at the interaction vertex is renormalised by Z\ ,2 e 0 (from 
(4.169)). Likewise, an external electron leads to a renormalised charge of 
Z 2 ,2 e 0 . The square root arises because, whereas the propagator (factor 
elZ 2 ) is bilinear in the field operators, the external line is linear. The term 
in (/f — m)£ f (p), when acting on u(p) and in the limit jj> = m, gives zero 
contribution by virtue of the Dirac equation; so there are no further finite 
higher order terms. (A more rigorous discussion of these points is given 
in Mandl and Shaw, 1984.) Putting all these factors together, the vertex 
graph of Fig. 4.12(c) (which contains two external electron lines and one 
external photon line) has a charge renormalisation 

e = e 0 Z; 1 Z 2 zy 2 . (4.182) 

The vertex correction factor A M (p', p) in equation (4.173) and the 
electron self-energy factor E(p) in (4.149) are related. Comparison of I(p) 
and A"(p, p), together with the identity 

d 1 11 

(4.183) 



dp^ y^Pv -m j/*-m jj)~m 
gives the relation (Ward identity) 

A*(p,p) = dJ:(p)/dp tt . (4.184) 

Using equations (4. 1 77), (4.1 78), (4.151) and the property that I f ( p)u( p) = 0, 
equation (4.184) can be written and reduced as follows 

u(p)A^P,p)u(p) = u(p) d ^u(p), 
dp^ 

Lu(p)y»u(p) = Bu(p)y«u(p) } 

i.e. 



L = B. 



(4.185) 
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Hence, comparing (4.180) and (4.181), we have (to order e 2 ), Z x = Z 2 . 
The charge renormalisation relation (4.182) then takes the simple form 

e = e Q Z\ 12 (4.186) 

That is, the vertex term and the electron self-energy term exactly cancel, 
and the charge renormalisation comes only from the vacuum polarisation 
correction to the photon propagator. 

The expressions for Z Y and Z 2 are in fact gauge dependent, whereas 
Z 3 (and dm) are gauge independent. However, the equality Z x = Z 2 
removes this gauge dependence from (4.186). The above results hold in 
first order; however, generalised Ward identities and the result (4.186), that 
the charge is only modified by the photon propagator, can be shown to 
hold to all orders (see e.g. Itzykson and Zuber, 1980). This is important, 
since the renormalised charge of point-like particles other than the 
electron will get contributions from exactly the same diagrams as the 
electron. In general any charged particle-antiparticle loop can occur in 
the photon propagator. 

49.4 Lamb shift and anomalous magnetic moment 

Finite results in QED can thus be obtained if charge and mass 
renormalisation (together with the additional mass counterterm diagrams) 
are carried out, so that the calculations are performed using the physical 
mass and charge of the electron. The remaining finite correction terms, 
such as Tl ( (q 2 ) in (4.165), should give experimentally testable predictions. 
The presence of this additional term ( — e 2 q 2 /60n 2 m 2 ) effectively modifies 
the Coulomb law between point charges. At large distances (small q 2 ), 
this term is negligible and the Fourier transform of the \jq 2 term gives the 
usual Coulomb law (Section 4.1). However, at smaller distances, there is 
an additional effective interaction. This term, for example, leads to a 
— 27 MHz correction to the 1058 MHz Lamb shift of the otherwise 
degenerate 2s 1/2 and 2p l/2 levels in the hydrogen atom; and this has been 
well verified experimentally. 

The vacuum polarisation can alternatively be visualised by considering 
the effective nuclear charge seen by an electron. The effective charge 
becomes less at large distances (small q 2 ) y due to the creation of e + e~" 
pairs by the virtual photons which screen the nuclear charge. At small 
distances (large q 2 ) this screening cloud is penetrated and the effective 
charge increases. 

In Section 3.2.7 the magnetic moment of a Dirac particle was found 
by consideration of its interaction with a magnetic field. Higher order 
graphs will change the magnetic moment from the free particle value 
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(g = 2). This difference of g — 2, which is usually expressed as a = (g — 2)/2, 
is called the anomalous magnetic moment. The value of g — 2 for the electron 
from graphs up to order e 3 is discussed below. The method is to construct 
the matrix element from the sum of all possible graphs for the interaction 
of an electron in a static external field, and then to identify the part of 
the matrix element which gives rise to the magnetic moment. The complete 
set of graphs to order e 2 for the scattering of an electron by a static external 
field is shown in Fig. 4.14. The graphs (b) and (c) contribute only to the 
renormalisation of the charge and need not be considered further. After 
renormalisation the matrix element is 

M = Jt {Q) + Jt {d) + Jt (e) 

= ieuy^uA^ + leuy^u^U^A^ + ieu[e 2 Af(p\ p)~]uA^ (4.187) 

where the spinors in full are u(p') and u(p), with q = p' — p y and the photon 
field is Apiq). We note in passing that this set of graphs, when treated in 
the context of the hydrogen atom (which means interpreting the electron 
lines in terms of hydrogen states), explains the entire Lamb shift provided 
detailed atomic effects are taken into account. 

Before discussing the results of the evaluation of the diagrams of Fig. 
4.14, we first consider the most general form for the effective current of 
a Dirac particle. For a point-like Dirac particle we have seen in Section 
3.2.1 that the current is proportional to uy^u. The most general form 

Fig. 4.14 Order e and e 3 graphs for the interaction of an electron 
with a static external field. Graph (a) is the lowest order, (b) and 
(c) are electron self-energy graphs, with corresponding mass counterpart 
diagrams, {d) is the vacuum polarisation and (e) is the vertex correction. 




(a) (b) (c) (d) (e) 
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consistent with current conservation is as follows 



2m 



To see this, we first of all prove the Gordon identity, namely 
2mu(p')y"u(p) = u(p')[(p' + pf + kr" v (p' - p)Ju(p). 



(4.188) 



(4.189) 



This can be proven by starting with the Dirac equation, together with an 
arbitrary four-vector and manipulating these as follows 



0 = u{p')lM ~m)+ (f - m)tMp) 
= -2mu(p')fMp) + «(p')(# + ff>u{p) 

-2mu(p')tu(p) + u(P'Y 



+ 



«(P). 



Next, this expression is differentiated with respect to giving 
2mu(p'Wu(p) = U ^ll\_{p> + p) v ( y y + yY) + (p' - pUyY ~ ff)]u(p) 



where q v = (p — p) v , and the commutation properties of the y-matrices 
have been used. 

Thus the Gordon decomposition of a Dirac vector current (4.189) 
contains two parts. The first part is a coupling of the form (p' + p)", which 
is the same as that of a scalar particle (Section 4.8), i.e. an electric term. 
The second part (magnetic term) is related to the spin through a /iV , and 
gives rise to the magnetic moment. Each of these terms can be multiplied 
by an arbitrary function, which can depend on any scalar quantities which 
can be constructed. The only non-trivial (i.e. not m 2 ) quantity is q 2 , so 
we can choose F { (q 2 ) and F 2 (q 2 )/2m as the functions. The factor 2m is 
introduced because, by comparison with (3.163), it can be seen that h 2 
corresponds to the magnetic moment; or, more precisely, F 2 (0) corresponds 
to the change in the magnetic moment from the value ( — e/2m), derived in 
Section 3.2.7. 

Explicit evaluation of the matrix element (4.187) gives, in the limit 
\q 2 \«m 2 (e.g. Itzykson and Zuber, 1980), 



= \eu< y 



<xq 2 aq 2 

1 + z 2 ^) + c (e)) + z 2 

3nm 3nm 



In 



oc 1 

+ o^q^u, 

2n 2m 



(4.190) 
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Table 4.1. Experimental and theoretical values of g — 2 for 
e ± and The numbers in parentheses are the estimated errors 





a c x 10 12 


a fl x I 


O 9 




Experiment 


1 159 652 209 (31) 


1 165 


923 


(9) 


Theory 


1 159 652 411 (166) 


1 165 


920 


(2) 



where the constants c (d) = — 1/5 and c (e) = — 3/8 arise from graphs (d) and 
(e) respectively. The infrared term in the photon mass X again causes no 
problems in physically meaningful calculations. The term in <t" v gives an 
additional contribution to the magnetic moment, which becomes 

"•-s( 1+ s)- ,4I9I) 

giving 

a t = (g - 2)12 = a/In. (4.192) 

To this order in a the correction does not depend on the particle mass; 
hence a^ = a e . However, higher order terms are mass-dependent. The 
theoretical and experimental values for the electron and muon anomalous 
magnetic moments are shown in Table 4.1. The prediction from CPT 
invariance that a c * = a^ has been checked to 1 part in 10 8 . The value of 
g — 2 for the muon, for example, has been calculated theoretically to 0(ot 4 ) 
giving (Kinoshita et ai, 1984) 

L(QED) = ^- + 0.76585810(10)^- j + 24.073(1 1)^-J + 140(6)^) 

= 1 165 848.0(0.3) x 10 -9 , 
^(had) = 70.2(1.9) x 10" 9 , 

^(weak)= 1.95(0.01) x 10 -9 , (4.193) 

where the figures in parentheses are the estimated theoretical or experimental 
errors. The value of a used (a" 1 = 137.035963(15)) is measured from the 
Josephson effect (Williams and Olsen, 1979). Note that g - 2 for the muon 
has been calculated to such a precision that hadronic and SU(2) ® U(l ) 
weak correction terms contribute. 

The remarkable agreement between theory and experiment for the g — 2 
calculations show that, even if the renormalisation procedure may not be 
understood at the deepest level, it can nonetheless be readily used. The 
energy scales at which the divergent terms become problematic are, in 
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fact, enormous. For example, for a cut-off value A = 100 GeV (roughly 
the highest scale which can currently be explored experimentally), the 
changes in Se/e and 5m/m are 0.015 and 0.067 respectively. To get to 
Sm ~ m needs a value of A ~ 10 1 20 GeV, corresponding to a distance scale 
of the order of 10" 134 cm. New particles, new forces or manifestations of 
the unification of forces, may well come into play at a much lower energy 
scale than this! 



4.9.5 Running coupling constant in QED 

The renormalisation of the charge (4.169), arising from the 
vacuum polarisation term in the photon propagator, was considered above 
in the low q 2 limit. For large q 2 , the term n f (q 2 ) in (4.165) has the form 
(from (4.166)) 



U ( (q 2 )c. 



1 



1 (Q 1 

dzz{\ -z)ln' ' 



1 



\2n 2 



In 



(4.194) 



where Q 2 = —q 2 is a positive quantity. In this limit the effective charge 
becomes, using (4.165), 

,M 2 



e 2 (Q 2 ) = e 2 



1+^Lin 



12tt 2 



(4.195) 



In practice, the electron charge is measured at some reference value, 
Q 2 = Qo, say. The dependence on the arbitrary cut-ofT parameter M can 
be removed by subtracting e 2 (Ql) from e 2 (Q 2 ). Expressing the result in 
terms of a = e 2 /4n y and noting that the loop diagrams (Fig. 4. 1 3b) lead to 
a geometric progression 1 — § + S 2 ■ ■ ■ = 1/(1 — S), this gives 



««2 2 ) = «(G£) 



l 



ml) 

3n 



(4.196) 



Thus the effective coupling constant 'runs' with Q 2 y and increases as Q 2 
increases. That is, the effective electron charge seen by the photon at 
smaller and smaller distances increases. As mentioned earlier, at high 
enough g 2 , there will be loop contributions from all accessible charged 
particle-antiparticle pairs. These points are discussed further in Chapter 7. 



Fig. 4.15 Examples of graphs with no external lines. 





(b) 
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Two final topics are now discussed on the subject of higher order QED 
effects. The first topic is the effect of graphs which contain no external 
lines, and are thus fluctuations in the vacuum. Examples of such graphs are 
shown in Fig. 4.15 and these, plus an infinite number of higher order 
graphs, can occur in conjunction with any QED process containing 
externa] lines. The matrix elements for these graphs are again highly 
divergent. However, the same set of such divergent graphs will occur in 
conjunction with any real diagram, and their net effect is to modify the 
S-matrix from 5 (no vacuum diagrams) to S' = CS, where the multiplicative 
factor C is the sum of the matrix elements of the vacuum diagrams. Now, 
from conservation of momentum, there is no matrix element connecting 
the vacuum to another state; hence this factor can be divided out of S (it 
can contribute only an overall unobservable phase) and all disconnected 
graphs subsequently neglected. 

The second topic is that of photon-photon elastic scattering. Since QED 
is an Abelian theory, the photon couples only to charged particles and 
so direct yy interactions are not allowed. The simplest allowed possibility 
is the box diagram shown in Fig. 4. 1 6 (plus equivalent graphs). Calculation 
(e.g. Itzykson and Zuber, 1980) shows that the cross-section for this 
process (which is, in fact, convergent due to a Ward identity) peaks at an 
energy value E y ~m, with a cross-section of 10" 31 cm 2 . 

Fig. 4.16 Lowest order diagram for yy scattering. 



r^y 



5 



From Fermi theory to the 
standard model 



Nuclear beta decay has played a very important historical role in the 
development of our present understanding of weak interactions. For more 
than 20 years these reactions were the primary source of information on 
the weak force. In the first part of this chapter, the theoretical ideas 
developed to account for the experimental measurements on beta decays 
(and later on the weak decays of hadrons) are reviewed, leading to the 
V — A theory of weak interactions. This theory, however, gives badly 
divergent cross-sections at high energy and, moreover, does not account 
for the weak neutral current interactions which are observed in nature. 
The standard model of Glashow, Salam and Weinberg, which is based 
on the principle of local gauge symmetry, predicted such currents and, 
indeed, successfully explains the bulk of all experimental measurements 
on weak and electromagnetic phenomena. After discussion on the basic 
framework of this model, the problem of the introduction of particle 
masses is reviewed. Non-zero masses would appear to violate the required 
gauge invariance of the theory. However, if the underlying group symmetry 
is spontaneously broken, then the particle masses can be generated at the 
price of introducing one or more fundamental scalars (Higgs particles) 
into the theory. The predictions of the standard model, for a wide class 
of reactions, together with a comparison of the experimental results, are 
discussed in subsequent chapters. 



5.1 BETA DECAY AND THE V - A INTERACTION 
5.1.1 Fermi theory 

The first attempt to formulate a theory of weak interactions was 
due to Fermi in 1934. In order to explain the then known properties of 
nuclear beta decay, Fermi proposed a Lagrangian which, for n(pi)^ 
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p{p 2 ) + e (p 3 ) + v c (p 4 ), see Fig. 5.1(a), has the form 

y = -/=-c v (^ n )M. 



(5.1) 



The fields in (5.1) are all evaluated at the same space-time point x, so 
that the Lagrangian represents the product of two Dirac currents, for 
n p and v e ->e~ respectively. The processes of e + emission and e" 
capture can easily be included by adding to !£ the Hermitian conjugate 



If we compare the current x current form of the Fermi Lagrangian with 
the QED Lagrangian if = —j^A", describing say yp scattering, then we 
see that the form of j^ p y^ p ) is rather similar, but the electromagnetic 
field A* is replaced by ij/ t y^\p v . Another important difference, as discussed 
below, is that whereas the electromagnetic coupling constant is dimension- 
less, the constant C v in (5.1) has dimension (mass)" 2 . 

In the original Fermi Lagrangian (5.1), the currents have the Lorentz 
transformation properties of polar vectors, i.e. V x V. A more general form 
of the Lagrangian was proposed by Gamow and Teller, by including the 
possibility of scalar, tensor, axial vector and pseudoscalar terms. The 
Lorentz transformation properties of these terms were discussed in Section 
3.2.5. The most general Lagrangian which can be constructed, without 
containing any derivatives of the fields, can thus be written as 



where / = S, V, T, A and P (see (3.139)), and the coefficients C, are complex. 
(Note that different forms of the tensor term are used in the literature, 
and care must be taken with the summation convention.) 

The above discussion has ignored the fact that beta decay occurs in a 
nucleus in which the energy release is only a few MeV, so that nuclear 

Fig. 5.1 Lowest order diagram for n-»pe"v c in (a) Fermi theory 
and (b) in standard model at the quark level. 



of (5.1). 



^=-EW„)(f,rv,), 



(5.2) 




(b) 
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Table 5.1. Non-relativistic limit of nuclear- matrix elements 
The notation i// V = & <t> = < ' > and (j>*o k <t> = <<r*> is used 





Relativistic 


Non-relativistic 


Coupling 


expression 


limit 



s U <i> 

v m f<'> *=° 



0 /i = l,2,3 
T <V> /c = 1, 2, 3 

- s , f 0 /i = 0 

l-(o ) [i - k = 1, 2, 3 
P lAyV 0 



effects are important. The nuclear recoils have energies of only O (keV), 
therefore a non-relativistic approximation may be used. In the limit p -> 0 
we have, from (3.103) and neglecting the overal normalisation, 



In the limit where the large and small components are ip L = (j>, <p s ~Q, 
the vector current becomes 

tfrty ^ = 0, 

M = ^M = \^ a,y = Q (5.4) 

Hence, the vector current cannot induce a nuclear spin change, i.e. 
AJ = | Jj — J f | = 0, where Ji and J f are the initial and final nuclear spins. 
The non-relativistic limit for the other couplings can be calculated in a 
similar way, and the results are given in Table 5.1. It can be seen that the 
scalar term has the form ip^ip = <1), whereas the tensor (a^J and axial 
vector (y 5 yj terms involve the Pauli spin matrices a, and can thus induce 
a nuclear spin change of one unit. The pseudoscalar term gives zero 
contribution in this limit. Assuming the e and v states can be represented 
by plane waves (i.e. neglecting any Coulomb interactions) we can write 

^ = ~^Lu e (p 2 )Pv(p,)-] exp[-i(p 3 + p 4 ).x][^ p (x)^ n (x)]d 3 x, 

i J v 

(5.5) 

where the integral is over the nuclear volume, i.e. up to a radius 
r~A l,3 /m n . 
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Table 5.2. Classification of nuclear beta-decays 



Transition 



Lepton spin 



Nuclear spin 



Example 



Gamow-Teller 



Fermi 



S = 1 



s = o 



|AJ| = 0, 1 
0 *>0 



|AJ| = 0 



14 0- ,4 Ne + v e 

12 B-+ 12 Ce"v e 
1 -*0 



The momentum of the lepton pair, q = p 3 + p 4 , is small (^few MeV), 
so that the argument of the exponential is small (~ 1/100). Thus expanding 
exp( — iq • x) in terms of spherical harmonics, the first term in the expansion, 
the so-called allowed term I = 0, will dominate. In certain cases the selection 
rules (e.g. parity change) forbid the / = 0 transition, and the first (/ = I) 
forbidden transition can be observed, and so on. For allowed transitions, 
the nuclear spin change follows from the spin of the lepton pair. The 
classification of decays in this way is summarised in Table 5.2. Fermi 
transitions have no nuclear spin change and thus involve SS or VV terms 
in the Lagrangian, whereas the nuclear spin changes in the Gamow-Teller 
transitions correspond to TT or AA terms. The free particle decay of a 
neutron is a mixed transition in this scheme. 

5.1.2 General matrix element for beta decay 

The experimental situation in 1956 was confused, with different 
experiments leading to apparently conflicting conclusions. There was, 
however, good support for S and T contributions. This conclusion was 
soon to be radically changed. The starting point was the 0-x puzzle which 
led Lee and Yang (1956) to the profound suggestion that parity conservation 
was violated in weak interactions (Section 1.8). The matrix element in 
this case, which can be written down directly from the Lagrangian, 
becomes 



where the fields are evaluated at the same space-time point x. Note that 
the coefficients C, and C\ (in (5.2) and (5.6)) are, in general, functions of 
q 2 . However, q 2 is small in these processes, so that C, and C\ can be 
taken as constants. 

The transformation properties of the various bilinear forms under parity 
(P) were discussed in Section 3.2.5. Application of these results to (5.6) 
shows that under P, M transforms to Jt P , which has exactly the same 



(5.6) 
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form as (5.6), but with C\ — C\. That is, for each coupling, the term in 
y 5 (coefficient C-) has the opposite parity to the term in C h and thus 
non-zero values of C\ would imply parity violation. 

In the non-relativistic limit, the nuclear part of (5.6), and consequently 
also the leptonic part, can be considerably simplified. Using the results 
of Table 5.1, equation (5.6) can be simplified to 

Jt - ^ F [u e (C s + Qy 5 K + w e y 0 (C v + C' v y 5 K] 

+ ^gtLuMCt + C' T y 5 )v v + u c <ry°(C A + Qy 5 K], (5.7) 

where Ji? and ^ GT refer to Fermi and Gamow-Teller reactions respectively. 
They consist of the matrix elements < 1 > (for F) and <<r > (for GT), together 
with the isospin raising operator (t + for n -> p) and are summed over ail 
possible contributing nucleons in the nucleus. It is assumed that the matrix 
element is a sum of contributions for individual nucleons (impulse approxi- 
mation). The calculation of the nuclear wave function requires a detailed 
knowledge of the nucleus in question; however, this is not needed for the 
discussion below and is not considered further. The form of the leptonic 
current for the vector term, for example, arises because the only non-zero 
contribution from the nuclear part is for \i = 0. Note that all the, a priori, 
unknown constants C h C\ depend only on the leptonic part of the matrix 
element. 

The experimental measurements on nuclear beta decay and on free 
neutron decay can be separated into two distinct classes. The first class 
is on measurements of the electron spectrum from unpolarised nuclei (or 
neutrons), whereas the second (and more difficult) class of measurements 
is on the polarisation of the e " (or e + ) or on studies of the decay products 
from polarised nuclei (or neutrons). 

5.1.2./ Electron spectrum from unpolarised nuclei 

The techniques used to calculate the differential decay rate closely 
follow those used for electromagnetic interactions. The derivation of the 
results for pure couplings is outlined below, and the general result allowing 
all possible couplings is then discussed. For an unpolarised initial nucleus, 
then, summing over the spin states of the electron and averaging over the 
initial nuclear spin states, we obtain for: 

(i) Pure S 

M = (\)u c (C s + Qy 5 K, Jf* = <1>*0 V (Q - QVK 

M 2 = |<1>| 2 tr[(j* 3 + ™ e )(C s + Qy 5 )^ 4 (C s * - Q*y 5 )] 

= l<l>| 2 4(|C s | 2 + C S \ 2 )(E 3 E, - p 3 .p 4 ). (5.8) 
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(iii) Pure T 



(iv) Pure A 



(ii) Pure V 

ji = <i>w e y°(Cv + Cvr 5 K 

\M\ 2 = |<1>| 2 tr[(jJ 3 + ™*)y°(Cv + Qy 5 )^ 4 (C* - C' v *y V] 

= |<1>| 2 4(|C V | 2 + |C' V | 2 )(£ 3 £ 4 + P 3 -PJ. (5-9) 

= <cr k )u e (T k (C T + C T y 5 )v v 

= i|<0| 2 tr[(^ 3 + m e )a k (C T + Qy 5 )^ 4 (C* - Q*y V] 
= K^>| 2 4(|C T | 2 + |CV| 2 )(£ 3 ^ + iP3-P4)- (5-10) 

^ = <^>^Y(C A + Qy 5 K 

= i|<^>| 2 tr[(> 3 + mJcrV (C A + C A y 5 )^ 4 (C A - C A *y 5 )y V] 

= K^>| 2 4(|C A | 2 + |C A | 2 )(£ 3 £ 4 + ip 3 • p 4 ). (5.11) 

In deriving these formulae the properties of the y-matrices (Section 3.2.1), 
the Pauli spin matrices (Section 2.4) and the projection operators (Section 
3.2.4) have been used. Furthermore, we have taken Ji v . = ( 1 ) and 
^gt — < ff > f° r simplicity. The factor \ for the T and A terms is the average 
over the spin states of the initial nucleus. We have <<x fc X<Xj> = S kj \(cry\ 2 /3. 
Note that all of the couplings give a similar form for \Jf\ 2 , namely 

|^.| 2 = 4K,.£ 3 £ 4 (1 + aft cos 0\ (5.12) 

with K { = |</>| 2 (IQ| 2 + \Q\ 2 ), where r = I or a as appropriate, and with 

a s =-l, a w =\, a T =z> a A = -$ 9 (5.13) 

where 6 is the angle between the e ~ and v c , and /? is the electron velocity. 

The decay rate for the beta-decay A -> A'e~v e is calculated in a similar 
way to that used to compute the interaction probability in Section 4.2. 
The probability per unit time for a transition is 



d^=|S fi | 2 /V(D/T 

where N is the normalisation term consisting of factors (2£ 3 ) _1 and 
(2E 4 )~ l for the e~ and v e spinors and factors of unity for the nuclear 



' !i \ 2 ^6 i ( Pl -p 2 -p 3 - Pi ), (5.14) 
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wave functions, which are confined to the nuclear volume V. The term (I> 
is the phase space factor (Section 4.2) for the final state particles. Inserting 
these factors in (5.14), and integrating over d 3 p 2 > gives 

d^-^IKI' d ''" d ' P<i(A - £ '- E<) . (5. .5) 

(2ti) 5 i 1 fl1 4E 3 E 4 ] 

where A = E x — E 2 is the energy release in the decay. Substituting \jf\ 2 
from (5.12), putting d 3 p 3 = p 3 E 3 d£ 3 d0 3 , d 3 p 4 = El d£ 4 df2 4 and inte- 
grating over the v c variables d£ 4 and dft 4 , gives 

dA = -L X + a,-/? cos 0)/> 3 E 3 (A - £ 3 ) 2 d£ 3 dft 3 . (5.16) 

071 « 

The energy spectrum of the e " is obtained by integrating over dQ 3 . Writing 
f = If this 8 ives 
dA 1 



d£ 3 2tt 3 



£/> 3 E 3 (A-£ 3 ) 2 . (5.17) 



A plot of the measured e~ energy spectrum in the form [N(E 3 )/p 3 £ 3 ] 1/2 
versus E 3 (Kurie plot) should thus be linear, with intercept £ 3 = A. The 
above derivation assumes m v = 0; small deviations from the form of (5.17) 
near the electron end point are expected if m v ^0 (see Chapter 9). The 
total decay rate is 



^ l 

2 • - 



Pc E 3 (b-E 3 ) 2 dE 3 = — Zf 0 . (5-18) 



2n 

The integral f 0 is called the Fermi integral and, in a realistic calculation, 
includes a further multiplication factor F(Z, £ 3 ) describing the distortion 
of the e~ (ore + ) wave function in the Coulomb field of the nucleus (see, 
e.g., Schopper, 1966). The mean lifetime t is the inverse of (5.18), and the 
commonly used ft value is defined as 

/f = 27i 3 ln2/(£/ 0 ). (5.19) 

A more general calculation, allowing for all possible couplings simul- 
taneously gives, for an unpolarised nucleus, 

dA p 3 E 3 (A-E^ 2 



d£ 3 dQ 3 8ti 4 



+a[! cos 6 + bmJE 3 ), (5.20) 



where 



£ = \Jt ? \ 2 {E ss + £ vv ) + |^ gt | 2 (Ftt + £aa)> 
^ = |^ F | 2 (-£ S s + £vv) + |^ gt | 2 (£tt - £aa)A 
£b = |^ F | 2 2Re(£ sv ) + |^ GT | 2 2Re(£ TA ). (5.21) 
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In these, and subsequent, formulae it is useful to define the following 
combinations of coupling constants 



The additional term compared to the previous calculation is the Fieri 
interference term b. For e + emission, b changes sign. If Coulomb effects 
in the nucleus are taken into account, then the righthand side of the 
expression for £b should be multiplied by 2y, with y = (I —gl 2 Z 2 ) 1/2 , Z 
being the atomic number of the daughter nucleus. Experimentally, the 
value of b is consistent with zero for both F and GT transitions. For 
example, typical experimental limits are b= -0.02 + 0.09 for Fermi 
transitions, and b = 0.0008 ± 0.0020 for Gamow-Teller transitions (see, 
e.g., Daniel, 1968; Paul, 1970). 

The coefficient a in (5.13) and (5.20) is also sensitive to the type of 
coupling. Experimentally, the values found are consistent with V and A 
couplings only. For example, Allen el al. (1959) measure a = 0.97 ±0.14 for 
35 Ar -* 35 Cle + v c (pure F), whereas, for the pure GT decay 6 He 6 Li e"v e , 
Johnson et al (1963) give a = -0.3343 ± 0.0030. Note that for pure F or 
GT transitions, the predicted values of a do not depend on Jt v or ^ GT , and 
hence on any uncertainties in the nuclear matrix elements. Experimentally 
the neutrino is not detected, and so its direction must be inferred from 
the electron and nuclear recoil measurements. Fig. 5.2 (see Schopper, 

Fig 5.2 Recoil momentum spectrum for the decay 6 He -> Li e~v e , 
together with the predictions for pure A and pure T couplings. 



E^CfiT + C'tC'j*, 



F^QCf + QC], 



(5.22) 
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1966) illustrates a measurement of the recoil momentum distribution, and 
clearly favours pure A coupling. 

5./. 2. 2 Polarisation measurements 

The information which can be extracted from a study of the 
electron spectrum from unpolarised nuclei is limited. The results show 
that the contributions of S and T are small relative to V and A. However, 
the relative magnitudes and signs of C v , Cy, C A and C A are not determined. 
Measurements of the longitudinal polarisation of the decay e" (or e + ), 
and of various quantities in the decays of polarised nuclei, give additional 
information on the coupling constants. 

The longitudinal polarisation of an electron in nuclear beta decay can 
be calculated in a similar way to that used for electromagnetic interactions 
in Section 4.6. The required quantities are the relative numbers of events 
where the decay electron is righthanded (N R ) and lefthanded (N L ). For 
example, for a pure scalar interaction from an unpolarised nucleus 



N(*) = X S tr 



+ ™j (1± 2 yVe) (c s + cV)jUci - ay ) 



= y tr[( >3 ± mj %)MEss ~ ?ssy 5 )l (5-23) 

where X s represents the remaining common terms in the cross-section. 
Thus 

N l = m c X s tr[y V e jM*ss - ^ss7 5 )] 

= -4w e ^ss*s(VP4)= -4w e F ss ^ s (s c °£ 4 -s c -p 4 ), (5.24) 

and 

N R + N L = X s trU 3 t 4 (E ss - F ss y 5 )-] 

= 4£ ss A r s (p 3 ■ p 4 ) = 4F ss A r s (F 3 F 4 - p 3 • p 4 ). (5.25) 

Integrating (5.24) and (5.25) over the neutrino momentum p 4 , we obtain 
the following expression for the electron longitudinal polarisation 

Nr — N, — m^EccS® rt Fee 
P = — L = c - s - c = -p --, (5.26) 

where we have used the fact that w e s° = /?£ 3 (see (4.104)). 

Allowing for all possible couplings we obtain the general expressions 
(taking b = 0) 



[|^f| 2 (^ss + £vv) + \^gt\ 2 (E 7t + F AA )] 
For positron emission there is an overall change of sign in (5.27). 
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Experimentally, the decay electron has a longitudinal polarisation 
consistent with P=—p. For example, Brosi et aL (1962) measure 
F = - (0.990 ± 0.009)/? for the GT decay of 32 P. This dependence has been 
checked over a wide range of /? values (Koks and Van Klinken, 1976). 
The e + results are consistent with P=+/?, but with larger errors. 
Assuming P = — /? in (5.27), then, for pure couplings, we can deduce the 
following 

S ^ss = ^ss ^ |^s — ^s| 2 = 0 ^ ~ 

T ~ ^*TT = ^ | ^ T = ~ 0 ~ = Cy, 

A Faa=-£aa='|C a + Q| 2 = 0=>Q=-C a . (5.28) 

These results place severe restrictions on the possible forms of the inter- 
action. From (5.7) it can be seen that they imply that the v e enters Jt 
with the form (1 + y 5 )v v for S and T, but (1 — y 5 )v v for V and A. This means 
that for S and T the v e (v e ) is right(left)handed, whereas for V and A the 
v e (v e ) is left(right)handed. Note that the electron always enters Jt in the 
form u c (l + y 5 ), irrespective of the type of coupling, i.e. the e~ (e + ) emitted 
in beta decay is left(right)handed. 

The remaining piece in this 'jigsaw puzzle' is to determine the helicity 
of the neutrino, which is not fixed by the above considerations. The v e 
helicity was measured by the ingenious experiment of Goldhaber et al. 
(1958), which used the following reaction 



152 Eu(J /, = 0-) + e" -» v e + 152 Sm*(J p = 1") 

2 Sm(J p = 0 + ) + y. (5.29) 



The first process is a GT transition. The experiment selected y-rays from 
the excited state which were in the opposite direction to the v e , and thus 
in the direction of the recoil nucleus. The y-rays were found to have 
negative helicity (using resonance scattering off a target of 152 Sm). Since 
the initial state has J = 0, the angular momentum of the 152 Sm* state (and 
hence the y-ray) is opposite to that of the v e . Thus the v e helicity is 
(predominantly) negative. 

The beta decays of polarised nuclei are also sensitive to the relative 
signs of the coupling constants. We will consider one example, namely 
the decay angular distribution of the e " (or e + ) with respect to the direction 
of polarisation. For the case of V and A couplings only, the matrix element 
is 

Jt = <l>« e y°(C v + C v y 5 K + <a i >M e <r , 'y°(C A + C A y> v , (5.30) 
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jf* = <1>*D V (CJ - W)y°u e + <(Tj>*v v (CX ~ CJfy V?V 

(5.31) 

In order to compute the angular distribution of the decay electron with 
respect to the nuclear polarisation vector P i5 the projection operators 
+ m e ) (for the electron, summing over electron spins) and E 4 y° (for the 
v e , integrating over p 4 ) are inserted into \Jf\ 2 giving 

\j*\ 2 = |< 1 >| 2 £ 4 tr[( jf 3 + m e )y°(£ vv + F vv y 5 )] 

+ <0<^>*£ 4 tr[(/<3 + m e )(TVy°(£ AA + F AA y 5 )] 

+ <1><^>*^4 tr[(j<3 + m>y>(£ VA + F V a7 5 )] 

4- <l>*<a < ->£ 4 tr[(jf 3 + m £ Ky°(£ AV + F AV y 5 )]. (5.32) 

Evaluation of |^| 2 is carried out using the standard trace properties; 
however, care must be taken in the evaluation of the nucleon spin states, 
which enter through the Pauli spin matrices. This is considered in detail 
by Kallen (1964), for both nuclear beta decay and free neutron decay. 
The matrix elements Ji ¥ and Jt Gr can be assumed real without loss of 
generality. In the case of a spin transition Jj J h for a nucleus with mean 
polarisation <P,->/P f , the decay angular distribution takes the form 



(Uocf 



\+A 



<P|>.P3 



(5.33) 



where 



« = |^r F | 2 £ vv + \^gt\ 2 Ea 
AZ=±A JiJ{ \Jf GT \ 2 F^-25^ 



JiJfV 



• 12 



ReF v 



with 



i/W+i) 
1 



if J f = Ji + 1 
if J f = ^ 
if J f = J i ~ 1. 



(5.34) 



The upper sign refers to e" emission and the lower to e + . 

The decay 60 Co -> 60 Ni e" v e is a GT transition with spin states J { = 5, 
J f = 4; hence (5.34) takes the simple form A = F AA /£ AA . In the important 
experiment of Wu et ai (1957), a value of A ~ — 1 was found. That is, 
the e~ is produced preferentially opposite to the direction of the nuclear spin. 
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For the case A = — 1, then C A = — C A . Thus parity is violated in these 
decays (since C A ^ 0) and, furthermore, the results of many subsequent 
experiments indicate that it appears to be violated maximally. A value of 
C' A ^0 also shows that charge conjugation invariance is violated in these 
decays. This follows from equation (3.172), where it can be seen that the 
C A term has opposite C-parity to the C A term. 

The decay asymmetry of electrons from free polarised neutrons is also 
described by (5.34). The spin state configurations imply Jt? = 1 and 
J/ GT = 3 112 ; hence 

^ = 2F AA -2ReF VA (5 35) 

£ vv -f 3£ AA 

If the direction of the decay neutrino can be deduced, then the decay rate 
has the form (Jackson et aL, 1957) 



d,toc£ 



E 2 E 4 



(5.36) 



where 



B£ = + A^ f |^/ GT | 2 F AA - 2^ f K||^ GT |^- / A_y /2 Re F VA , 

Z>£ = 2<5,^ F ||^ GT |(-^y /2 Im £ VA . (5.37) 

The term with coefficient D is a triple scalar product. If time reversal (7) 
invariance holds for weak decays, then D = 0. This follows since under T 
each of the three components of the product changes sign, so that a 
non-zero value of D can only be produced if T is violated. This argument 
is only strictly true for the primary interaction and any later secondary 
interaction effects can give D#0, and thus masquerade as T violation. 
This is important in beta decay, where the decay electron must initially 
pass through dense nuclear matter. 

The requirement of time reversal invariance (in the absence of final state 
interaction effects) implies that the form factors (e.g. D in (5.37)) are 
relatively real. The application of T changes the signs of momenta and 
spins, and changes the initial and final states. The matrix element is 
Hermitian, i.e. Ji^ = Jt (Section 2.2.3); hence the operations of Hermitian 
conjugation and T give 

<f)^|i> A<i|y/|f>* = .y/*, 

<f\J/\\} ^ <i|~#|f> = Jt r . (5.38) 
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These considerations lead to the requirement that |^/*| = \M T \ if T 
invariance holds. In Section 3.2.7 it was shown that, for spin i particles, the 
T operation corresponds to the transformation (3.174) \j/ -i iy 1 ); 3 ^*, and 
hence ij/ 1 ^* \\j/ l y 2 y l . Thus under T the bilinear covariants T transform 
as 

= ^WVy l yYiP f> (5.39) 

where the superscript t means transposed. This follows by using the matrix 
relation (ABf = B { A l and noting that (y 0 ) 1 = y° and (y'") 1 = - (/), '=1.2, 
3. Under Hermitian conjugation (h.c.) the following transformation is 
obtained 

- tfVy Vr = -Ai/rV^ . (5.40) 

Using these transformations, and the specific forms for the bilinear 
covariants r, then the requirement that Jf* = ^ r for the matrix element 
(5.6) gives Cf = C, (CJ* = C|), i.e. relatively real. Note that if T is conserved 
then, from the general field theory CPT theorem, CP is also conserved. 
This is discussed further in Chapter 9. 

For polarised neutron decay, some typical experimental results for the 
coefficients A, B and D are 

A = -0.1 15 ± 0.006 (Erozolimskii et a/., 1976), 

B = 1.00 ± 0.05 (Christensen et al, 1970), 

D = -0.001 1 ± 0.0017 (Steinberg et al, 1976). 

Assuming that C' y = — C v and C' A = — C A (these relations being compatible 
with the e" polarisation results (5.28)), then 

D£=-2i(C v C*-C*C A ). (5.41) 

Thus the value D = 0, which is compatible with the experimental results, 
implies C v and C A are relatively real. Assuming this, then the formulae 
for A(A£ = 2F AA — 2F VA ) and B(B^ = — 2F AA — 2F WA ) from (5.35) and 
(5.37) respectively can be cast in the form 

(B + /!)£=- 4F VA = 8C V C A , 

^K=-4F AA = 8Ci. (5.42) 

Thus 



CJC V = (B-A)/(B + A). 



(5.43) 
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The experimental values quoted above give CJC W = 1.26 ±0.02. A value 
for CJC V can be extracted from a measurement of A alone using (5.35). 
The recent measurement of A = - 0.1 146 ± 0.0019 by Bopp et al. (1986) 
gives a value CJC V = 1.262 ± 0.005. 

A fit to all the data on nuclear beta decay and neutron decay available 
at the time by Paul (1970) gives the results 

(i) C A /C V = 1.240 ±0.007, 

(ii) C A /C V = 1.262 ±0.008. 

The value (i) is obtained using the neutron and 14 0 /^-values, whereas 
the value (ii) is from 12 selected data points. The difference can be taken 
as an estimate of the error inherent in extracting weak interaction results 
from hadronic decays in the absence of a full treatment of higher order 
electroweak and QCD corrections. A global fit to the data is compatible 
with the absence of S and T terms, although a small admixture cannot 
be excluded. Assuming that there are only V and A contributions, then the 
above considerations simplify the general matrix element (5.6) to 

^=§Ti fc" - wwvfc'u -y 5 wa (5.44) 

where we have written C v = Gp/2 1 ' 2 . The beta decay coupling constant 
1.1 x 10~ 5 GeV 2 - 10" 5 Mn 2 (with the nucleon mass M N in GeV); 
this being measured from the total decay rates of, say, n -> pe"v e or the 
/r-value of 14 0. The factor of 2 1/2 is introduced to keep the original 
numerical value of G unchanged. The leptonic current thus has the form 
V — A (i.e. equal strengths for V and A, but opposite sign), whereas the 
hadronic current is of the form V- 1.26A. Note that pure V — A for 
neutron decay would give the parameter A = 0. The difference of the axial 
part of the hadronic current from V - A can be understood as being due 
to corrections at the hadron level to a current which is of the form V — A 
at the quark level. This is discussed further in Chapter 8. 

Thus the results of nucleon beta decay, which emerged over a period 
of a few years after 1956 and were later refined, show that the interaction 
involved is predominantly V — A in nature. Results from beta decay have 
played an important role in the development of the theory of weak 
interactions. The reason for this is partly historical, in that until the advent 
of sufficiently high energy accelerators beta decay was the easiest means 
of studying weak interactions. However, in addition, the large variety of 
measurements which can be performed, together with the selection of 
angular momentum states which can be made from knowledge of the 
nuclear transitions involved, have meant that precise values of the coupling 
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constants can be extracted despite the inherent uncertainties of calculations 
in the multibody nuclear environment. 

5.1.3 The V- A theory 

The framework of the phenomenological V — A theory was first 
published by Feynman and Gell-Mann (1958). The scope of the theory 
was later extended and the resulting Lagrangian successfully describes a 
wide class of weak interaction phenomena, provided that the four- 
momentum transfers involved are reasonably small (Q 2 ^ few GeV 2 ). The 
general V — A Lagrangian is written as the product of two V — A currents, 
namely 

^v-a = -^JVh + herm - con j-> ( 5 - 4 ^) 

where G F is the Fermi coupling constant (G F = 1.166 x 10" 5 GeV" 2 ). The 
currents J { and J 2 describe either leptonic or quark transitions. These 
currents are defined as 

j, = \J? = $ v fV-y 5 )^ / = e-, / i- > T-..., 

Uq = lF q yO - V 5 )^ qi , qi = d, s, b, . . ., q 2 = u, c, t . . . . 

(5.46) 

The leptonic current J, describes, for example, the transition e"->v e 
and the Hermitian conjugate J] describes the inverse process v e -+e". 
Transitions involving antiparticles (e.g. e + -> v e , v e -> e + ) are introduced, 
in a similar way to that used for QED, by using the appropriate field 
operators (or spinors) in the current. Purely leptonic processes are 
described by the product of two such currents; for example, the decay 
\T e~ v c v^ involves the product of the currents (fx~ -> vj and (v e -> e~). 
The resulting Lagrangian gives a good description of muon decay (Chapter 6) 
as well as other low Q 2 purely leptonic interactions. 

The V - A current (5.46) can be written as J»(V - A) = i£/(l - y 5 W - 
2^ l /Vl> where ^ L = £(l — y 5 )^ (see (3.152)). Thus this current involves 
only lefthanded fermions and, correspondingly, righthanded antifermions. 
Conversely, a V 4- A model with J"(V + A) = ^/(l 4- y 5 )ij/ = 2$ R f$m 
with ip R = j(l +y 5 )ip, involves only righthanded fermions and lefthanded 
antifermions. Note that the other combinations, namely foj^R anC * 
^rV'Vl are both zero because (1 -f y 5 )(l — y 5 ) = 0. 

Built into the V — A Lagrangian (5.45) is the assumption of conservation 
of lepton number. As discussed in Section 1.2, an additive quantum 
number is defined such that L, = 4- 1 for the lefthanded leptons /", v, afl^ 
L, = — 1 for the righthanded / + , v z (separately for / = e, ^, t), and the sum 
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of L, is conserved in any interaction. Some experimental limits on decay 
branching ratios involving a violation of this rule are, at the 90% c.L, 

H~ ->e"y < 1.7 x 10" 10 , t"->e"y<6.4x 10~ 4 , 

->e"e + e" < 2.4 x 10" 12 , /O < 5.5 x 10" 4 , 

-(3/)- <5 x 10" 4 . 

An alternative lepton number scheme (Feinberg and Weinberg, 1961) 
assigns an additive lepton number L = — 1 to all leptons and + 1 to all 
antileptons, together with a multiplicative muon parity P^ which is defined 
to be = - 1 for /* + , v^, and 4-1 for e~, e + , v e , v e . This scheme 
(proposed before the discovery of the r-lepton) forbids fi -> ey etc., but 
would allow other reactions for which there are now reasonably good 
experimental limits, e.g. at the 90% c.l. 

o(v^~ -^/TvJMv^e" ->/Tv e )<0.05 (Bergsma^a/., 1983), 

-*e + v c v (1 )/r(ii+ ->e + v e vj<0.07 (Willis et aU 1980). 

Thus the additive scheme is clearly preferred. It should be stressed that 
lepton number conservation is empirical, and not based on any deeper 
principle. Indeed, in models attempting to unify leptons and quarks, there 
can be transformations between the various leptons and quarks. Lepton 
number conservation is discussed further in the context of neutrino 
oscillations and double beta decay in Chapter 9, 

The quark current describes transitions between the quarks of charge 
— i(qi) and those of charge +f(q 2 ). The inverse transitions and the 
currents for antiquarks are included in the same way as for leptons. The 
quarks involved in the weak interaction processes are, of course, contained 
in hadrons. Hence the experimentally measurable quantities correspond 
to an hadronic current rather than a quark current. Cabibbo (1963) 
proposed the following form for the hadronic current 

J£ = cos 0cJg(AS = 0) + sin 0cJfi(|AS| = 1 ), (5.47) 

where AS is the difference in strangeness of the initial and final state 
hadrons, and 9 C is the Cabibbo angle. This description was proposed 
before the discovery of charm and successfully described the observations 
that \AS\ > 1 transitions are not observed, and that strangeness-changing 
decays (e.g. K -> /jv) are suppressed relative to those with no change in 
strangeness (e.g. n -+ //v). The value of the Cabibbo angle needed to 
reproduce the data is Q c ~ 13°. At the quark level this means that u -* s 
transitions are suppressed relative to u d. 
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The coupling constant G p extracted from nuclear beta and neutron decay 
is found to be smaller than that determined from the purely leptonic muon 
decay (G F in (5.45)). The experimental results are consistent with the 
relation G^ = G F cos 0 C , which is expected from Cabibbo's hypothesis for 
the non-strangeness changing d -> u transition responsible for beta decay. 
However, the extraction of 8 C from nuclear beta decay is sensitive to 
higher order electroweak corrections, and from the uncertainties inherent 
in a nuclear environment. From the raw (uncorrected) rates a value of 
sin # c = 0.18 is extracted, compared to a value of sin 6 C = 0.22 obtained 
from K + ->7i°e + v e decays. Agreement is obtained after electroweak 
corrections have been applied, giving sin 8 C = 0.224 ± 0.005, or cos 8 C = 
0.9747 + 0.001 1 (Sirlinand Zucchini, 1986). Other semi-leptonic interactions 
(i.e. those involving one lepton current and one quark current), such as 
B -> B7v/, where B and B' are baryons, are also well described by (5.47). 
Purely hadronic weak decays (e.g. A -* pn~) involve the product of two 
quark currents, and thus the underlying structure is obscured. Nonetheless, 
the experimental results are compatible with the selection rules implied 
by (5.47). Thus the Lagrangian (5.45) is universal in the sense that all 
these interactions can be described by the one coupling constant G F . 

The structure of the current in (5.46) requires that all fermions are 
lefthanded and all antifermions are righthanded. We can project out the 
left- and righthanded parts of a field \jt by the projection operators (3.153), 
giving \jj L = A L \p and = A R ^ respectively. If we replace \p in a bilinear 
covariant term ^^i^i by ip L then (since (1 + y 5 )(l — y 5 ) = 0) the resultant 
term is zero for i = S, T, P and equal to i^/O ~~ y 5 )^i f° r i = V, A. In 
the case of massless neutrinos, this form corresponds to neutrinos (or 
antineutrinos) of definite helicity (h v — —1). Only two of the four com- 
ponents of the Dirac field are needed for m v = 0 (two-component neutrino 
theory). The question of the neutrino mass is discussed further in Chapter 9. 

The form of the V-A Lagrangian ((5.45) and (5.46)) requires that P 
and C are both violated maximally, but that the combined operation CP 
(and hence T via CTP) is a symmetry of the Lagrangian. The operation 
of C (3.172) on if v _ A changes the (1-y 5 ) terms to (1+y 5 ), i- e - 
corresponding to righthanded fermions. Subsequent application of P 
(3.145) restores the original form of (1 — y s ). 

As an example of a typical calculation in the V — A theory we will now 
calculate the cross-section for the purely leptonic process v c (p 1 ) + e~(p 2 ) ~* 
e ~(P3) + M/uX see Fig- 53(a). The interaction is assumed to be a local 
point-like interaction of the current J\(v c ->e") with that of J c (e~ v c ). 
Using the expressions for the currents from (5.46), the S-matrix element 
can be found in a way similar to that used for electromagnetic interactions 
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in Section 4.2. The S-matrix element contains a Dirac ^-function, 
representing four-momentum conservation, and a Lorentz invariant 
matrix element Jt {y , written in terms of spinors and y-matrices. The weak 
matrix element can be written 

Ai = ^[«3y"(i -y 5 )t/J[« 4 y,(i -y 5 M (5.48) 

Proceeding as for the electromagnetic case, we have 

M * = ^2 t"iv v ( ! " y'KJC^vd - y 5 M (5.49) 

and thus 

|-^n| 2 = ^ - y 5 ) Wl w iy v (l - y 5 )« 3 ] 

= y™, v - (5.50) 

Taking m Ve = 0, and summing over the spin states of the outgoing 
electron, then the projection operators required are u 3 w 3 = (tf 2 + m c ), 
UjUj = ^, etc. Hence, using the properties of the y-matrices from Appendix 
B and that (1 - y 5 ) 2 = 2(1 - y 5 ), we have 

L^ = 2tr[^ 1 y v (l-y 5 )], 

M /iV = 2tr[^ 4 y> 2 y v (l-y 5 )]. (5.51) 

Writing 

h=P3*y"> h=Pi P y p > h = Plye and t 2 = piy 4f , 




220 



From Fermi theory to the standard model 



then the product L /iV M /iV is of the form of expression (B.6) of Appendix B, 
with C Y = C 2 = C 3 = C 4 = 1. Thus, averaging over initial e" spin states 
(factor \\ (5.50) becomes 

\jf (i \ 2 = 64Gj{p r p 2 ){p r p 4 ) 

= \6GUs-m 2 t ) 2 . (5.52) 

Note that for m v = 0 the neutrino has a unique helicity state, hence no 
summation or averaging of the neutrino spin states is required. 

The differential cross-section in the cms is obtained using (4.29), giving 

— (cms) = (5.53) 

dft 3 47rs 

It is useful to express this result in terms of the invariant quantity 
y = (Pi— P^'PiliPi- Pi) — (1 — cos 0)/2, where 0 is the angle between the 
outgoing e" and incident v e and the limit m\ -+ 0 has been used. Writing 
d£2 3 = 2n d(cos 0), (5.53) becomes 

da Gis 

(Ve c-) = _!_. (5.54) 
d_y 71 

The interaction of antineutrinos with electrons, v e (pj) + e~(p 2 ) -* 
e~(p 4 ) + v e (p 3 ), Fig. 5.3(6), is obtained from v e + e" -»e~ + v e by the 
transformation v e (in)-> v e (out) and v e (out)-> v e (in). Using the Feynman 
rules for spinors (Appendix C), the corresponding matrix element is 

= [5 - r 5 )«2][«4y,(i - y> 3 ]. (5.55) 

Proceeding as for the v e e" interaction, we obtain 

Ki| 2 = 64G£( Pl -p 4 )(p 2 -p3) 

= 16G£(u-m e 2 ) 2 . (5.56) 

Now u = (p t — p 4 ) 2 ~ — s(l + cos 0)/2, hence «=— — y) for m c = 0. 
Hence the differential cross-section becomes 

d « (i ,e-, = 2^,^„- f)! (5 . 57) 

dy 7C5 7T 

The total cross-sections for v c e~ and v c e~ interactions are obtained by 
integrating (5.54) and (5.57) over y (between 0 and 1) giving 

*iot(VeO = — , cj l Jv e t-) = G ^ S . (5.58) 

n 3rc 



Beta decay and the V — A interaction 



221 



That is, in the high energy limit, the v e cross-section is one third that of 
v e . The heJicity configurations of the ingoing and outgoing particles for 
v e e" and v e e" are shown in Figs. 5.4(a) and (b) respectively, for the 
configuration y = 1 (i.e. 0 = n). It can be seen that for v c e~ the configuration 
y = 1 is forbidden by angular momentum conservation. Thus the factor 
^ in the total cross-section arises because the helicities of v e and e" are 
opposite. 

The cross-sections (5.54) and (5.57) can be expressed in terms of the 
Jab energy of the neutrino E v . In the lab system p { = (£ v , 0, 0, E v ) and 
p 2 = (m ti 0, 0, 0); hence 5 ^ 2m t E v for large £ v . For example, a 5 MeV v e 
(e.g. from a reactor) has a cross-section of 3 x 10~ 44 cm 2 ; an experimental 
challenge! 

5.1.4 Problems with the V — A theory 

One of the initial problems facing Feynman and Gell-Mann when 
they formulated the V — A theory was that it appeared to be incompatible 
with some experimental results. In particular, some recoil measurements 
on 6 He indicated that T coupling was much more likely than A and, 
further, the branching ratio n -> ev/jc /iv, for which there was an experi- 
mental upper limit of 10 ~ 5 , was incompatible with the V — A prediction of 
1.4 x 10" 4 (Section 8.1.1). Subsequent experiments clarified the confusion 
in the favour of the V — A theory. Another apparent problem was that 
the weak coupling constants found from muon and beta decays differed; 
this was resolved by the work of Cabibbo (1963). 

A somewhat deeper problem arose from the actual current x current 
form of the Lagrangian. In the Fermi theory, which is based on analogy 
with QED, the photon is replaced by a ve pair, which interacts with the 
other two fields (e.g. n and p) at the same space-time point. In QED, the 
coupling constant a is dimensionless, and the photon acts as a propagator 
giving a l/q 2 term in the matrix element. In the Fermi theory, the ve pair 
acts as the quantum of the weak force. However, the interaction is assumed 

Fig. 5.4 Helicity configurations for the ingoing (in) and outgoing 
(out) particles in (a) v e e~ -> v e e~ and (b) v t e"-»v e e" at y = 1 . 

In Out 

(a) *~ -* "* *" 

v t e u c e" 

— o =o o= o= 

(b) "» m m 
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to be local, and thus there is no propagator to give a \/q 2 term in the 
matrix element. The resulting effective weak coupling constant G F has 
therefore a dimension of (mass) -2 . Although the value of G F ^ 10"~ 5 /Wp 
is numerically small, suggesting that first order perturbation theory is 
appropriate, the scale m 2 is arbitrary. 

A specific problem arises in the computation of v e e" scattering (or 
similar processes) at ultrahigh energies. In terms of partial waves (see 
Section 2.2.6), only the J = 0 term contributes for the point-like interaction, 
so that the differential cross-section may be written 

^ = |/(0)| 2 = 1 K| 2 . (5.59) 
d£2 5 

Now unitarity requires that \ Jtj\ 2 ^ 1 for all J, limiting the growth of the 
cross-section with increasing s. On the other hand, the V-A theory 
cross-section (5.53) grows linearly with 5 without bound. Hence the theory 
eventually breaks down when s~2n/G fy i.e. when the cross-sections 
become equal, which occurs at a cms energy of approximately 750 GeV. 
The corresponding total cross-section is a~2G F ~ 10" 32 cm 2 . 

A possible remedy to this problem might be the neglect of higher order 
processes such as that shown in Fig. 5.5. The matrix element for this 
process is 



91 

2 



1 



"-^(i-y 5 ) , ; i - yv(i -f)^^f 0 

f(\-y s )u 2 . (5.60) 
Pi - p 

The evaluation of such a diagram entails the integration over the 
four-momentum p, carried by the two fermions in the closed loop, each 
section of which gives a propagator term of power I /p. Hence the form 
of the loop integral is 

dVp 2 , (5-61) 
which is clearly divergent for large p. Imposing an upper cut-off parameter 
Fig. 5.5 Second order diagram in V — A theory for v e e" scattering. 

P\ + P 



Pi ~ P 

Pi /V 
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A on the value of p gives Jt oc Gj?A 2 (this form is required on dimensional 
grounds). To order G\ the matrix element will diverge as Ji oc (A 2 )"" 1 . 
In QED divergences also arise in higher orders; however, as discussed in 
Section 4.9, they behave as ln(A/m). That is, they diverge logarithmically 
rather than quadratically. 

QED has the important property that it can be renormalised. The 
divergences which appear in calculating the bare mass and charge of a 
particle are effectively removed by replacing these infinite (and experi- 
mentally unmeasurable) quantities by their 'real' mass and charge. Once 
this renormalisation has been made, no further divergences appear in 
higher order calculations. In contrast, the V - A theory cannot be 
renormalised; a fresh set of divergences appear in each order. 

In order to circumvent the problem that there is no scale in the point-like 
interaction theory, an intermediate weakly interacting boson might 
provide a possible remedy. This boson (W) must be massive in order to 
explain the observed short-range nature of the interaction. Further, it 
must be vector in nature and exist in two charge states (W*) in order to 
reproduce the observed properties of the V — A Lagrangian (5.45). Using 
the expression (3.204) for the massive vector particle propagator, the 
matrix element for v e + e" -> v e + e" (Fig. 5.6(a)) can be written 



(1 



(i-y 5 ) 



(5.62) 



where q = p { — p 3 . The specific form used for the v e We vertex is taken, 
for later convenience, as that of the standard model (Appendix C). The 
relationship between the coupling constants is 



2 l/2 



g 



(5.63) 



Fig. 5.6 v £ -e scattering by (a) single W exchange and (b) double 
W exchange. 




(a) 
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which can be seen by equating (5.62) (in the limit \q 2 \ « M%) to (5.48). 
Note that g (the coupling at a vertex) is dimensionless; and numerically, 
at low values of Q 2 and for M w = 82 GeV, g = 0.64, to be compared with 
e = 0.30 in QED. In the same way as for the electromagnetic case, the 
diagram (Fig. 5.6(a)) represents the sum of the two possible time orderings 
for the emission and absorption of the W respectively (i.e. emission from 
the upper or lower vertex first), and so includes both W + and W~ 
exchange. 

The term in q fi q v /M 2 ^ can be simplified by use of the Dirac equation. 
Writing q v = pi - p\, then 

<f " 4 Vv(l - 7 5 )"2 = w 4 J^O - y 5 K - uj 2 { \ - y 5 )u 2 

= - fi 4 (l +y 5 )^ 2 u 2 = -m e M 4 (l + y*)u 2 . (5.64) 

A similar exercise can be carried out with = p\ - p% on the lefthand 
side of expression (5.62). It can be seen that the q^q v /M^ term in the 
propagator contributes as (m e /A/ w ) 2 , and is thus negligible. With this 
simplification, (5.62) becomes 



n = [" 3 /(i - y>i][iWi - y 5 )u 2 V(q 2 ~ Mli\ 



(5.65) 



which has the same form as the V — A expression (5.48), except for the 
propagator term. The resulting differential cross- 



additional {q 2 — Mj,) 1 



section is thus 



dy 6 32n (q 2 



,) 2 



(5.66) 



Hence for large q 2 (»M 2 w ) the cross-section falls as 1/g 4 , in the same way 
as for the electromagnetic interaction. As already remarked, at low 
q 2 («M 2 w ) the V — A form is obtained. Introduction of a massive W boson, 
for this process, avoids the unitarity problem of the V — A theory in the 
lowest order diagram (i.e. in the Born or tree diagram). This diagram 
does not contain any loops. 

Higher order diagrams, however, lead to unitarity problems. The 
diagram shown in Fig. 5.6(b) corresponds to the exchange of two W 
bosons and has an amplitude 



64 



d 4 p 

(27T) 4 



"4/0 -y 5 ) 



1 



+ p — m 



Qua- MJMw 



y(l-y 5 )M 3 y«(l 



Qvp-PvPfi/M- 



L P 2 ~Mi 



(5.67) 
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where p' = p x — p 4 + p. In this case the terms p'^p'JM^ and p v p p /M^, 
which correspond to the longitudinal polarisation states of the W 
propagator (Section 3.3.2), are not negligible. For large values of the loop 
momentum p, the loop integral part behaves as 



,4 1 1 PuP* PvPfi 
d p 

P P P P 



d> 

„2 



A 2 , 



(5.68) 



i.e. the matrix element is quadratically divergent. 

The problem with the longitudinal states of the W arises in the Born 
term for the reaction v, + v, W + + W" (Fig. 5.1(a)). This reaction, which 
involves a lepton propagator, has a matrix element (ignoring the lepton 
mass m,) 



'■e?(pje:(p 3 )»2y" (1 



v d-y 5 ) 

• V : 



2 " " " 2 (p,-p 3 ) 2 ' 2 

(5.69) 

Computing Jif^ then summing over polarisation states of the Ws, we 
obtain, using (4.97) 



64(p 1 -p 3 r 



PmP*0 
Mi 



-0v« + 



P3.P3. 1 
M 2 W J 



x tr[>,/(l -y s )f>, -y 5 )tif 
x(i-y s Wi-^d-v 5 )]. 



(5.70) 



In the high energy limit (Mi -» 0), the longitudinal terms will dominate, 
and these give 

n* 



8M^( Pl -p 3 ) 4 



(5.71) 



Fig 5.7 Possible lowest order diagrams for v, + v, -» W* + W _ , by 
the exchange of (a) a charged lepton l ± , (b) a possible heavy lepton 
E,* and (c) via the production of Z° with a trilinear coupling to W + W 




(°) (b) ( C ) 
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This can be simplified by noting that (jf, - ^ 3 )^ 3 = jj> x ^ 3 - = p l tf 2 
since jJ 3 ^ 3 = M^, and this is taken as small. Further (p { — p 3 ) 4 = 4(p t ■ p 3 ) 2 , 
so (5.71) becomes 



4 

32M 4 v (/V/> 3 ) 2 



Now ^^ 3 = —^3^i + 2p\-P3 and, using this property twice, gives 



/j 4 

12 



^ 2 =^tr[^ 4 ^ 4 (i- y 5 )] 

8Mv 



1 w 

^4 



= ^(Pi-p,)(Pi-P 4 y (5.73) 

If 0 is the cms scattering angle of the W + with respect to the incident v e , 
then p 2 p 4 = (1 - cos 6)s/4 and p { - p 4 = (1 + cos 0)s/4; hence, the differential 
cross-section (4.29) is 

da + x a 4 ssin 2 0 Gis sin 2 # ,„„x 

— ( V v W + W" =- — - = — — . 5.74 

dQ V 1 1 10247i 2 M 4 v 32ti 2 

Now the production of longitudinally polarised Ws is a J = 1 process, 
with a corresponding partial wave amplitude Jl \ = G F s/247r (Section 2.2.6). 
Hence, the unitary bound \M Y |< 1 is violated for s ^ 24rc/G F - (2 500 GeV) 2 . 
Thus again we have a badly divergent high energy behaviour and, in fact, 
the theory with just W ± bosons is not renormalisable. In QED, the process 
analogous to vv-> W + W~ is e + e" -► 2y, and this is not divergent. The 
essential difference is that in the evaluation of \Jt (i \ 2 above, the polarisation 
sum (4.97) is used rather than the corresponding sum for the massless 
boson, (4.84). Note that (4.84) is not just the limit of (4.97) as M -► 0. 
For real (massless) photons the longitudinal polarisation states are absent 
and, further, this is a consequence of the gauge invariance of QED. 

One possible solution to the divergence problem is to include some 
additional process which has an amplitude which exactly cancels the 
divergence. Two of the possibilities which were initially considered are 
shown in Fig. 5.7(6) and (c). In Fig. 5.7(6) the exchange of a possible heavy 
lepton E t is considered. This is exchanged in the w-channel, rather than 
in the j-channel as for the process of Fig. 5.7(a). Considering only the 
case of longitudinally polarised Ws, the polarisation vectors of which can 
be written (for p along the z-axis) as e(p) = (|p|, 0, 0, E)/Af w ; thus giving 
£■£= — 1 and e ■ p = 0. This can be approximated to the form e^( p) = pJM^ 
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for high energies. Hence (5.69) (Fig. 5.7(a)) can be easily simplified to 



t2 



v 2 h(^i — ^3)^3(1 -y 5 )"i 



-.2 



^y^^(l-y 5 ) Wl . (5.75) 



4Af 



w 



To derive the latter expression, the properties ^3^3 = ^3 = 0 and 
^ 1 ^ 3 = — ^ 3 ^ 1 + 2p l • p 3 , together with tf Y u Y = 0, have been used. 

For the diagram in Fig. 5.1(b) the matrix element, in the high energy 
limit and noting that the lepton propagator has momentum p Y — p 4 and 
that a vertex coupling constant g' rather than g is used, is 



xg 1 



T*2*3(l =777r^Wl -y 5 )u x . (5.76) 



Thus cancellation of the unitarity violating amplitudes is achieved by 
choosing g' 1 = g 2 . For this scheme to work, a heavy lepton Ef is needed 
for each neutrino generation v,. More details and possible difficulties with 
this scheme are discussed by Gastmans (1975). 

An alternative way of cancelling the divergences, which seems to have 
been chosen by nature, is to have a neutral vector boson Z° coupling to 
V/V/ and W + W" with appropriate constants. The diagram for this process 
is shown in Fig. 5.7(c), and the couplings are discussed later in Section 
5.3. The first experimental evidence in favour of this scheme came with 
the discovery by the Gargamelle neutrino collaboration of the following 
reactions (Hasert et al, 1973a, b) 

(i) v, + e'^ +e", 

(ii) Vv, + N -> vjvp + hadrons. (5.77) 

These reactions involve neutral currents and cannot be accommodated in 
the V — A Lagrangian (5.45), which requires the currents to have charges 
± 1. Subsequent analysis of these and other reactions has shown (as will 
be discussed later) that there are both left(V — A) and right(V + A) handed 
components in neutral current reactions. The spectacular discovery of the 
W ± and Z° bosons at the CERN pp Collider in 1983 by the UA1 (Arnison 
et al., 1983) and UA2 (Banner et al, 1983) collaborations finally demon- 
strated that the weak interactions were indeed mediated by these massive 
particles. 
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5.2 CHARM AND THE GLASHOW, ILIOPOULOS 
AND MAIANI (GIM) MECHANISM 

The weak transitions in charged current interactions involve a 
pair of leptons (e.g. \T -> vj or quarks (e.g. s -> u). Such pairs can be 
regarded as weak doublets, with the weak interaction inducing transitions 
between the two components. An analogy from strong interactions is the 
isospin (p, n) doublet, the nucleon. For leptons these 'weak isospin' 
doublets are (v„ /~) with / = e, jjl and t. For quarks, the identification of 
the doublet is less straightforward because, as we have seen, both u<->d 
and u«-*s transitions exist. However, using Cabibbo's hypothesis (5.47), 
the doublet can be written as 

\& c ) \d cos 9 C + s sin 9 C 

That is, it is a 'Cabibbo-rotated' d-quark which forms the lower part of 
the weak doublet. 

The transitions between doublet members correspond to SU(2) raising 
(t + ) and lowering (t~) operators (2.212), giving the charge raising and 
lowering currents 

where overall numerical factors have been omitted. If there exists an 
appropriate symmetry, based on some underlying gauge theory, then a 
current involving t 3 is also expected, since these operators are related via 
the commutation relation [t + , t~] = 2t 3 . Hence, with such a gauge theory 
symmetry, one would expect the existence of a neutral current of the form 

J°~20(qT 3 q) = 0(uu-a c d c ) 

= g[uu — dd cos 2 6 C — ss sin 2 9 C — (ds + sd) cos 6 C sin 0 C ]. (5.80) 

The terms ds and sd correspond to strangeness-changing neutral 
currents, which do not appear to exist in nature. For example, the decay 
branching ratio K + ->^ + v^ is 63.5%, whereas that for K®->n + /i~ is 
(9.1 ± 1.9) x 10 ~ 9 . That is, the process ds -> Z° \i* is heavily sup- 
pressed relative to us -> W + /z + v^. A mechanism to suppress these 
unwanted strangeness-changing neutral currents was suggested in 1970 
by Glashow, Iliopoulos and Maiani (GIM). They proposed the existence 



(5.78) 
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1 O/ld 



= ^(qT + q), 



= 5(qT q)> 



(5.79) 
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of a second orthogonal doublet, containing a new quark c (charm) with 
charge §, as follows 

<-(')-( 

\s c / \ — d sin 6 C + s cos 9 C 

Adding this term gives the total neutral current 

J° ~ 2^[qi 3 q + a/T 3 q'] - g[uu + cc - d c d c - s c sj 

= g[uu -H cc — 3d - ss], (5.82) 

That is, the unwanted terms cancel, leaving a flavour diagonal result. 

The GIM mechanism also gave an estimate of the mass of the charmed 
quark in advance of its discovery. The estimate was based on the value 
of the Kl -> ^ ' \x~ branching ratio. In terms of the then known quarks, 
this decay could proceed through the graph shown in Fig. 5.8(a). The 
calculated rate is larger than that observed experimentally. However, with 
the addition of Fig. 5.8(b), the total amplitude is 

Ji = Jt {a) + Jt (b) ~ f(mjg 4 cos # c sin 9 C — f(m c )g A cos 0 C sin 9 C (5.83) 

Thus, the c-quark introduces a cancellation. This gives a branching ratio 
compatible with the experimental value; but only if the c-quark is not too 
massive in which case the first term again dominates. These arguments 
led to the prediction (Gaillard and Lee, 1974) that m c was in the range 
1 to 3 GeV; as indeed proved to be the case. 

The GIM hypothesis (5.81) represents a generalisation of Cabibbo's 
hypothesis from three to four quarks. The addition of a fourth quark (c) 
restored symmetry in the (then known) numbers of quarks and leptons. 
These ideas were extended by Kobayashi and Maskawa (1973), who 
introduced a framework to describe six quarks. The additional quarks 
are the charge f t-quark and the charge — j b-quark. The 3x3 matrix 



(5.81) 
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needed has three Cabibbo-like angles and one (CP-violating) phase. This 
is discussed further in Section 5.5.3. 

Before describing the standard electroweak model, which unifies the 
electromagnetic and weak interactions, we list the main facts which must 
be explained by such a theory. 

■ (i) The leptons and quarks all have spin \ and, as far as the charged 
current (W f exchange) interaction is concerned, come in weak 
isospin doublets. 

(ii) These CC (charged current) interactions appear to be purely 
lefthanded (V — A) and to violate P and C maximally, while 
(almost) conserving CP. 

(iii) There seem to be three such generations for both leptons and 
quarks. 

(iv) The neutrinos are very light (possibly massless), whereas the 
charged lepton and quark masses increase substantially from each 
generation to the next. 

(v) In addition to the charged currents, there exist two types of neutral 
current, one coupling to all leptons and quarks (Z° exchange) 
and the other to charged particles only (y exchange). Values of the 
neutral current couplings have been determined in a wide variety 
of interactions. 

(vi) The electromagnetic and weak forces are mediated by the massless 
y and the massive W± (82 GeV) and Z° (93 GeV). 

(vii) A further requirement is that the theory describing all these 
phenomena must be renormalisable. 

When the so-called standard electroweak (or GSW) model (Glashow, 
1961; Weinberg, 1967; Salam, 1968) was proposed, however, only the 
V — A properties of the then known leptons (e", v e , \i~ , v M ) and quarks 
(u, d, s) were established, together with the successful gauge theory of 
QED. A comprehensive collection of the original papers on the standard 
model can be found in the book of Lai (1981). 



5.3 INCORPORATING NEUTRAL CURRENTS 

In this section the model for leptons will be considered. An extra 
neutral boson Z° is introduced, in addition to the previously discussed 
photon and charged vector bosons W ± . In the following, the equations 
are written only for the e~ and v e , but extra identical pieces for }i and t 
generations are understood. The inclusion of quarks into the model is 
deferred until later (Section 5.5.3). The model is introduced in several 
stages. First of all, we consider the extension to the theory of the electro- 
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magnetic and charged currents needed to include neutral currents, and try 
to write this in a 'unified' form. The local gauge invariance which 
'generates' these interactions is next discussed (Section 5.4), and finally 
we consider a mechanism for generating the masses of particles (Section 
5.5). 

The weak interaction Lagrangian for charged currents (CC), interacting 
by charged intermediate vector bosons (IVB), is as follows 



[vy,(l -y 5 )eW> +ey M (l -y s )vW^ (5.84) 



This Lagrangian has a form similar to that for the strong interaction of 
a nucleon N = (p, n) with a pion n = (n u n 2 , 7c 3 ), with ti 1 = (n { + 7t 2 )/2 l/2 , 
namely 

^*n~ - Lpy S nn + +hy s pn-] 

= -Nry 5 N-n. (5.85) 

In the last line of (5.85) the Lagrangian is written in an SU(2) invariant 
way, using the Pauli spin matrices (2.213) (referred to here as t u t 2 , t 3 ). 
There is one overall coupling constant, and the various Clebsch-Gordan 
coefficients give the relative strengths of specific transitions. 

Since the weak CC interaction is lefthanded, one can define a lefthanded 
doublet 

L = ^ e ) = — 2 — \ e )' y L = (v L e L ) = {v e) — - — . (5.86) 
The charged lepton current is defined in terms of L as follows 



v/(l- y 5 )e = 2 v L y^ L = 2(v L ^)y^ 



= 2L/t + L, (5.87) 



where t ± = (r l ± ir 2 )/2. Following the analogy with the 7rN strong 
interaction example, we define 

W\ =(Wi+iW$)/2 u2 9 (5.88) 

in terms of which (5.84), with the use of (2.213) and (5.86), becomes 

^cc = ^-LLy»T { L> W\ + Ly^ 2 L- Wft 

= ^£[1,^ +t 2 ^ 2 ]L. (5.89) 
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Thus the idea of weak lefthanded isospin (t) leads to three currents 

[j 1 X = Ly"\L (i=l,2,3). (5.90) 

The third component is 

{j\Y = LfjL = [* Jv L /v L + tre L y"eJ = i[v L /v L - ^J, (5.91 ) 

and is clearly a neutral current since it couples particles of the same charge. 
Such a current is inevitable if there is an SU(2) L symmetry. The quantum 
number r 3 has the values { and — \ for the lefthanded neutrino and electron 
respectively. 

Next we try and incorporate the electromagnetic neutral currents. We 
postpone, until Section 5.5, discussion of one obvious problem in trying 
to unify the weak and electromagnetic interactions, namely that, whereas 
the photon is massless, the weak vector bosons are massive. The electro- 
magnetic interaction, unlike that for charged currents, has both left- and 
righthanded parts. Assuming that there are only lefthanded neutrinos, 
then only the electron has a righthanded component, so we have the singlet 
(r 3 =0) 

d + y 5 ) « . - (i-y 5 ) Kcm 

R = e R = — - — e\ R = e R = e — - — . (5.92) 

The electromagnetic current for the electron (3.92) can be split into left- and 
righthanded parts, as follows 



fje= -ey»e = - 



ey e + ey* e 



= (&r + Ufr, (5.93) 

where, using (5.91), 

UT=-(v L /v L + ^\)-2^% 

= -(E/L)-2{/ty7t). (5.94) 

Hence, in addition to the three SU(2) currents (yj)", there is a further 
current (j y Y> which is called the weak hypercharge (y) current. The analogy 
with strong isospin and hypercharge can be seen from the form of (5.93). 
The value of the weak hypercharge is chosen to obtain the correct electric 
charge for each weak SU(2) multiplet. Hence, from (5.94), or using 
Q/e = z 3 + y/2, we have y= — 1 for the doublet L, and y— — 2 for the 
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singlet R. The simplest assumption for electroweak unification is that the 
current (ff has a U(l) gauge symmetry (i.e. as for QED), with 
a corresponding gauge boson B*, coupled with some constant g' . Collecting 
the SU(2) L and V(\) y terms together (SU(2) L ® U(l) y ), suggests an 
interaction Lagrangian of the form 



g[Ly^L)W? + g -(j y lB» 



~ ^CC + °%C' 



(5-95) 



where ££ cc is given by (5.89) and 



& NC " 



(5.96) 



If we demand that the fields W\ and B" are orthogonal linear 
combinations of the fields corresponding to the physical photon (A 11 ) and 
Z°(Z ti ) 1 then we can write 



W% = cos 0 W Z" + sin e^A\ 
= -sin0 w Z* + cos0 w /l'\ 



(5.97) 



where 0 W is known as the Weinberg or weak mixing angle. Substituting 
(5.97) into (5.96) gives 



gsin dwiAY + g' cos 0 W 
#cos sin #w 



(FT' 
2 

(FT 



z„. 



(5.98) 



The coupling of A ti to the electromagnetic current (5.93) then leads to the 
identification 



g sin 0 W = g' cos 0 W = e y 
and the total neutral current Lagrangian (5.98) becomes 



(5.99) 



cos 0 W 



UW- sin 2 0y 



(5.100) 
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with 



& = ^ffl-^ 1 ^ ~ Q < si ° 2 - y 5 ) ~ Qi sin 2 0 W (1 + f)V 

I COS (7 W 

7/[CL(l-/) + C R (l+y 5 )]/, 



2 cos Or 

where the left and righthanded couplings of the fermion /(v, e) are given by 
C ( L — t^ - <2 r sin 2 0 W and C f R = — Q { sin 2 0 W = — (? f sin 2 # w respectively. 
It is often convenient to specify j z in terms of its vector and axial vector com- 
ponents. For the neutrino these are g\, = C£ + Q = £ and #a = Q — C R = ^ 
respectively, whereas for the electron (if unpolarised) g% = C[ 4- C R = 
-1 + 2 sin 2 # w and ^ = Q - C R = - \ respectively. 

Note that, due to (5.93), we have ensured that the electromagnetic 
interaction is parity conserving, even though left and righthanded leptons 
have different properties. The additional Feynman rules for leptonic 
neutral currents can be constructed from (5.100). An attractive feature of 
the above scheme, which is due to Glashow (1961), is that the above 
couplings lead to cancellations of the divergences which are the cause of 
the bad high-energy behaviour of the IVB theory. 



5.4 LOCAL GAUGE SYMMETRIES 

In Section 4.7 the Lagrangian for a free Dirac particle was 
discussed. For the following purposes we can write this in the form 

= tfWy, d^(x) - m$(xW{x). (5.101 ) 

This is not invariant under the local U(l) phase transformation (4.107). 
However, if the derivative is replaced by = + \eA n (the so-called 
minimal coupling), then the resulting Lagrangian 

i? = i^)y,D^(x) - m$(x)ils(xl (5. 102) 

is invariant under (4.107), provided that the vector field A u is simultaneously 
'stretched' from A u -> A* + 6A\ where 8 A" = d*0(x), with 9(x) real. Thus, 
invariance under this change in A u (the gauge transformation) is obtained 
if an interaction term ( — e\J/y^A*\p) is included in if That is, the 
requirement that if is invariant under a local phase transformation (i.e. 
this phase is unobservable) suggests that the fermion f cannot exist on its 
own, but must be accompanied by a vector particle with which it interacts. 
Further, this vector particle (the photon in QED) must be massless, 
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since the mass term 

^ S5 = WyA> l (x)A»(x), (5.103) 

is not gauge invariant, {££ = i? mass - \F^F UV gives (3.193) by application 
of the Euler-Lagrange equation). The total QED Lagrangian is obtained 
by adding the photon 'kinetic' term & y (4.110) to (5.102). 

The photon couples only to charged particles and, since it is electrically 
neutral, it has no self-coupling. In this respect the photon appears to be 
unique amongst the gauge bosons. The photon is universal in the sense 
that there appears to be only one photon; however, the fundamental 
fermions have different charges (±1 for e*, ±% and ±§ for q and q). 
For a fermion f of charge Q f e, the QED Lagrangian is 

Se = + \QM^f ~ ™<M ~ i V v . (5.104) 

Other fermions can be included by summing over f. Note that each extra 
fermion introduces two new parameters (Q ( and m f ) into the Lagrangian. 
The form of the local phase transformation needed to ensure the in variance 
of (5.104) is that of (4.107), but with e replaced by Q { e. That is, the phases 
must be separately tuned, and so QED does not explain the quantisation 
of charge or the actual values observed in nature. A possible explanation 
to this problem is offered by grand unified theories, as discussed in Chapter 
10. 

In the previous section, the SU(2) L properties of the weak interaction 
were explored. We will now show that the desired interactions are 
'generated' by the requirement of invariance under local phase trans- 
formations for the SU(2) L and U(l) y groups. Let us consider a doublet 
of fermions f and f, having some underlying symmetry such that f L and 
fl form a doublet (L), but f R and f R are singlets. The free Lagrangian for 
f and P (assumed massless) is, following (5.101), 

= iLy u d'L + i/ R y M d»f R + ifty, d*/'*, (5-105) 

where each of the terms has been separated into left and righthanded 
parts (see (5.86) and (5.92)), and the lefthanded fermions are combined 
into a doublet L. Note that the form of (5.105) results in helicity 
conservation, because only parts having the same handedness are connected. 
The grouping of the terms into a doublet and singlets in (5.105) is a conse- 
quence of the SU(2) L ® U(l) y symmetry requirement. If we had also put 
/ R and / R into a doublet, then we would obtain a model with 
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SU(2) L ® SU(2) R ® U(l) symmetry and with seven gauge bosons. Such 
a model exhibits chiral symmetry, that is symmetry between left- and 
righthandedness. 

In Section 5.3 the symmetry SU(2) L ® U(l) y was discussed, and the 
leptons classified into lefthanded doublets (5.86) and righthanded singlets 
(5.92); i.e. omitting the possibility of a righthanded term v R . In this case 
the Lagrangian, including the free particle term (5.105) and interaction 
term (5.95), is 



& + \ Q X l W f + i | y L B* 



R. 



(5.106) 



The local phase transformations corresponding to the weak hypercharge 
(11^) and weak isospin (U 2 ) are 



U l = exp 



-i g -y6(x) 



U 2 = exp 



->-«(*)- 



(5.107) 



where U x and U 2 correspond to the U(l) group (cf. (4.107)) and the SU(2) 
group (Section 2.5.2) respectively. Note that the invariance of the 
Lagrangian i? 0 (5.105) under global SU(2) transformations of the form 
of U 2 in (5.107) (but with ot a constant independent of x) leads, using (3.38) 
and considering the limit a -> 0, to the three conserved weak isospin currents 
(5.90). Returning to the local case, the combined SU(2)®U(1) trans- 
formation is 



u = u,u 



i = expj-i|^ 



?a(jc)-T + -j0(x)7 
2 2 



(5.108) 



under which the doublet L and singlet R are transformed to 

L' = UL, R' = UR. (5.109) 

Before considering this particular example, we first derive the more 
general invariance properties of a particle interacting with a field £*\ with 
the corresponding Lagrangian 

S£ = ufy^d" + (5.110) 

under the local unitary transformation 



(5.111) 
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If the field E fI is transformed to (E'Y, then invariance of the Lagrangian 
under these transformations leads to the relation 

(E'Y = UE»U- 1 -(d^U)U-\ (5.112) 

which can be easily shown by substituting (5.1 1 1) in (5.1 10). For the U(l) 
group, i.e. QED, we have £ M = ieA* and U = exp(-ie0(x)), so that (5.1 12) 
gives the usual gauge transformation A u -> A* 1 + d^d. 

Next we consider the effect of local SU(2) transformations, corresponding 
to U 2 in (5.107), on the Lagrangian 

&' t = \Ly u (d» + i G - t-W^L. (5.1 13) 

This is the SU(2) part of (5.106) and is of the form (5.110), with 
E" = i(0/2)T-W\ The transformation properties (5.112) of the field can 
be found most easily by considering the infinitesimal transformation of 
U 2 in (5.107), namely 

U 2 ~ 1 -i|a(x)-T, a(x)->0. (5.114) 

Using this expression in (5.112), and retaining only first order terms in 
a, gives 

T .W'" = ( 1 -i^a-r )t'W 1 +i-a-T Ut-(ft) 1 + i-a-x 



= t * W + i — (t ■ W "a . t - a • tt . W) + t • 

2 

= f(W' + ^ x W + ^a), (5.115) 

where (2.215) has been used. Thus 

yyvi = w^^axWH d"a. (5.116) 

Invariance under U { (in 5.107), corresponding to the U(l) weak hypercharge 
group, gives from (5.106) and (5.1 12) 

B'" = J3" + 3*0. (SMI) 

Thus, (5.116) and (5.117) are the required gauge transformations giving 
invariance of the Lagrangian (5.106) under SU(2) L ® U(l) r 

The full Lagrangian for SU(2) L ® U(l) y requires the addition of terms 
for the free fields and W respectively. For B*, this term is of the same 
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form as that for the photon in QED, namely, defining B^ = d»B v - d v B\ 

j5f B =-i5^ v . (5.118) 

This term is invariant under gauge transformations of both U(l) and, 
since (5.117) does not involve a, SU(2). For the isovector field Wf 
(i = 1, 2, 3) a first guess for the free particle Lagrangian might be 

-i(d,W iv - d v W^WW] - <Wf). (5.119) 

However, this expression is not invariant under the SU(2) gauge trans- 
formation (5.116). Specifically, the term ga x W violates the symmetry. 

A clue to the possible form for Wf fields can be found by re-examining 
the QED term for S£ y (4.110). The quantity F" v can be expressed as 

F» v = D v ]. (5.120) 

e 

That is, in terms of the commutation relation of the covariant derivative 
D u = + '\eA* k . For the SU(2)®U(1) case, the covariant derivative is 
(from (5.106)) 

D" = d" + i-T.W +\ 9 -yB\ (5.121) 
2 2 

The commutation relation for the part of the covariant derivative 
corresponding to the W field, is 

[D\ D v ] = ^ + i ? t . W, d v + i | r • W v 

= i - t-(^W v - d v WM - — (t- Wt- W v - t - WV W) 
2 4 

= i-T.(^W v -^ v W^)~ — 2it-W^ x W v 
2 4 

^ j? T .W* v = i - X»\ (5.122) 
2 2 



where 



W v = <^W V - d v W M ~ gW 1 x W\ (5.123) 



Comparison with QED suggests that the required term for the Lagrangian 
contains the product X^X^, but in a form which is invariant under 
(5.108). Denoting gauge transformed quantities with a prime, one can see 
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that the following trace satisfies the above requirements 

lr{X'^X f n = tr(U~ l X^UU~ l X fiV U) = lr(X^X»% (5.124) 

where the cyclic property that ir(AB) = tv(BA) has been used. Substituting 
for A 7 * v from (5.122), and using the property (2.215) of the T-matrices, gives 

tr(X, v Xn = tr(t • W^ v t • W") = tr(W„ v . W" v ) 

= 2W MV -W"\ (5.125) 

so a suitable SU(2) invariant contribution for the fields W A to the 
Lagrangian is 

i? w = -iw^ v .W^ v (5.126) 

The numerical factor ensures that if w contains the term (5.1 19). Further- 
more, i? w is invariant under U(l); this follows from the invariance of the 
fields Wf. 

The additional term in (5.126), compared to the U(l) Abelian case, 
arises because the SU(2) generators do not commute. The SU(2) group 
is non-Abelian (non-commuting) and the associated fields W are called 
Yang-Mills fields (Yang and Mills, 1954). The term #W x W in (5.123) 
arises from the non-commuting properties. Substitution of (5.123) in 
(5.126) shows that S£^ contains, in addition to the self-interaction term 
(5.119), the products of both three and four Wf fields. In perturbation 
theory these terms give rise to vertices connecting three and four field lines. 
Some examples are given in Fig. 5.9, where the boson fields shown are W ± , 
Z° and y (i.e. the physical particles), the being linear combinations of the 
fields Wf and B 11 . The existence of such vertices is an important 
consequence (and thus test) of the theory, and they arise because of the 
non-Abelian nature of the theory. 

The weak gauge bosons carry the weak charge, in contrast to QED 
where the photon is electrically neutral. In order to illustrate further the 



Fig. 5.9 Examples of vertices involving three and four fields arising 
from the self-interaction terms of the boson fields. 




(a) (b) (c) 
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differences in the U(l) and SU(2) properties, let us consider the interactions 
of two particles a and b with a field E* 1 . Let us suppose that the Lagrangian 
for particle a is that given in (5.110), whereas that for particle b has the 
same form as (5.110), but with a term QE^ rather than E u . That is, the 
'charge' of b is Q times that of a. Under the local transformations 

^;M=^ a M; ^' b (x) = l/AM, (5-127) 
invariance of the Lagrangian gives (from (5.112)) 

Q{Ey = QU h E»U^ l -{d»U b )U^. (5.128) 

For the U( 1 ) group we have 17 a = exp( - ieO) and U h = exp( - \eQ0). In both 
cases the transformation (5.128) gives 

(E'Y = E lt + ied»0. (5.129) 

For the SU(2) case U a and U b have the form of (5.1 14), but with 'charges' 
g and Qg respectively. Retaining only first order terms in a, equations 
(5.128) become 

(E'f = E» + i - [£*, a-t] + i - a M a-r, 
2 2 

Q(£T = QE» + i£> 2 1 [£", a-T] + iQ | 3"a-T. (5.130) 

Hence a common gauge transformation of the field £** can only be achieved 
if Q 2 — i- e - G = 1- Thus there is only one constant g associated with 
the SU(2) group. The SU(2) commutation relations give an extra term 
over the U(l) case, and the lack of such an equivalent term means that 
the U(l) coupling of each particle is arbitrary. 

5.5 SPONTANEOUS SYMMETRY BREAKING 

So far we have not considered the masses of the various particles, 
except to note that U(l) gauge invariance requires the photon to be 
massless. The mass term for a fermion in the Lagrangian is given in (5.101). 
For an electron, for example, this can be written 

-m e ee = -m e (e L + e R )(e L + e R ) = ~m c (e L e R + e K e L ), (5.131) 

where we have used the property that (1 + y 5 )(l — y 5 ) = 0. Under the 
SU(2)® U(l) transformation ((5.107), (5.108)), e L and e R become 



^L=(^2)2iV L + (^2)22^L; 



(5.132) 
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Thus, the mass term is not SU(2)®U(1) invariant. Furthermore, this 
symmetry also requires that the bosons and are massless. A similar 
argument to that used for QED shows that w B is zero, whereas the mass 
term for the Wf field, namely 

iAf^W^W, (5.133) 
is not invariant under (5.116). The observed non-zero values for the 
charged leptons, W* and Z° masses clearly violate the assumed SU(2) ® 
U(l) symmetry. Furthermore, this symmetry must be badly broken, since 
the particle multiplets are far from being degenerate. 

In the standard electroweak model it is assumed that the underlying 
gauge symmetry is 'spontaneously 1 broken, as discussed below. The 
symmetry breaking mechanism must not only generate the particle masses, 
but also lead to a renormalisable theory. For example, adding mass terms 
4 by hand' to the Lagrangian discussed above does not lead to a 
renormalisable theory. 



5.5.1 Higgs model for a U(l) gauge field 

In this section we consider the interaction of a complex scalar 
field cf> 9 both with itself and with a U(l) gauge field /P. Consider the 
Lagrangian 

J? = - ieAJWW + ieA")<l>-] 

This is invariant under the combined transformations 

4>'{x) = U(j)(x) = exp[-ie0(x)Mx); (A'Y = A* + 3"0. (5.135) 

Thus the field A* corresponds to a massless gauge boson. The terms /x 2 (/>*$ 
and A((/>*(/>) 2 in (5.134), according to previous arguments, correspond to 
the mass (see (3.49)) and self-interactions of the field <j>. Recalling that, 
classically, the Lagrangian is L-T—V, we can define from (5.134) a 
potential 

V(4>) = ii 2 \4)\ 2 + m*, (5.136) 

such that the ground state (vacuum) of the system corresponds to a 
minimum in V(<f>). We assume A>0, so that a minium (i.e. vacuum 
state) exists. If \x 2 > 0 (i.e. if /x is a real particle mass), then V has a 
minimum at \<f>\ = 0. This is shown in Fig. 5.10(a), which displays V((p) 
as a function of two orthogonal real components 0 l5 and <p 2 defined by 



(5.137) 
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The minimum energy state of the whole system requires A* 1 = 0. Thus the 
lowest energy (vacuum) state is unique (i.e. non-degenerate), and shares 
the symmetry properties of S£. The self-interaction term A|</>| 4 can be treated 
perturbatively. 

If fi 2 < 0, then the minimum of V((j>) is no longer at |</>| = 0 (which is 
in fact a local maximum), but rather at a value 

|(/)| = (/) 0 = (-M 2 /2^) 1/2 = ^/2 1/2 . (5.138) 

This minimum (see Fig. 5.10(b)) is degenerate, and any point in the (cf) u (j> 2 ) 
plane satisfying 

<t>\ + </> 2 2 = v\ (5.139) 

gives the same result. The degeneracy corresponds to invariance under 
transformations </>'(x) = U<t>(x) in (5.135). Let us choose the minimum to 
be at some particular point (u, 0) in the ((/> l5 <f> 2 ) plane. Further, let us 
introduce two real fields rj { (x) and n 2 (x), such that 

*W = ^[ u + ^M + i ^W]' ( 5 - 14 °) 

The fields r\ l and n 2 vanish at the minimum, and thus give a measure of 
deviations from the minimum. Expressing (5.136) in terms of r\ i and rj 2 , 
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we obtain 

v = ~~~ + i» 2 n\ + ivndrt + + 7 + ^2 2 ) 2 - (5-141) 

4/1 4 

If, for the moment, we ignore the gauge field (i.e. = 0), then the 
Lagrangian (5.134), expressed in terms of rj^x) and rj 2 (x) and omitting 
the constant term, has the following form 

2 = - l 2(2Xv 2 )n] + i(^ 2 )(3^ 2 ) 

-^i(^ + ^)^(^^) 2 . (5-142) 
4 

Now, for ^ 2 < 0, the interpretation that the >l|</>| 4 term can be treated as 
a perturbation around the value \(p\ = 0 does not work, since |0| = 0 is 
not the stable minimum. Further, this interpretation would correspond 
to a particle having an imaginary mass, and is thus unphysical. However, 
inspection of the Lagrangian (5. 142) shows that it contains two free particle 
Klein-Gordon Lagrangians of the type (3.24). That is, it contains two 
scalar fields, one of (positive) mass (2Xv 2 ) 112 and the other of mass zero; 
corresponding to n x and n 2 respectively. 

If one moves away from the chosen minimum (i.e. (</> 1} <f> 2 ) = (v, 0) in 
Fig. 5.10(b)) in the y\ x direction, the potential energy increases as y\\. In 
the n 2 direction, however, the potential energy is constant; corresponding 
to a massless n 2 boson excitation. The remaining cubic and quartic terms 
in n { and rj 2 in (5.142) correspond to interactions. Note that the 
Lagrangian (5.142) has the same physical content as (5.134) (with A* = 0). 
The difference in the interpretation arises when perturbations around the 
minimum are considered. On quantisation, the requirement that the 
vacuum contains no particles gives (from (5.140) and (5.138)) the property 
that the expectation value of the vacuum has the non-zero value 

<0|^(x)|0> = ^ 1 = «^ 0 . (5.143) 

Note that, for a scalar field, this quantity is Lorentz invariant. The vacuum 
expectation value for a Dirac or vector particle must, however, be zero 
if it is to be Lorentz invariant. 

The method of arbitrarily choosing one of the set of degenerate states 
as the ground state is called spontaneous symmetry breaking. Once the 
specific state is chosen, the underlying symmetry is broken and thus 
becomes 'hidden'. The symmetry is not broken by the addition of a 
symmetry breaking piece in the Lagrangian, but by the selection of one 
of the degenerate minima. An example from outside the realm of high 
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energy physics is that of a ferromagnet. The forces between the electron 
spins, and hence the Hamiltonian, are rotationally invariant. However, in 
its ground state, the material is magnetised in a specific direction, 
corresponding to the alignment of the electron spins. Returning to the 
above example (which, for A** = 0, corresponds to a global phase symmetry), 
we have seen that a massless boson appears in the spontaneous symmetry 
breaking. Such a boson is called a Goldstone boson and, since no such 
particle has been observed, constitutes a potential theoretical problem. 

We next consider the Lagrangian (5.134), including the effect of the 
U(l) gauge field A M (x). From Lorentz invariance the vacuum expectation 
value of A u must be zero, so the minimum (5.138) is again obtained. 
Substituting (5.140) into (5.134) gives the Lagrangian, expressed in the 
fields n x and n 2 > as follows: 

-4F„ V F" V 4- ±(ev) 2 A lt A M + evA" d u n 2 + ■ ■ -< (5.144) 

The remaining terms represent interactions involving three or four fields. 
Written in this form the Lagrangian seems to contain a massless scalar 
n 2 , a massive scalar n l and, the new feature, a massive vector field A^ y 
with mass ev. However, the term in A* d li r\ 2 shows that A* and rj 2 do not 
enter independently. This problem can also be seen if we perform some 
'bookkeeping' on the number of degrees of freedom in the two forms of 
the Lagrangian (5.134) and (5.144). In (5.134), there is a massless vector 
particle and a complex scalar particle, each having two degrees of freedom. 
In (5.144), the massive vector particle has three degrees of freedom (the 
third arising from the longitudinal polarisation state) and the real scalars 
n l and n 2 both have one degree of freedom. Thus we seem to have gained 
one extra degree of freedom. 

This problem can be 'cured' by exploiting the local gauge freedom of <f> 
(5.135). We can choose 8(x) in (5.135) so that <f>'{x) is real, and hence the 
field n 2 does not appear. Hence we can write (dropping the primes) 

<t>W = ^j- 2 lv + "i(x)l (5.H5) 

The Lagrangian (5.144) then becomes 

& = iid^iWni) ~ ^v 2 )rj 2 - iF U¥ F>" + \{ev) 2 A ^ + ■ ■ ■ . (5. 146) 

This has one degree of freedom for the real scalar field and three for the 
massive vector field, giving the required number. Thus the troublesome 
massless Goldstone boson has been removed ('eaten*) by the gauge trans- 
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formation. The chosen gauge is called the unitary gauge. Starting with the 
Lagrangian (5.134), describing a complex scalar field (with an apparently 
imaginary mass) and a massless gauge field, we have obtained, through 
spontaneous symmetry breaking, the Lagrangian (5.146) describing a real 
massive scalar field and a massive vector field. The massless Goldstone 
boson becomes the longitudinal polarisation state of the massive vector 
boson. This mechanism is called the Higgs mechanism, after Higgs (1964, 
1966). 

5.5.2 The Weinberg-Salam model 

Ideas, similar to those used to produce massive U(l) gauge 
bosons, can be applied to the weak SU(2) gauge bosons. We require to 
break spontaneously the SU(2)®U(1) symmetry of the Lagrangian 
discussed in Sections 5.3 and 5.4, in such a way that the photon remains 
massless; that is, there must remain a residual U(l) symmetry for the 
electromagnetic interaction. 

The remaining three gauge bosons must acquire masses in this process. 
This can be achieved with four independent scalar fields; the simplest 
choice being a weak isospin doublet of complex scalar fields 



The electric charges, positive for and neutral for follow if the Higgs 
doublet is assigned the value y = \. Under U(l) and SU(2), the doublet 
will transform as (see (5.108)) 



Generalising the SU(2) ® U(l) Lagrangian density to include the Higgs 
doublet </>, gives the following additional terms (see (5.134)) 



= lD M 4>(x)yiD*4>(x)-] - n 2 4>Hx)4>(x) - A[<PHx)<t>(x)¥, (5. 149) 



where D fI is given by (5.121). Following the U(l) example of spontaneous 
symmetry breaking, we take X to be positive and \x 2 negative. The minimum 
potential occurs at a value 




(5.147) 



<p(x) -» 4>'(x) = exp 



-i ?«(x).t + ? -yO(x)I U(x). (5.148) 



\<t>\ 2 = -» 2 /2l = v 2 /2. 
Let us choose the ground (vacuum) state to be 



(5.150) 




(5.151) 
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Other choices of 4> 0 can be obtained from (5.151) by a global phase trans- 
formation. Now the assignment y = 1 means that the t 3 = component 
of (5.147) is neutral, so that the choice (5.151) leads to spontaneous 
symmetry breaking for the neutral component only. Thus the vacuum is 
invariant under the electromagnetic U(l) gauge transformation (4.107) of 
the Higgs field. Charge conservation is not affected by the spontaneous 
symmetry breaking. 

Proceeding in a similar way to the U(l) case, let us introduce four real 
fields all with zero vacuum expectation values, such that 

1 / g 1 {x) + \o 2 {x) 



<f>(x)= 1V ' " ' I (5.152) 

The 'potential' term in (5.149) is 

u 2 X 

- [o\ + a\ + t]\ + (v + j/,) 2 ] + -\o\ + a\ + n\ + (« + ^J 2 ] 2 



2 * " v ,w J 4 



4;. 

+ ^(a 2 + <7 2 + ^ + > ? 2 ) 2 . (5.153) 
4 

Using this expression, and <p(x) from (5.152), it can easily be seen that 
the Lagrangian (5.149) corresponds to three massless Goldstone bosons 
{^\^i> r \i)> together with a massive scalar particle rj ly with mass 
m H = (22.v 2 ) lf2 . Hereafter we will refer to the real field rj^x) as the Higgs 
scalar H(x). 

The next step is to 'gauge' away the three unwanted Goldstone bosons. 
This will ensure that the resulting Lagrangian has the correct number of 
degrees of freedom. We require a transformation U such that 

2 ll2 \v + H(x)J VK ' 2 1/2 W> 7l (x) + i>? 2 (x)/ 
i.e. leaving only the one real field r/,(x) = H(x). A suitable form for U is 



1/ = exp 



--(A-t-Aj/) 



(5.155) 



Comparison with (5.108) shows that 



a(x)=-A(x), 0(x) = — A 3 (x). (5.156) 
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If we expand (5.155) for infinitesimal values of A and A 3 , and substitute 
for U in (5.154), then, retaining only first order terms in the fields, we 
obtain the relationships 

<r 1 =A 2 , ff 2 = A u >?i=tf, " 2 = -2A 3 . (5.157) 

Using <p(x) from (5.154) expressed in terms of v and H, then the potential 
V (5.153) becomes 

z/ 4 A 
K= - — -/z 2 // 2 + ,b// 3 + -// 4 . (5.158) 
4A 4 

In (5.155) the U(l) term was chosen to be the same function as the 
third component of the SU(2) part. However, this is still general, since 
we also have the residual U(l) invariance. Consider the transformation 



*' (x)= M»+°*) =exp 



•^</ + T,) 
V 



-( 0 

2 1/2 \v+H 



(5.159) 



Comparison with (5.108) for this transformation shows that 



ai (x) = a 2 (x) = 0, a 3 (x) = - A'(x), B(x) = A'(x). 

(5.160) 

From (5.116) and (5.1 17), the corresponding transformation properties of 
the neutral fields W\ and are 

(W\Y = W%+ — 3"A', 

(BT = B" + — d"A'. (5.161) 

Hence, the physical fields 2^ and /P, given by (5.97), transform as (using 
(5-99)) 

(zy = z\ 

(AT = A»+ — ff l A\ (5.162) 
ve 

Similar considerations for the fields W\ and W\ show that the com- 
binations (W*)'*, given by (5.88), transform as for charges ±1, whereas 
(5.162) has zero charge. In summary, we are left with four gauge bosons 
having the desired properties and one neutral scalar Higgs particle. 
The next step is to consider the possibility of interactions between the 
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scalar doublet (p and the lepton doublet L and singlet R. It is assumed 
that this electron-Higgs interaction has the so-called Yukawa coupling 
form, with the SU(2) L ®U(l) y invariant Lagrangian 



(5.163) 



Here, # c is a dimensionless constant for the electron coupling. Similar 
terms for / = \x and x are again understood. If we examine one of the terms 
in (5.163), for example e^L, we can see that e R creates a t = 0, y = — 2 
state, L represents the destruction of a weak isodoublet j/ = — 1 state and 
</> + the creation of a weak isodoublet with y= +1. Thus this coupling 
gives a Lagrangian which transforms as a Lorentz scalar and has the 
desired SU(2) L and U(l) y invariance properties. In the second line of 
(5.163) the spontaneously broken form for 4> (5.159) has been used. 
Comparison with (5.131) shows that the electron has acquired a mass 
m c = g c v/2 y/2 . Note that we have assumed that the neutrinos have no 
righthanded part and remain massless; however, (5.1 63) can be generalised 
to include a neutrino term. 

Next we consider the term containing the covariant derivative (5.121 ) 
in i>? H (5.149). Writing as a 2 x 2 matrix, using the explicit forms (2.213) 
of the T-matrices, we obtain 



d» + l -(gW$ + g'B») *n 



i ^ W 



^--{gWi-g'B") 



(5.164) 



From (5.97) and (5.99) we can write 

Z» = (gW>i-g'B»)/(g 2 +g' 2 yi 2 , 
A" = (gB" + g'Wi)/(g 2 +g' 2 y' 2 . 



(5.165) 



Using the above expressions and also (5.158), we obtain, after a short 
calculation, 



+ — (v 2 + 2vH + H 2 )W_ ll W + 
4 



+ (g +g ) (v 2 + 2vH + H 2 )ZZ" 



(4dH 3 + H 4 ) 



9c 

->l/2 



(v + H){e L e R + e R e L ). 



(5.166) 
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The W 1 and Z° bosons have thus acquired a mass, while the photon has 
remained massless, and, from (5.166), we have 

Mw = j, M z = (g> + g'*y» V -. (5.167) 

Eliminating v and using (5.99), we obtain a simple relationship between 
the and Z° masses, namely 

M w = M z cos0 w . (5.168) 

The full SU(2)® U(l) Lagrangian in the unitary gauge is obtained by 
collecting together the component terms i? e (5.106), i? B (5.1 18), i? w (5.126) 
and if H + jSf eH (5.166). Writing these expressions in terms of the fields 
> Zn and we obtain, after some algebra 

cp — — - F F» v — ±7 7^ v — HF^ \ (F \vv 

+ e(\$— m e )e + vi $v 

+ ig(d fl W +v - d,W +u )W^{cos 0 W Z" + sin By, A") 
+ - d v W_ (cos 0 W Z V + sin 6> w /l v ) 

+ i^(»"L M/; - »™ W v _) a^cos 0 W Z V + sin 0 W /1 V ) 
- 0 2 W +)1 W"L(cos 0 W Z V + sin 0 W /O(cos 0 W Z V + sin 0 W /T) 
+ # 2 VK V + W"L(cos 0 W Z„ + sin 0 w /f„)(cos 0 W Z V + sin d w A„) 
a 2 

+ y W_ V W +I1 (W V _ W + - W v + ) + eey^eA" 



9 



2 cos 0 W 
9 



[K(l-y 5 )v + ey„( 9v - ffA y 5 ) e ]Z" 



^ [vy,(l - y>*n + ey„(l - y 5 )vW1] 
+ — (2ytf + H^W.^Wi + - ' tf - (2vH + H^Z^Z" 



2(2)' 



where 



4 

--(4ytf 3 + tf 4 )-^ee//, (5.169) 
4 y 



# v = 2 sin 2 0 W - i, 3a=-i. (5-170) 
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and 



(5-171) 



The Lagrangian (5.169) contains some a priori unknown parameters, 
namely e, g, sin 0 W > M w , M z> m H and v. In addition, for each lepton 
generation /, there are the masses m x (and m v if this is taken to be non-zero). 
(The possibility of 'mixing' between generations is discussed in Section 
5.5.3 and Chapter 9.) However, there are relationships ((5.99), (5.167) and 
(5.168)) between the parameters. Furthermore, the measured value of G F 
from muon decay, gives the ratio g/M w from (5.63). Thus, we find that 
v = (G F (2) 1/2 )~ 1/2 = 246 GeV, and also that we can express M w in terms 
of £, G F and sin # w as follows 



Indeed, the masses of the W± (~80GeV) and the Z° (-90 GeV) were 
accurately predicted, several years before their discovery, from the relation- 
ships (5.172) and (5.168). The determination of the parameters in the 
standard model is discussed in the following chapters. Note, however, 
that values of the masses of the leptons and of the Higgs particle cannot 
be predicted in terms of other measured quantities. 

The Feynman rules for the standard electroweak theory can be obtained 
in an analogous way to those in QED, starting with the interaction part 
of the Lagrangian (5.169). The perturbations from the free particle 
solutions, found from if 0 , are calculated using Jtf\ = — as discussed 
in Section 4.7. Inspection of (5.169) shows that it contains the inter- 
action vertices W + W_Z, W + W_y, W + W_ZZ, W + W_Zy, W^W^yy, 
W + W_W + W_, lly, v L v L Z, //Z, v L / L W, W + W_H, W + W_HH, ZZH, 
ZZHH, HHH, HHHH and //FL The Feynman rules are given in Appendix C 
and are discussed further in Section 5.5.4. The asymptotic form of the W/Z 
propagator (3.204) is q fi q v « (M 2 q 2 ), hence there is no suppression factor for 
large loop momenta, and so it would appear that it is not renormalisable. 
However, the standard GSW model is renormalisable, so that meaningful 
perturbative calculations can be carried out. The important proof that 
the theory is renormalisable (using the general R £ rather than the unitary 
gauge) was given by *t Hooft (1971). For more details on this topic, see, 
for example, Taylor (1978). 

5.5.3 Incorporating generations of leptons and quarks in the 
GSW model 

We have seen in Section 5.3 that the charged current interactions 
of u, d, s and c quarks can be described by two quark doublets q (5.78) 



M w = e/(2 5/4 G£ /2 sin 0 W ) ^ 37/sin (9 W GeV, 



(5.172) 
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and q' (5.81). The weak isospin values for the doublets are £ 3 = \ for the 
upper (charge f) components and t 3 = — j for the lower (charge — ^) 
components. The t 2 = -| states, which are the eigenstates of the weak 
charged current interaction, are 'Cabibbo-rotated* mixtures of the d and 
s quarks. The classification is made in the same way as for the leptons, 
with the lefthanded components of the quarks being assigned to the 
doublets and the righthanded parts to singlets. 

Following closely the method used for leptons in Section 5.3, the third 
component of the weak isospin current and the electromagnetic current 
can be written ((cf. (5.91) and (5.93)) 

(AT - 4/ y q = iKrX - SZfdl), (5.173) 

jye = $uy"u-&Yd c , (5.174) 

and thus we can define a weak hypercharge current 

OT = 2\JVe - (A)"] = W° + K/mr - Iftfdi. (5.175) 

The weak hypercharges of u L , d c L , u R and d% are therefore 3, ^, f and — § 
respectively. Similar results hold for the second doublet q\ The equation 
Q/e = t 2 + y/2 is again valid, and the weak isospin and hypercharge 
assignments are summarised in Table 5.3. Additional doublets (e.g. f, b) 
can, of course, be added to the scheme. 

The Lagrangian for the charged current part of the interaction is (see 
(5.89)) 

^cc = - f QlT l +^i\q-\ 1 ^1 + T2 WiW (5.176) 

The neutral current part has the form of (5.100) and, substituting {f 3 Y 
and from (5.173) and (5.174) respectively, we obtain 

JS?&C= - « L ^y 1 *,^,, - =—5^- D - ^y 5 )ft^, (5-177) 

j COS t/w j 

where the sum i runs over the quarks u, d, c, s, etc., and the values of 
the couplings for the various quarks (and also for leptons) are given in 
Table 5.4. Note that the GIM mechanism gives a weak neutral current 
contribution in (5.177) which is diagonal in flavour. 

In the formulation of the theory for leptons above, the possibility of 
mixing between generations of leptons was not considered. However, as 
we have seen, mixing between generations occurs for quarks. A further 
complication is that, for the quarks, both members of the doublet (e.g. 
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Table 5.3. Weak isospin and hypercharge values of left and righthanded 
leptons and quarks 

L i, v R 1 1 v 



i 



-1 v R 0 0 

e L -i -1 e R 0 -2 

u L 1 j u R 0 * 

d[ -i i d R 0 ~§ 

r I X r 0 4 

C L 2 3 C R u 3 

Sl 2 3 b R U 3 

t L i- i t R 0 § 



u, d c ) must acquire a mass through their couplings to the Higgs field, 
whereas for the leptons the neutrino was assumed massless. If we assume 
the existence of a righthanded field v R , then we can introduce a term for 
vv into ££ cH in (5.163). This can be effected by defining an isodoublet 

which has y = — 1, and writing if eH in the form 

^ eH = -g t [L<t>e K + e^L] - £ v [L$v R -h v R $ T L] 

= - ^72 + Wl*r + - ^72 (" + )Cv L v R 4- v R v J . 

(5.179) 

The neutrino mass is thus ra v = g v v/2 {/2 . Similar Lagrangians for the \.i 
and t generations can also be defined. 

Restricting the discussion, for simplicity, to two lepton generations, 
then a more general Lagrangian to that of (5.179) is as follows 

^LH = -0ee[£l>*R + ^R^lJ ~ ^eelA^eR + V eR <? + £ L ] 

- Qc^ L (p^R + ftR^EJ - h^lE^v^ + v^EJ 

- ^ e [M L <K + e R <P*M L ~] - ^ e [M L (?v eR 4- v^MJ 

- ^[A?l^r + Ar^MJ -/i w [M l ^ r + v^MJ, 

(5.180a) 

where E L and M L are lefthanded doublets for (v e , e) and (v^, fx) respectively, 
both of the form (5.86). The 2x2 matrices g {j and h u encompass possible 
transitions between the lepton generations, if the off-diagonal elements 
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Table 5.4. Vector and axial-vector couplings 
of leptons and quarks to the weak neutral 
current 



Particle 


9\ 


9a 


V 


x 


i 

2 


e 


-^ + 2 sin 2 O w 


\ 

2 


q (u-type) 


±-*sin 2 0 w 


1 
2 


q (d-type) 


- j + 5 sin 2 O w 


L 

2 



are non-zero. Now, taking g t ^ = g^ e and /? e ^ = /i pe , (5.180a) simplifies to 

4- /2 ee v e v e + /i^v^v^ -h /^(v^ + v„vj], (5.180b) 

Hence, the lepton mass term is (writing the weak interaction eigenstates 
as primed quantities) 

2> m ^=-TM\l'-v'My- /' = ^,v' = ^, (5.181) 

where (MJ) fJ = {v/2 il2 )g ij and (M'J^ = (y/2 l/2 )/i 0 - are 2 x 2 mass matrices. 
Now, as shown below in the discussion on quarks, MJ can be diagonalised 
by the bi-unitary transformation U l L M' t (U R y = (M,) d (diagonal), and 
similarly for M' v . That is, 

= -r L (M ? ) d / R -v L (M v ) d v R , (5.182) 

where / L = / r = t/ R / R , etc. Thus, the weak eigenstates (e' L , n' L ) etc., 
giving currents diagonal in generations, are not necessarily the same as 
the mass eigenstates (e L , /i L ), etc. Since the interactions must be expressed 
in terms of the observed (mass) eigenstates, non-diagonal intergeneration 
mixing terms can exist. This applies for the charged current case; for 
neutral currents, the interaction remains diagonal in the generations. 
However, for the standard model assignments w Ve = m v = 0, the matrix 
U V L (which is a rotation matrix specified by some angle 0 V L ) can always be 
arranged so that the weak and mass eigenstates are the same, since the 
latter are degenerate. In this case we have diagonal mass matrices, and 
there are no transformations between lepton generations. Note that it is 
the nature of the gauge couplings which ensures conservation of the lepton 
numbers L e and (and also L r ). 
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A similar treatment to that for leptons can be used to generate the quark 
masses. Quarks appear to occur in doublets, (u, d), (c, s), (t, b), with the 
members having charges § and — ^ respectively. However these mass 
eigenstates are not the weak eigenstates, which are, as we have seen, linear 
combinations of the mass eigenstates. Let us define the weak eigenstates 
to be, for each generation ;', a doublet (t 3 = ±£) and two singlets (t 3 = 0), 
as follows 



(5.183) 



Following (5.180), the quark-Higgs interaction has the form 

^qh = -lgM4>4 + Wei!) - 1 KMM + u&FQti 

i.j ij 

LiJ iJ 

= -(i +^jl(? L W + ui:M;V+ (5-184) 



where 



2 l/2 



9ij> 



M' ij = 



and, in the second line of (5.184), the spontaneously broken forms for the 
Higgs doublet <f> (5.159) and $ (5.178) have been used. 

If there was no mixing between quark generations, then the mass 
matrices M' d and M' u would be diagonal, giving quark masses m(d j ) = M'j j 
and m(u j ) = respectively. In general, however, the physical and weak 
quark bases will be related by a unitary transformation of the following 
type 

< = {Ul) jk u k h \ di = (U d h ) jk d k h \ (5.185) 

where the subscript h specifies the helicity (L or R), and the quark states 
w j and d J represent (u, c, t, . . .,) and (d, s, b, . . ., ) respectively. The unitary 
matrices U u h and U d h are of dimension n x n, where n is the number of 
quark generations. In the physical basis we require a Lagrangian term of 
the type, for three generations, 

if QH = — M + — J [m d rfd + w s ss + m b b~b + m u uu + m c cc + m t n] 



= - i + 



H 



£ Haw + wis V) 



(5.186) 
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This form can be obtained from (5.184), provided 



(5.187) 



that is, the Us diagonalise the mass matrix. 

To find the total Lagrangian for the standard model ((cf. (5.169)) the 
various terms involving quarks must be included. The interaction term 
for the quarks in the weak interaction basis is, following (5.106), 



2 2 



Qt 



4 + I i^'y. 



1 + i | 



(5.188) 

This can be transformed into the physical basis using (5.185) and the 
properties {Ul)Wl = (£/ R ) T £/£ = 1, etc. One can easily see that all the 
terms in (5.188), except the t 1 W\ + x 2 V/\ contribution, take the same form 
in the physical basis. In particular, the neutral current contribution is 
diagonal in quark flavour. This is an extension of the GIM mechanism 
(Section 5.2), and is a consequence of the unitary nature of the trans- 
formation (5.185). The classification scheme for quarks is thus compatible 
with the experimental results that, if they exist, flavour changing neutral 
currents are heavily suppressed. 

The charged current term in (5.188) is not flavour diagonal, and so is 
not invariant in form under (5.185). This is because is not 

necessarily equal to unity. The transformation to the physical basis is as 
follows: 

^ j 

= -^2l["Ly,(^W^L);Ui"]^ + +h.C. 



^ j 



(5.189) 



where V is the unitary matrix 

V=Ul(U d J. (5.190) 

The matrix V is specified by n 2 parameters. However, we have freedom 
in choosing the phases of the In quark fields, and we can thus remove 
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2n — 1 parameters by suitable choice of their relative phases. This leaves 
(n — l) 2 parameters to be determined empirically. For n = 2 we have one 
parameter, the Cabibbo angle, giving 



^cc=-^^ + K^^_ sin0 ; cos ,;jy- (5.19,) 

The coupling constants are all real, and the Lagrangian is CP conserving. 
For three generations the charged current (CC) part of the Lagrangian is 




^cc=-^^(»l^l^ ^ V a ^ || *l | + h.c. (5.192) 



The matrix V has four parameters; three rotation angles ft {i= 1,2, 3), 
and one phase <5. This matrix can be written in the form (Kobayashi and 
Maskawa (KM), 1973) 

C { s l c 3 S 1 S 3 

— s { c 2 c l c 2 Ci - s 2 s 3 exp(i<5) c { c 2 s z + S 2 C 3 e *p(i<5) ) > (5.193) 
-c^c^ - c 2 s 3 exp(i(5) -c 1 5 2 s 3 + c 2 c 3 exp(i<5) , 

where c x = cos 0,- and 5,. = sin ft. CP invariance implies K - K*, thus the 
phase (5 is CP violating. Hence CP violation can be described by the 
standard model with three generations (see Chapter 9). Note that there 
is no CP violation in either the electromagnetic or weak neutral currents. 

The KM matrix (5.193) can be achieved by the following product of 
three rotational and one phase matrices (see Jarlskog, 1979) 

'1 0 0\ /c, s 1 0\ l\ 0 0 \ /l 0 0 > 
V= \ 0 c, 5, -5, c, 0 0 1 0 0 c. 



vo 




(5.194) 



The determinations of the values of the KM matrix coefficients are 
discussed in Chapter 8. Other parameterisations of V exist; see, for 
example, Maiani (1977), Wolfenstein (1983) and Harari and Nir (1987). 

The Lagrangian Jz? LH for three generations of leptons can be formulated 
in a similar way to that for quarks; allowing, in general, for transitions 
between generations. The resulting consequences, including the possibility 
of neutrino oscillations, are discussed in Chapter 9. We assume here that 
the weak and physical bases of the leptons are the same (this freedom 
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exists provided the neutrinos are massless, as discussed earlier), so that 
<e LH becomes (see (5.180b)) 



&lh = ~ 1 + — J i m M + m »W + w r f T + ™v e v e v e + ™ V/i V^ + w v v r vj . 



Note that each mass term in (5.195) (and also in (5.180b)) is arbitrary, and 
thus represents an additional parameter in the standard model. These mass 
terms, and also those of the W 1 and Z°, all stem from the interactions 
with the Higgs field. Since the Higgs coupling to a fermion pair is mjv 
(t> = 246GeV) > the Higgs will decay preferentially to the heaviest ff pair 
with 2m f < m H . The Higgs also couples to W + W" and Z°Z° > so that these 
decay modes are also expected, provided m H is large enough (see Chapter 



The standard model contains a considerable number of parameters. 
These are the coupling constants of the SU(2) and U(l) groups g and g' 
(or, alternatively, e and sin 2 0 W ), the mass of the Higgs scalar m H and the 
constant v related to the vacuum expectation value of the Higgs field. The 
gauge boson masses can be calculated from these parameters. Of course, 
the exact choice as to which of these quantities constitute the parameters 
of the model is somewhat arbitrary. In addition to these four parameters 
there are, for n quark generations, In quark masses and (n — l) 2 mixing 
angles and phases; i.e. n 2 + 1 parameters in all. A similar number appear 
for n lepton generations if the neutrino masses are taken to be non-zero. 
Thus we have, in total, 2(h 2 + 1 ) + 4 = In 2 + 6 parameters. For n = 3, this 
means that we have a total of 24 free parameters (or 17 if we assume 
massless neutrinos). Of these only two (g and g') are not associated with 
the Higgs field. Hence the introduction of a fundamental scalar solves the 
mass generation problem only at the expense of introducing many 
arbitrary parameters. 

5.5.4 Feynman rules for the GSW model 

To lowest order in the perturbation theory, the S-matrix element 
is related to the interaction Lagrangian through equation (4.124). The 
first term is 



The interaction Lagrangian for the GSW model is contained in (5.169), 
together with the similar additional terms for the quark transitions as 
described in the previous section. The QED part of the Lagrangian leads 




(5.195) 



10). 



S fi = i d 4 x^(x). 



(5.196) 
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to the Feynman rules 'derived' in Chapter 4 and summarised in Appendix 
(C.2). The approach sketched below gives results which can be obtained 
by more formal and rigorous field theory arguments. 

The Feynman rules for the standard electroweak theory are given in 
Appendix (C.3). The factors for external lines and propagators have 
already been discussed. We will restrict the discussion to a few comments 
on the remaining terms, the vertex factors. For the charged current (f^W) 
and neutral current (ffZ) vertices, the rules can essentially be 'read off' 
from the Lagrangian (5.169) (and including the factor / from equation 
(5.196)). The trilinear couplings W+W_y and W+W_Z both involve 
derivatives of the W + and W_ fields (see (5.169)). Both these terms have 
the same form except for the overall factor C, which is e for W + W_y and 
g cos 0 W = e cot 0 W for W + W_Z. The derivative terms give contributions 
of the form {k l ) fl (W + )„ etc. Using these factors, and writing the overall 
contribution in the form W\W\A^, the vertex factors given in (C.3. 3) 
can be easily obtained. The terms quadrilinear in the gauge bosons in 
(5.169) (e.g. W + ^W^_A V A V ) can be written as a sum of terms of the type 
A a A p W fl + W v _ using the metric tensor, and, including the overall numerical 
factors, the vertex factors (C.3.4) are obtained. Note that, in deriving these 
factors, all possible permutations of the fields should be considered. The 
trilinear and quadrilinear terms containing the Higgs field are treated in 
a similar way, and yield the vertex factors given in (C.3. 5) and (C.3. 6) 
respectively. Again, note that all permutations of the boson fields must 
be considered. Further we note that we have chosen the unitary gauge in 
order to make the Higgs sector simple. In other gauges there appear 
Faddeev-Popov 'ghosts', corresponding to the remaining unphysical 
scalar particles. 

Finally, we note that the discussion in this chapter has been confined to 
leading order in the perturbation expansion. The role of higher orders, in 
particular their effects on the constants of the theory, is discussed in 
Chapter 10. 
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Purely leptonic interactions 



The simplest tests of the standard electroweak model come from processes 
involving only leptons. This is because the leptons appear, at least at 
present energy scales, to be point-like objects, so that precise theoretical 
calculations can be made. Experimentally, purely leptonic processes can 
very often be extracted cleanly. On the other hand, processes involving 
quarks are more difficult to calculate and, hence, to use to test the theory. 
This stems from the necessarily indirect way in which the underlying quark 
properties must be inferred from those of the observed hadrons. Hence, 
we start with a discussion of muon decay and related processes (Section 
6.1), neutrino and antineutrino scattering off electrons (Section 6.2) and, 
finally, e + e" -+ / + /~ (/ = e,^) in Section 6.3. 

6.1 MUON DECAY AND RELATED PROCESSES 

The general form for the three-body purely leptonic decay of a 
spin \ lepton / a is 

C(Pi» S a ) V b (p 2 ) + V a (p 3 ) + /b (P 4 »5b). ( 6l ) 

where (/ a , v a ) and (/ b , v b ) belong to lepton generations a and b respectively. 
The quantities s a and s b are the four-polarisation (spin) vectors for / a and 
/ b respectively and four-momentum conservation for the decay requires 
that p x = p 2 + p 3 + p 4 . We assume, for the purpose of this calculation, 
that v a and v b are massless and are hence in definite helicity states. In the 
standard electroweak model this decay takes place, to lowest order, by 
the diagram shown in Fig. 6.1 . Using the Feynman rules given in Appendix 
(C.3) we obtain the matrix element 

^ri = ^[" 3 y,(i-y 5 K] 

(6.2) 
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where q = p x — p 3 = p 2 + p 4 is the four-momentum of the W 1 propagator. 

Comparison of this matrix element with a typical electromagnetic matrix 
element (e.g. (4.21)) shows that in the weak case there are axial vector as 
well as vector current terms and that the propagator is massive, with a 
term in q fl q v arising from the longitudinal polarisation modes of the . 
The Dirac equation (3.107) can be used to simplify the second term in 
the propagator in (6.2), giving 



\g 2 



mamb u 3 (l+y 5 )M 4 (l-y 5 )t>2 



(6.3) 



Mi 

where m a and m b are the masses of leptons / a and / b respectively. For the 
decays of the known leptons (i.e. \i, t), the maximum value of q 2 (~ml) 
is small compared to M^. In the following we neglect the q 2 term and 
also the term in m^mJM^. With these simplifications the matrix element 
Jf (i , and its conjugate .///*, become 



~ ["37,(1 - y 5 ) Ml ][« 4 y"(l - y> 2 ], (6.4a) 
8M 



1 w 



2 

= <r^r t"^v(l - y 5 )« 3 3^ 2 y v (l - y 5 K], (6.4b) 



f2 



where the properties (ab)^ = b^a\ (y /i ) t = y°y* i y° and (y 5 )^ = y 5 have been 
used to obtain Jtf { . 
The differential decay rate da; is given by 

^ = |s n | 2 /vayr 

n .4 ^ 4 (Pi-Pf)|Ai| 2 d 3 p 2 d 3 p 3 d 3 P4 „ « 

= (Z71J , (0.3) 

2£ 1 (27i) 9 8£ 2 £ 3 £ 4 



Fig. 6.1 Lowest order diagram for the purely leptonic process / a -> / b v a v, 
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where N is a product of normalisation factors 1 1 (IE) for each particle, (J) is 
a product of phase space factors V d 3 p/(2n) 3 for each final state particle 
and the (5 4 (pj — p ( ) function arises from |S fi | 2 , as discussed in Section 4.2. 
The generalised form of (6.5) for n final state particles is given by equation 
(3) in Appendix C. 

Multiplying and Mf x in equation (6.4) gives 



4 



1 W 



x[a 4 /(i-y s )w"(i-/W 



^4 



L„ V M"\ (6.6) 



1 w 

,5\ 



Note that quantities such as w 1 y v (l — y )u 3 are 1 x 1 matrices (i.e. scalars), 
so that these terms may be written in any order. The evaluation of L^ v 
and M /iV is made using the same techniques as those used for electro- 
magnetic interactions. We can write L^ v as a trace as follows 

^v = tr[(M3W 1 -r 5 )(Mi))>vU -y 5 )] 

= i tr[# 3 ^(l - y 5 )(^ 4- mj(l + y V.ftvO - y 5 )], (6.7) 

where, in the second line, the projection operators for the neutrino v a and 
the charged lepton / a (see (3.120)) have been used. 

Using the properties of the y-matrices (Appendix B), we can evaluate 
L^ v by the following steps 

^v = itr[^(l -y 5 )(^i + "V/Vjy v U -y 5 )] (from B.l) 

= tr[^3y^(^ + m a y 5 ^)y v {\ -y 5 )] (moving (1 -y 5 ) to right) 

= trlhYnih ~ ^ a y a )yv(l - y 5 )] (moving y 5 to right) 

= PliPi - rn a sj tr[y flWw (l - y 5 )]. (6.8) 

Similarly, we obtain 

w v = (p 4 - « b 4(P2^ tr[yyyy v (i - y s )l (6.9) 

and this result, together with (6.8) and using the property (B.6), gives 
i 12 9 A 

| Ai| =TT4-[P3-(P4-^b5 b )P2-(Pl ""Va)], (6-10) 

M w 

with the four-vector dot products arising from the S" d and <5£ factors. 
Substituting \Jt ri \ 2 from (6.10) into (6.5) gives the differential decay rate 
in terms of the three decay particle momenta. 
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The next step depends on the experimental configuration with which 
it is desired to compare the theoretical predictions. For example, if we 
desire to study the properties of the decay lepton / b , then we must integrate 
over all possible values of the neutrino momenta compatible with 
four-momentum conservation. The variables involving the two neutrinos 
can be factored out of the differential decay rate as follows 



dco = 



g 4 {p^-m h s h ) a { Pi -m a sJ j 
16(2tt) 5 M^£ 1 £ 4 a/h 



(6.11) 



where the covariant integral / a/? is defined as 
^ d 3 P 2 d 2 p 3 P 3a P2p $*(P -Pi~ P 3 ) 



E 2 E Z 



(6.12) 



The variable p in (6.12) is defined as p = p { - p 4 = p 2 + p 3 . 

In order to evaluate J a/? we note that it must, in general, have the form 

Lp=9a0Mp 2 ) + PaP(}B(P 2 )- 

Defining the integral / as follows 

l dV 2 d 3 />3 S 4 (P-P2 -P 3 ) 



(6.13) 



1 = 



(6.14) 



then multiplying (6.13) by g" fi and p a p p successively gives 
g**I a0 = 4A+p 2 B = (p 2 /2)I, 

P yi a0 = p 2 A + p*B = (pV4)I, (6-15) 

where the relationship p 2 = 2p 2 -p 2 has been used. Since the integral / is 
covariant, we choose to evaluate it in the rest frame of the two neutrinos, 
in which |p 2 | = |p 3 | = E 2 = E 3 . Thus 

*d 2 p 2 S(E~2E 2 



E 2 



■■ 4n 



dE 2 S(E-2E 2 ) = 2n. 



Hence, solving for A and B in (6.15) gives the result 

Lfi = ^(d a pP 2 + 2p*P fi ). 
o 

Using this result in (6.11) gives 



(6.16) 



(6.17) 



dco = 



g*[(p 4 - m b s h )> (pi - m a s a )p 2 + 2p- (p 4 - m b s b )p -(p^- m a s a )] d 3 p 4 



192(27r) 4 M^£ 1 £ 4 



(6.18) 
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For further evaluation we will use the rest frame of the decaying lepton 
/ a . In this frame, the four-momenta and polarisation vectors are as follows 



p x = (m a , 0), 

P4 = (£4, P 4 ), 



5 a = (0J a ), 

'P4'$b 



5k = 



* (P4^b)P4 

» s b H 

m b m b (£ 4 + m b ). 



(6.19) 



P = Pi -p 4 = (m a -£ 4 , -p 4 ), 



p 2 = ml + m 2 , - 2m a £ 4 . 



The polarisation four- vector for / b , in the particle's rest frame, is (0, S b ). 
The form for s b in (6.19) is obtained by a Lorentz boost to the frame in 
which the particle has momentum p 4 . 

Using these forms, and writing d 3 p 4 = p 4 dp 4 dft, gives 



dco = 



g 4 Pi d£ 4 dQ 
192(27r) 4 M^m a 

+ w a ( p 4 - m b 3 b 



[m 2 4- m b - 2m a £ 4 ] 



w a (£ 4 -P4-§ b ) 



(P4-SJP4 



[k- 



£ 4 + m b 

£4) (£4 ~ P4 • S b ) + p 4 ■ I P 4 - w b § b - 



+ 2[m 2 - m a £ 4 - m a p 4 - SJ 

(P4^b)P4 



£4 + w b/JJ 
(6.20) 



This rather lengthy expression can be considerably simplified by neglecting 
the mass m b , defining a unit vector ft along the direction of p 4 and defining 
6 to be the angle between the spin direction 3 a and A (i.e. cos0 = § a -n). 
Further, if x = £ 4 /£ 4 ax ,where E 
£ 4 ( = m a /2), then (6.20) simplifies to 



4 ax is the maximum allowed value of 



dco ■ 



where 



32M^/ 1927T 



dx dcos 8 6(f) 



n(x) = 2x 2 (3-2x), 



a(x) = (l -2x)/(3-2x). 



(6.21) 



(6.22) 



The form of (6.21) is chosen so that each contributing factor, namely 
the l b energy spectrum n(x), the decay angular asymmetry a(x) of / b with 
respect to § a and the helicity factor [1 — A'S b ] for l b , gives unity when 
integrated or summed over. Note that the helicity factor corresponds to 
that expected for a lefthanded particle and, in particular, gives zero 
contribution when the spin of / b is parallel to its direction of motion. 
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Figure 6.2 shows plots of n(x) and <x(x) as a function of x. It can be seen 
that the most probable value of the energy is the maximum value mJ2, 
at which point a = — 1. 

The decay / a + -*v b v a / b can be calculated in a similar way to that for 
/ a ". The resulting expression for \Jf fi \ 2 is the same as that for / a ~ (6.10), 
except that the signs of the ra a and m b terms change, reflecting the changes 
in the helicity values of h = - 1 for the / a ~ and / b to h = + 1 for / a + and 
/b". These lead to changes in the signs of the A*§ b and a(x) terms in the 
equivalent expression to (6.21) for the differential decay rate. In the 
configuration x^ 1, the two neutrinos are emitted, in the rest system of 
/ a , in the direction opposite to that of / b . The spins of the two neutrinos 
(v a , v b or v a , v b ) cancel, so that the spin of / b must be in the same direction 
as that of / a . Since, in the limit m b -> 0, the lepton /b(/b) has h = -1(1), 
it will be emitted in the opposite (same) direction to the spin direction of 
/ a ~(/a + ). This is shown in Fig. 6.3(a). Application of charge conjugation 
(C) to this configuration leads to that of 6.3(b). Note that the spins and 
momenta are unaltered by this transformation. Experimentally, it is found 
that the e + in fi + -* v c v p e + decay is emitted along the direction of the fu + 
spin, so that Fig. 6.3(b) does not correspond to reality. Now, application 
of a parity transformation (P) about a vertical axis in Fig. 6.3(b) leads to 
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Fig. 6.3(c). The momenta change sign under P, but angular momentum 
vectors (i.e. rxp) are invariant. Thus the combined application of CP 
gives the experimentally observed configuration. Both C and P are 
separately violated maximally. 

In order to calculate the total decay rate we must sum over the spin 
states of / b , average over the initial spin states s a (factor \) and integrate 
over the solid angle dQ. This gives the differential energy spectrum for / b , 
namely 



where the relationship (5.63) between G F , g and M w has been used. 

If the terms in e = mjm^ are retained, then the total decay rate is found 
by integrating (6.20). The integration range is m h ^ £ 4 < m a (l -h e 2 )/2 and, 
after a short calculation in which a change of variables to hyperbolic 
functions is useful, it is found that 



T = -^-F(e) y F(£) = l-8 e 2 -24 £ 4 ln e +8 £ 6 -£ 8 . (6.25) 

1 QOtt^ 



The decay distributions for v a and v b can be found by going back to 
the expression for dcu (i.e. the equivalent of (6.11)) and integrating over 
the other two particles in each case, respectively. In the limit m b = 0, we 
can see from (6.10) that the matrix element is the same for particles 3 (v a ) 
and 4(/ b ). Hence, the decay distributions of the neutrino v a are the same as 
those of the charged lefrton l^ . Inspection of (6.10) also shows that the 
decay distributions of particle 2 (v b ) will be different to the others. In 
evaluating the decay distributions for v b we need to integrate over particles 

Fig. 6.3 Decay configurations at x = 1 for (a) l~ -> v b v a / b ~ , {b) after 
the application of charge conjugation to (a) and in (c) after a parity 
transformation of (b). 




(6.23) 



Finally, integrating over x, gives the total decay rate 




(6.24) 



G\ml 




K 



■ (a) 



(b) 



266 Purely leptonic interactions 



3 and 4, and this gives an integral of the type / in (6.16). The result is 
( \ m l r- ,dxdcos#d</> 

where 

n'(x)= \2x 2 (\ -jc). (6.27) 

The form of is shown in Fig. 6.2; the decay asymmetry cc'(x)= 1. 
Note that, for the massless neutrinos, the projection operator used is that 
summed over spin states. In the limit w b = 0, the lepton l b can, of course, 
be treated in the same way. Conversely, a mass can be given to one or 
both of the neutrinos, if so desired, in the calculation. 



6.1.1 More general form of the matrix element 

An obvious question about the standard model is why nature has 
selected lefthanded (V — A) interactions, rather than (V + A) interactions. 
One possibility is that parity is conserved at small distance scales, say 
(10 3 GeV) -1 , but the vector bosons mediating the (V + A) interaction are 
more massive than their (V — A) counterparts. Hence, at low values of q 2 
the effective Lagrangian appears to be lefthanded; however, the left-right 
symmetry becomes apparent at large q 2 . The relevant part of the charged 
current Lagrangian for this model is 

* = ^yk [(V - A) » w t + (V + H K'S] + hc - ( 6 - 28 ) 

The corresponding matrix element for the decay l~ -> v b v a / b (cf. (6.4a)) is 



-10" 



2 



' [^(i+y 5 W[^(i+y 5 W. (6-29) 



ml 

The first term arises from the V — A interaction and the second from V 4- A. 

The evaluation of the / b differential decay rate gives, using the methods 
described above, and in the limit m b = 0, 

f) ml 
,32/ 192tc 3 [Mt\ 2 

1 (\ +ft.$ b \ ) n(x)dxdQ 
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where n(x) and a(x) are given by (6.22). Note that, as expected, the elicity 
of the lepton is h = - 1 ( + 1 ) for the left- and righthanded W exchange 
respectively. The interference term (ccMl 2 Mr 2 ) is zero because 
(l-y 5 )(l+y 5 ) = 0. 

In general, couplings other than V and A can exist. Allowing for i = S, 
V, T, A and P couplings (see Section 5.1.2), the matrix element for the 
decay /" -> v b v a /b can be written (Bouchiat and Michel, 1957; Kinoshita 
and Sirlin, 1957; Sachs and Sirlin, 1975) 

= I [SaMCfi^C, + C iy 5 )v 2 l (6.31 ) 

where a current x current form for the Lagrangian is assumed (i.e. no 
account is made of the possible corresponding propagating particles) and 
rj are given by (3.139). The currents 1 -* 3 and 2 4, described by (6.31), 
both change the charge by one unit and this form is known as the charge 
exchange order. Practical calculations are somewhat simpler if the matrix 
element is rewritten in the so-called charge retention order 1 -* 4, 2 -> 3 

Ai « I l^Wl^jigj + g'jy 5 )v 2 l (6.32) 
j 

These coefficients are linearly related to those of (6.31) by a Fieri trans- 
formation (Fierz, 1937); see Appendix E. Pure V — A or V + A interactions 
have the same form in both bases. 
The differential decay rate, for m b = 0, has the general form 

A mix 2 dx dft 

dco = 

4 192;r 3 4n 

x {6(1 -x) + 4p(fx- cos0[2(l -x) + 4<5(!x- 1)]}. (6.33) 

The parameters p, S and £ are called Michel parameters and are defined 
as follows 

Ap = 3b + 6c y 

A£ = -3a'-4fc' + 14c', 

6 = (3b'-6c')/(3a' + 4b'- 14c'), 

where 

A = a + 4b + 6c, 

aHd 2 + l0s| 2 + |0p| 2 + |0p| 2 > 
^ = ^v| 2 + |^v| 2 + |^aI 2 + I^| 2 > 

c = \9t\ 2 + \0t\ 2 , 



(6.34) 

a' = 2 Rt(g s g'* + 0p0s*)> 
b' = -2 Re(0 v 0A + 0a0v )» 
c' = 2Re(^*). (6.35) 
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The helicity of the lepton / b is given by 

h = {a' + 4b' + 6c')/A. (6.36) 

The above formulae are for the decay of a completely polarised lepton 
l~ . If /" has polarisation P a) then £ is replaced by £P a in (6.33). The 
coupling constants are relatively real if time invariance holds. Note that 
p = J for V, A, p = 1 for T, and p = 0 for S, P interactions. Further, the 
prediction p = J, and also 5 — J, is independent of the relative admixture 
of V and A. However, the parameter £(= — b'/b) is sensitive to the relative 
admixture of V and A, and has the value £ — 1 ( — 1 ) for pure V — A(V + A). 

If we consider V and A terms only in the charge exchange order (6.31), 
then the differential decay rate as a function of the energy fraction x of 
/b , and in the limit m h = 0, is 



(X + Y)mlx 2 dx 
d( ° = 192^ 

where 



6Y 

(3-2x) + (1 -jc) 



.(X+Y) (X+Y) 



(6.37) 



X = \Cy\ 2 + 


|Cv| 2 + 


|Q| 2 + |Q| 2 


+ 2Re(C v Q + QCA*), 


y = |c v | 2 + 


|Cv| 2 + 


|QI 2 + |Q| 2 


- 2 Re(C v C* + C' V C'*). 



Comparison with (6.33) shows that we can identify 
3 v 

p = — (6.39) 

4(X+Y) 

Note that pure V or A coupling (X = Y) gives p = f , whereas pure V — A 
(C v = C A = 1, C' v = C' A = - 1) and pure V + A (C v = C A = C' v = = 1) 
both give p = |. 

If the more restrictive assumption is made that the v b — current has 
a pure V — A form, but that the /" — v a current has an, a priori, unknown 
mixture of vector and axial vector terms, then the matrix element can be 
written 

Ai = "3^(/v+/ A y 5 )"i"4y /i (i -y 5 )v 2 - (6-40) 

The equivalence with the form (6.31) is that C V =-CV=/ V anc * 
C' A = — C A = / A . For pure V — A (f A = —f v ) this gives the result already 
derived above that p = J. However, a pure V 4- A current for /" — v a 
(A=/v) le ads to p = 0. 

Comparison of the general result (6.33) with that derived for the 
manifestly left-right symmetric model (6.30) shows that these forms are 
equivalent provided p = S = f . The parameter £ is given by £ ~ 1 — 
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2(MJM R ) 4 , assuming M R is more massive than M L . The left-right model 
considered above, however, is a somewhat simplified version. In general 
(Beg et ai, 1977), the mass eigenstates W { and W 2 are linear combinations 
of the weak eigenstates as follows 

W x = W L cos x-W K sin 

W 2 = W L s'mx+ ^rCOs*. (6.41) 

These authors note that the Higgs potential can give rise to masses for 
both Ws as well as giving an antisymmetric vacuum. 

The effective interaction Lagrangian at low q 2 can be found by inserting 
W h and W R from (6.41) into the Lagrangian (6.28). This gives 

=~%m E VVT + f aa A A f + r, A v ( VA* + A V')] , (6.42) 

where 

2^ = 8M 2 (C ° S * " X? + 8Mf (COS 1 + Sin X)2 ' 
>7aa = (£ 2 W| + M 2 )/( £ 2 M 2 + M\), 
^ AV = -e(Mi-Mf)/(e 2 Mf + Mf) 

e= (1 + tanxO/(l - tanx). (6.43) 
The Michel parameters are S = \ and 

3 [(1+>? AA ) 2 + 4>? AV ] -2if AV (l +>? AA ) 

8 1+v1a + 2^v ' 1+Vaa + 2^v ' 

The V - A limit is M\IM\ - oo and x - 0. 

6.1.2 Results on muon decays 

The total muon decay rate gives an accurate determination of the 
weak coupling constant G„, and hence a relationship between g and A/ w 
from (5.63). In the standard model, taking into account first-order 
radiative corrections, the decay rate is (Sirlin, 1975) 

3 ml 



" T„ 192tt 3 L w?JL 27l\4 / 



(6.45) 



The correction term to the muon lifetime from the W-boson, and also 
that to the Michel p parameter (p = I + (w^/M w ) 2 /3), are very small 
(^ 10" 6 ) and are beyond the present experimental precision. 
The n + lifetime has been accurately measured (see Particle Data Group) 
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Table 6.1. Experimental values for the Michel 
parameters of the muon 



Parameter 


Value 


Reference 


P 


0.7503 ± 0.0026 


Peoples, 1966 


S 


0.752 ± 0.009 


Fryberger, 1968 


i 


^0.9959 (90% c.l.) 


Carr el al, 1983 



and, including 0(a 2 ) corrections, Sirlin (1984) gives 

G F = G fi = (1.16634 ± 0.00002) x 10" 5 GeV" 2 . (6.46) 

The ratio of the /x + and \T lifetimes is 1.000029 ± 0.000078, compatible 
with the value of unity expected from the CPT theorem. 

The experimental values for the Michel parameters (6.34) are shown in 
Table 6.1. The e + energy spectrum from the experiment of Bardon et al 
(1965) is shown in Fig. 6.4. The current value for p is very close to the 
V — A/standard model prediction of p = f . This has not always been the 
case, as can be seen from Fig. 6.5, which shows the time dependence of 
the measurements. Each result is essentially compatible with the previous 
one, but a clear trend towards the now expected result is seen! 

The measured values of p and S clearly exclude pure T or pure S/P 
coupling; however, any admixture of V and A fits the results. This can 
be seen by comparing the V — A and V + A parts of (6.30) (or from the 
Beg et al (1977) model, provided x = 0). The terms n(x) and a(x) are the 
same in both cases; the differences arise in the sign of the cos 6 term 
(corresponding to £), and of the helicity term. Thus, an accurate 
measurement of £ (or h t ) is sensitive to possible V + A components. Such 
a measurement has been performed by Carr et al (1983), who measured 
the ratio of the e + spectrum at the end-point from polarised and 
unpolarised p + decays. At the end-point (x~ 1) and at 6~n, the ratio 
of the decay rates for muons with polarisation to unpolarised muons 
is, from (6.33), R ~ 1 + cos 0£ S/p~l- P^, if S = p. The muons are 
produced by pion decay, and the polarisation of the muon will also depend 
on the presence of any righthanded currents in this decay. For the model 
of Beg et al, P^ ~ 1 — 2(a + #) 2 , where a = M\/M\. This results in a ratio 
R ~ 2(2a 2 + 2ax + X 2 )- No evidence for righthanded currents is found 
experimentally, and Carr et al give a limit 

f>P u S/p > 0.9959 90% c.l., (6.47) 

which can be converted into limits on both a and x- For no mixing (x = 0)» 
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4a 2 < 0.0041 (90% c.l.), hence M 2 > 450 GeV (90% c.L). Allowing x to be 
non-zero gives the limit M 2 > 380 GeV and \x\ < 0.07 (90% c.L). 

In the above analysis it was assumed that the mass of the righthanded 
neutrino was zero (or ^ few MeV). Clearly, the decay is kinematically 
forbidden if the neutrino mass ^mJ2. Hence the limit on M 2 (M R ) is only 
a valid test of those models in which the righthanded neutrino is light 
(e.g. that of Beg et ai, 1977). However, in more recent left-right symmetric 
models (Mohapatra and Senjanovic, 1 98 1 ), v R is taken to have a mass larger 
than that of W R . 

The measurement of Carr et al. also allows a rather stringent limit to 
be placed on the value of the helicity of the muon (/ij, and hence the 
neutrino (fe ), from the parent pion decay. In order that the muon decay 
rate be positive, one can easily show that £S/p^\. Using this limit, 
Fetscher (1984) has pointed out that (6.47) implies that > 0.9959 

Fig. 6.4 Positron momentum spectrum from unpolarised fi + decay, 
the curve is for p = J. 
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(90%c.l.) and hence that \h M \ = > 0.9959 (90% c.l.). Furthermore 
these conclusions are supported by a measurement of the directional 
distribution of positrons from polarised muon decays giving, for the 
integral decay asymmetry, P^= 1.0027 ± 0.0084 (Beltrami et a/., 1987). 
These results, combined with the determinations of the helicity of the e* 
in //± decay (/z(e + ) = 1 .010 ± 0.064, Corriveau et ai y 1981 ; /i(e + ) = 0.998 ± 
0.045, Burkard et aL, 1985; /i(e~) = -0.89 ± 0.28, Schwartz, 1967), shows 
that the \~{fx~ e~) is, to a very high degree, a lefthanded particle as far 
as the charged current weak interaction is concerned. From (6.36), the 
measurement h = — 1 implies g\ = —g i {i=\ to 5). In summary, therefore, 
the various results from muon decay are in excellent agreement with the 
predictions of the V — A theory/standard model. For a detailed review 
see Engfer and Walter (1986). 

6.1.3 Results on leptonic t-decays 

The short lifetime of the t-lepton (~ 3 x 10" 13 s) makes experiments 
attempting to isolate and study the t-decays much more difficult than 
those for muon decay. The experimental discovery (see Perl (1980) for a 
review), and subsequent studies, have been made using the reaction 
e + e" -►t + t~. The most surprising property of the t-lepton is its large 
mass (1784.2 ± 3.2 MeV), a factor of about 17 more than m fl and 3 500 

Fig. 6.5 Time dependence of the Michel p parameter. Prior to 1952 
the measurements should be increased because the value of m^ used 
was imprecise. 
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Table 6.2. Main z lepton decay 

branching ratios {Particle Data 
Group, 1986) 

Mode % 

e"v e v T 17.4 + 0.5 

|Tv M v f 17.6 ±0.6 

n~v x 10.1 ± 1.1 

p~v t 21.8 ±2.0 

7Tp°v r 5.4 ±1.7 

K"v r 0.67 ±0.17 

K*"(892)v r 1.7 ±0.7 



more than m e . The large mass value means that there are many possible 
decay channels. The decay branching ratios are given in Table 6.2. The 
purely leptonic decays account for roughly one third of the total, the 
remaining decay modes contain hadrons. The hadronic decays (see Section 
8.7) i" (nh)~v t have branching ratios of about 52%, 13%, <0.2% and 
<2 x 10" 4 , for n — 1, 3, 5 and 7 respectively. Thus, experimentally, the 
t + t~ signature is missing energy (carried off by the neutrinos) plus 
back-to-back topologies of low multiplicity. 

The spin of the t has been found from a study of its threshold production 
cross-section. As discussed in Section 4.8, the dependence of <r ri on the 
t-velocity /? is different for different spin assignments. The data (see Fig. 
4.1 1) show that the t has spin {. The threshold behaviour has also been 
used to obtain the i-mass. The question of whether the t is point-like (i.e. 
no internal structure) has been studied by parameterising the cross-section 
as follows (see (4.62)) 

47ta 2 BO - B 2 ) 

°- = ^r^^ {m2 > F(s) = 1 + s/(s - A ± } - (6 - 48) 

The data (e.g. Bartel et aL, 1985b) are compatible with a point-like object 
(F(s) = 1) to within the 95% c.l. limits A + > 285 GeV, A_ > 210 GeV, or 
down to a radius of less than or equal to 10" 16 cm. These measurements 
also constitute a stringent test of QED. 

Assuming the existence of a separate v r , then the observation of the 
decay mode t" n~v z shows that the v t has half-integral spin, with the 
simplest assignment being j. Taking the above assignments (for more 
details see Perl, 1980), then the purely leptonic decay modes of the r" are 
(cf. (6.1)) 

t~ -> V| 4- v r + l = e,^. (6.49) 
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In the expression for the energy spectrum of /" from unpolarised t~ , the 
mass of / " enters as (w e /m r ) 2 . This can be seen by starting with (6.20) and 
summing over x and / spin states. Since (m^/m T ) 2 = 3.5 x 10" 3 , the effect 
of the muon mass is negligible over most of the lepton energy spectrum; 
thus, the decay spectra for electrons and muons are expected to be 
essentially the same. 

Compared to studies of muon decays, the t-event samples are small 
and the possibilities in measuring polarisations limited. Hence the results 
are much less precise than for muon decay. 

The electron energy spectrum has been analysed, for example, by Bacino 
et ai (1979), who find (assuming m Vr = 0)p = 0.72 ± 0.15. This is compatible 
with the expected value p = J from the V — A theory but, as discussed 
above, this value is obtained for any admixture of V and A couplings. 
However, if the more restrictive assumption is made that the couplings 
at the W/v, vertex (see Fig. 6.1) are known, and have the V - A form, then 
the transition amplitude (6.40) is obtained. That is, the Wt"v t coupling 
is assumed to be, a priori, unknown, but restricted to V and A terms. The 
experimental data and the curves for pure V — A (p = -J) and pure V + A 
(p = 0) are shown in Fig. 6.6. No significant deviations from the expectations 

Fig. 6.6 Electron energy spectrum x = E e /£™ ax from t -* evv decays; 
the curves are for pure V — A (full line) and V + A (broken line) couplings 
at the Wrv r vertex. 

80 I 1 1 1 1 1 1 1 1 1 




0 



0 



0.2 



0.4 



0.6 



0.8 



Overflow 



Muon decay and related processes 



275 



of the standard model are apparent. If the V — A form is assumed, then 
the data can be used to set an upper limit on the mass of v r , namely 
m Vr < 250 MeV (95% c.l.). A more precise limit is discussed in Chapter 9, 
The world average value for the p parameter is p = 0.71 ± 0.08. 

The decay flight paths of the t ± in e + e" -> t + t~ at s 1/2 — 30 GeV are 
typically less than or equal to 1 mm. Thus, a reliable measurement of the 
lifetime is a considerable experimental challenge. Reasonably accurate 
measurements have, however, been made. The average measured lifetime 
of the t-lepton is (3.3 ± 0.4) x 10" 1 3 s. The expected lifetime can be 
computed using equation (6.24), together with the value of G ti from (6.46) 
and the mean leptonic branching ratio B { from Table 6.2. The result is 
r r = (2.79 ± 0.06) x 10~ 13 s, in excellent agreement with the measured 
value. Alternatively, if g x is the coupling at the Wrv t vertex, and g that 
for the W/^ or Wev e vertices, then (6.24) gives 



9 L T r \ m J J 

in agreement with the hypothesis of i-/i-e universality. 

Although there is good evidence that a neutrino is emitted in z-decay, 
there is, as yet, no direct observation of the subsequent interactions of 
the v r . Assuming that the r" and v t carry a unique additive lepton number 
L r ( = l), then the charged current interaction v r + N->r~ + hadrons is 
expected. The most fruitful place to search for such events is, perhaps, in 
the study of neutrinos (or antineutrinos) produced by the interactions of 
the highest available energy protons in a dense nuclear target. The 
production of the charmed D S (F) meson and its subsequent decay D s -> rv r 
is a possible source of v r /v t . A so-called beam-dump set-up is used for such 
a study, in which protons interact in a very dense target (L inl ^ 20 cm), 
so that the and K 1 mesons (whose decays give the neutrinos in a 
conventional beam) interact predominantly before they have a chance to 
decay. In this way the conventional neutrino flux is reduced by more than 
a factor of 1000. However, short-lived particles (lifetimes ^10" 11 s) are 
largely unaffected by the dense material, and so the resulting neutrino 
beam is rich in these prompt decays. A series of such experiments has 
been carried out at CERN and FNAL (see, for example, Wachsmuth 
1984), and these prompt neutrinos seem to arise from the decays of 
charmed particles, whose decays give roughly equal fluxes of v e and v H . No 
direct observation of v r interactions has yet been made. 

The possibility that the x~ and v r may have the same lepton number 
as that of a lighter lepton has been considered by Llewellyn Smith (1977). 
In this scheme a heavy lepton L" is called an ortho-lepton (para-lepton) 




(6.50) 



276 Purely leptonic interactions 



if it has the same lepton number as a lighter lepton /"(/ + ). If the t + was 
an ortho-lepton of the e~ type, then the decay t" -> e"y would be possible. 
However, this decay cannot proceed directly, since conservation of the 
current foy^ forbids the simplest decay matrix element. The decay must 
then proceed through suppressed higher order diagrams. The experimental 
limit is less than 6.4 x 10" 4 (90% c.l.). The weak decay t" e~e + e~~ would 
also be possible; experimentally this branching ratio is less than 4 x 1CT 4 
(90% c.L). A further limit on the possibility that has the t~~ has the same lepton 
number as the v e has been placed from a study of neutrino interactions 
in a beam-dump by the BEBC group, Fritze et al (1980), and by CHARM 
(Winter, 1983). As discussed above, the beam from the dump is rich in 
v c , so that, in addition to the reactions v e + N -> e~ + H, v e -f N v c + H, 
the reaction v e + N-»i~ + H can occur (H here stands for final state 
hadrons). Since the t branching ratio £ e ~17%, this will lead to an 
apparent increase in the neutral to charged current ratio (NC/CC) for v c . 
The experimental values found are NC/CC (v e + v e ) = 0.1 ± 0.5 for 
E H > 10 GeV for BEBC and 0.44^ g;?§ for CHARM, from which it may 
be concluded that a(v e N TH)/a(v e N - eH) < 0.35 (90% c.l.). 

If the t~ was a para-lepton of the electron type, then T~^>e~y 
is forbidden. However, the ratio of the leptonic decay rates R eJfi = 
r(r" -> e~ v e v r )/r(i" -> \i~ v^v t ) ~ 2 if v r = v e , since there are then two 
identical particles. This possibility is incompatible with the data. 

The possibility that the t" is an ortho-(para-)lepton of the muon type can 
also be excluded. In this case the reaction + N t ~ -f H(v^ + N t + + H) 
is allowed, leading to anomalous electron events. An analysis of events 
in a neon bubble chamber by Cnops et al. (1978), produced by a beam 
gave no candidates, giving a limit (gjg) 2 < 0.025 (90% c.L), This is incom- 
patible with (6.50). Furthermore, the decay branching ratio i" -> \x + \i~ 
(<4.9 x 10~ 4 , 90% c.L) would be allowed if t" = /T, and the hypothesis 
that v t = would give R eJfl ~ 0.5. 

Hence, since the other possibilities are excluded, the i appears to be a 
sequential lepton with its own unique lepton number, which is also carried 
by the v r . A direct observation of v T interactions would clearly, however, 
be more satisfactory. The above discussion is further complicated if the 
possibility of mixing between neutrino types is admitted. Neutrino mixing 
is discussed in Chapter 9. 

6.2 NEUTRINO AND ANTINEUTRINO 
ELECTRON SCATTERING 

The following reactions are accessible to experimental measure- 
ments: 
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- v.e" 


(NC), 


(6.51) 


v,e- 


- v„e" 


(NC), 


(6.52) 


v e e" 


-* v e e~ 


(NC + CC), 


(6.53) 


v e e" 


v e e" 


(NC + CC), 


(6.54) 


v e~ 


-»//~v t 


(CC), 


(6.55) 



where NC and CC refer to neutral current (Z° exchange) and charged 
current (W 1 exchange) respectively. To lowest order, all these reactions 
involve one (or both) of the diagrams shown in Fig. 6.7. 

For v M e~->v^e" (6.51), the relevant diagram is Fig. 6.7(a), with 
a = c = v /i , d=e~ and V = Z°. Using the Feynman rules (Appendix C), 
the matrix element is 



^ = - — T7T u *y» ' 



2cos 2 0 w 2 ^7 2 -Ml 



- (^v-^y 5 ) 

u 4 y v u 2 



(6.56) 

where, following the notation of Commins and Bucksbaum (1983), 

£v = (C L 4- C R ) = 2 sin 2 0 W - i, # A = C L - C R = - (6.57) 

Using similar arguments to those following equation (5.62), we can 
simplify (6.56) to 

■ 2 

["s^U - ? 5 )"i]["4^(^v - 0 A y 5 )"2]- 



8 cos 2 9 v/ (q 2 — My) 

(6.58) 

Summing over final e" spin states and averaging over the initial spin 



Fig. 6.7 Lowest order graphs for a + e ->c + d via (a) r-channel 
and (b) s-channel exchange of a vector boson V. 
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states, we obtain, by the usual methods, 

4 

l^nl 2 =~ , n /2 M , 2x2 [(gv + ^a) 2 (Pi-P 2 )(P3-P4) 

2 cos* # w (g - Mz) 

+ (0v ~ 0a) 2 (Pi ■ PJ(P 2 "Ps) - w e (<?v ~ 0a)(Pi ■ P 3 )]> 

(6.59) 

where g v and g A are assumed real. Defining 

y = (Q-PiViPi Pi) = (PrPi)/(Pi-P2), 
the cms differential cross-section (4.29) is 



dff G 2 (s-m 2 ^ 2 

— (cms) = 

dO 167r 2 s(l-q 2 /M^ 2 



( cms ) = 77 7,7 T/,^ 7 [(»v + <7 A ) 2 + (ffv - ^a) 2 ( i - y) 2 



-mi^-jiMs-™. 2 )]. (6-60) 



where relations (5.63) and (5.168) have been used. If 8 is the angle made 
by the outgoing e~(p 4 ) with respect to the incident direction (pj, then 
dQ= 27cdcos 6 = 27rdy(l + /?)//?, where /? is the cms velocity of the e". 
Noting also that /? = (s — )/(s + ml), (6.60) may be expressed as 



da Gl(s — ml) 



A + B(\-y) 2 -C 



ml 



(6.61 ; 



dy 4n(l-q 2 /M 

where /4 = (g v + # A ) 2 , B = (g v - g A ) 2 and C = - g\\ 

Equation (6.61 ) is in a Lorentz invariant form. To obtain the differential 
cross-section in the lab system, in which the has energy E v , the 
substitution 5 = ml + 2E v m e is required. For high energy beams (E v » m c ), 
the C term is negligible. 

The reaction (6.52), v M e~ -► v^e" (Fig. 6.1(a) with a = c = v^, d = e" and 
V = Z u ), is calculated in a similar way. Constructing J£ {h from the Feynman 
rules one can see that, with respect to (6.58), the roles of particles 1 and 3 
are interchanged. Thus, \Jt { ^ is given by (6.59), with p l and p 3 inter- 
changed. The resulting coefficients A, B and C are given in Table 6.3. 

The reaction (6.53), v e e~ -► v e e", can proceed by either NC (a = c = v e , 
d = e" and V = Z°) or by CC (a = v e ,c = e",d = v e and V = W ± ). In the 
latter case the outgoing v e and e~ have four-momenta p 3 and p 4 
respectively, so that they refer to the same particles as in the NC diagram. 
The matrix elements for the Z and W exchange diagrams are, in terms of 
the initial (v, e) and final (v', e') state spinors, 

■ 2 

-y 5 )"J[tvy"(0v-0 A y 5 K], (6.62) 



8 cos 2 0 w (q 2 - M2) 
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Table 6.3. Coefficients A, B and C (equation 6.61) for different v/v 
electron scattering reactions 

In the standard model g v = 2 sin 2 0 W — i, </ A = — 21 #v = 9m + 1, and g' A = g A + 1 



Reaction 


/I 


B 


C 


V -> V 


(0v + # A ) 2 


(9v-g A ) 2 


gl - g\ 


V T v e ~ 


(0v ~9a) 2 


(9v + 9a) 2 


gl - g\ 


v e e -> v e e" 


(Q'v + 0a) 2 


(9v~9'a) 2 


g'v - 9a 


v c e ~ -> v e e " 


(g'v~g A ) 2 


(9v+9a) 2 


9v-9a 



and 

= exp(i^) 2 lg2 [u e7|1 (i - y 5 K!P v yU - y 5 K]> (6-63) 

where </> is the relative phase of the two diagrams. 

In the limit q 2 « A/w(M|), the matrix elements (6.62) and (6.63) become 

= - y 5 )"J["eYtov - ^y 5 Kl> (6-64) 

^ = ^f ["v7,(i-7 5 K]["cr(i -y 5 KL ( 6 - 65 ) 

where equation (5.168) has been used. The term in has been reordered 
by a Fierz transformation (Appendix E) which introduces a sign —1 in 
addition to the sign exp(i$) = — 1, which arises from the anticommutation 
relations of the Dirac creation operators due to Fermi statistics. Thus the 
total matrix element for v c e~ -> v c e" is 

Jt = Jl z + Jl^ = -^f [u v 7 M (l - y 5 K][w e yVv - 0ky 5 KJ> 

(6.66) 

where g' v = g v + 1 and g' A =g A + 1. We now have a form similar to (6.58), 
and the resulting coefficients /4, B and C in the cross-section are given in 
Table 6.3. 

The calculation of reaction (6.54), v e e" -> v e e~, is very similar to that 
for (6.53). However, for (6.54) the W diagram is in the s-channel (Fig. 
6.7(b)), with a = c = v e , d=e". The relative factor between .Jt z and Ji^ 
is again —1 from Fermi statistics, and a Fierz transformation introduces 
a further factor of - 1 , leading to, for a 1 « M^(M |), 

^ = ^z + ^w = ^[W -y 5 K'][" c -y^v-^y 5 K]- (6-67) 
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The cross-section calculation follows that for v^e" -> v^e", resulting in the 
coefficients given in Table 6.3. 

The total cross-sections for the above interactions are obtained by 
integrating (6.61) over y, which gives, neglecting the m\ term and the q 2 
dependence of the propagator, 



where E v is the lab energy of the v (or v). The constant GpmJ(2n) has the 
value4.31 x 10" 42 cm 2 GeV" 1 . Hence, unless £ v is very large, experimental 
observation of these reactions is a formidable problem. Nonetheless, 
reactions (6.51) to (6.55) have all been observed. Reactions (6.51) and 
(6.52) have been studied using v^vj beams at high energy accelerators, 
these being produced by n and K meson decays. The energy and angle 
of the outgoing electron satisfy £ 2 0 2 < 2m e , giving a characteristic signal 
in a detector of a single electron produced at a small angle with respect 
to the incident beam. Barbiellini and Santoni (1985) calculate world 
average values of a/E v = 1.55 ± 0.20 for (6.51), and 1.26 ± 0.21 for (6.52), both 
in units of 10" 42 cm 2 GeV - 1 . From Table 6.3, we can see that the near 
equality of these results shows that g w g A ~ 0. From equation (6.68) we can 
see that from each reaction we get an elliptic relation between g v and # A . 
The regions of the g v , g A plane allowed by these reactions are shown in 
Fig. 6.8. Taking the reactions together, only the common regions of the 
ellipses are allowed. These are roughly the (g Vi g A ) points (±2,0), 
(0, ±j). The ambiguity arises because the equations are symmetric in # v 
and g A . In terms of the standard model, the measured cross-sections can 
be used to determine sin 2 (9 W (using (6.57)) giving 0.23 ± 0.03 from (6.51) 
and 0.22 ±0.05 from (6.52). The ratio of the v„ and v tl cross-sections is 
independent of the assumption that the appropriate coupling constant is 
G F , and gives sin 2 0 W = 0.22 ± 0.03. 

Experiments on v e or v e are even more difficult. Reines et ai (1976) 
used the intense v e beam from a reactor to study reaction (6.54). The 
result can be converted into a contour in the (g v > 9\) plane as shown in 
Fig. 6.8. Note that the. data are taken with an energy range 1.5 < £ v - e < 
4.5 MeV, so that the term in C in (6.61) is not negligible. Alternatively, 
in terms of the standard model, the experiment gives sin 2 0 W = 0.35 ± 0.06. 
Results from the study of reaction (6.53) have also been obtained (Allen 
et a/., 1985); the (# v > #a) contour is shown in Fig. 6.8, and the resulting 
value of sin 2 0 W is 0.21 , with an error of about 0. 1 2. Further, the possibility 
of constructive interference between the NC and CC parts (rather than 
the destructive interference prediction of the standard model) can be ruled 




(6.68) 
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out. Examination of Fig. 6.8 shows that there are two possible remaining 
solutions for (# v > Q\)\ namely, around (0, — and ( — 0). The solution 
around (0, —{) corresponds to sin 2 0 W ^0.25. 

The final reaction in the list, v^e~ -> ji~ v e (6.55), can only occur through 
W exchange. This process is related to \x~ -*e~v^v e by the replacement 
of an outgoing v e by an ingoing v e , and is thus known as inverse muon 
decay. Reaction (6.55) is of the type of Fig. 6.7(a), with a = v u , c = 
d = v e , and V = W* . In the standard model, the matrix element is 



which gives, summing over final spins and averaging over initial spins, 



[^U-y^ilC^O-y 5 ^], 



(6.69) 




2g* 



(Pi -P2)(P3-P4)- 



(6.70) 



(^ 2 -Mw) 2 



Fig. 6.8 Allowed contours in the (g A ,gv) plane from studies of v(v)- 
electron neutral current interactions. 



1 - 
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Some care must be taken in the kinematics of this process, since the final 
and initial particles are different. The differential cross-section is 



da (cms) Gp (5 — 



2\2 



dcosfl 2ns(l-q 2 /M^Y 



(6.71) 



where 9 is the angle made by the \i with respect to the incident v^. 
Defining y = (p { •p 3 )/(/J 1 -/> 2 )> as above, this becomes 



da Gl{s-ml) 



dy n(i-q 2 /M^) 2 



(6.72) 



The presence of the final state muon means that the reaction has a 
threshold of E v - m^/(2m c ) ~ 1 1 GeV. 

The experimental beams of are formed mainly from n and K decay, 
and the neutrinos in these decays are predominantly lefthanded (see 
Section 6. 1 .2). However, a small v R component could exist, and the reaction 
(6.55) could have some V + A component. Thus, we could have a more 
general V, A matrix element (in the charge exchange order) of the form 



— iG F 

2^/2 



["3^(1 - VKHWCy ~ C A y 5 )u 2 l 



(6.73) 



where h is the v M helicity which is 1(— 1) for pure left(right)handed 
neutrinos. Neglecting m c (but not raj, we obtain 

^ = P- (N 2 + |Ca| 2 )4(1 + h 2 + 2hX)(\ - rnl/s) 
ay an (. 



+ (1 +h 2 -2hX) 



OT,' 



(i-y) 2 -^d-y) 

5 



(6.74) 



where X = 2 Re(C v CJ)/(|C v | 2 + |C A | 2 ), and has the value 1 in the standard 
model. Note that h = X = 1 (V - A), and h = X = - 1 (V + A), lead to the 
same result. For a lefthanded beam (h = 1), we have 



da 

dy 4n 



:|c v | 2 + \c A \ 2 )s 



(l+A) 1 1 +(1-A) 



(6.75) 

Hence, from a study of the total cross-section, or of the y dependence (or 
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the angular distributions, since y^(l — cos 0)/2), a value of X can be 
found. Hence the relative admixture of V and A couplings can be extracted. 

The problem can also be analysed using the charge retention order. If 
we assume the charged leptons are purely lefthanded, then we can write 

= §Ti [ "3^( 1 - y 5 )«2][fi47 M (C' v - Qy 5 K]. (6.76) 

For a righthanded v^, we must replace u v by [(1 +y 5 )/2]u l and then 
calculate d<x R . Likewise, for a lefthanded v^, we must replace u i by 
[(1 - y s )/2]u l giving da L . Note that a right(left)handed neutrino has zero 
cross-section if the current is pure V - A(V + A). If P is the polarisation 
of the v„ beam, that is P = [/V(v R ) - N(v L )]/[iV(v R ) + N(v L )], then the 
differential cross-section is, retaining terms in m M , 

da (cms) _ / 1 + P\ da R f l ~ P \ do " L 
dcos(9 ~V 2 /dcosfl \ 2 / d cos 6 

64ns 

x [(1 + P)(l - - cos 6)(a - b cos 9) + 4(1 - P)(\ + *')], 

(6.77) 

where a = 1 + m*/s, = 1 - m^/s, X' = 2 Re(CvCX* )/(|Cv| 2 + |Q| 2 ) and m c 
terms have been neglected. The V — A form (6.71) is obtained with P = — 1 
and X' — 1. 

The form (6.77) has been used by Bergsma al. (1983) to compare 
with measurements on v^e" pL~v ci made in the CERN wide band beam 
(mostly with £ v ~ 20 GeV). In the lab system the muons are produced 
at small angles with respect to the direction (0 tl < lOmrad is required 
experimentally). The ratio of the observed number of events to that 
expected for pure V-A (P=— 1, X' = I) is 0.98 ±0.12, whereas the 
corresponding ratio for pure V + A (P = 1 , X' = — 1) is 2.63 ± 0.33. The 
resulting limits on X\ as a function of P, are displayed in Fig. 6.9. For 
the charge exchange form with h = 1 (6.75), a value of X compatible with 
pure V — A can again be deduced. Limits on the contribution of W R in 
the left-right symmetric model of Beg et al. (1977) can also be found, 
giving M 2 ^ 1 55 GeV, |^| < 0.26, (90% c.l.). Note that, as discussed for muon 
and tau decays, it is important to understand the assumptions used in 
obtaining the matrix element when considering the implications of an 
experimental result. 
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6.3 THE ELECTROWEAK REACTION e + e" - ff 

In Section 4.3 the cross-section was derived for the reaction 
e + e~ ff, via single photon exchange and for unpolarised incident beams. 
The symbol f represents any spin \ fermion of charge Q ( (in units of e), 
other than the electron. In addition to single photon exchange (Fig. 
6.10(a)) there is, in the standard model, a similar diagram with a single 
Z° exchange (Fig. 6.10(b)) . Before considering the cross-section arising 
from the sum of these processes, we will first examine the cross-section 
for single photon exchange in the case where the incident beams are 
longitudinally polarised. If the incident e~ and e + are completely polarised 
with helicities h = — 1 and -hi respectively, then only the left and 
righthanded parts of the e" and e + wave functions respectively contribute 
to the interaction. Hence, the matrix element is (cf. (4.59)) 



where Q c is the electron charge in units of e (i.e. Q c = — 1). It is assumed 
that the electron is massless (although it could not, in fact, be transformed 
into an arbitrary polarisation state if that were the case!), so that the 
projection operators (1 +y 5 )/2 and (1 -y s )/2 for the right and lefthanded 
states can be used. If the m e terms are retained, then the projection operator 
(^e + w e)0 + y 5 y e )/2 must be used. For a longitudinally polarised e", the 
spin appears in the combination m e s e which (in order to satisfy si = — 1, 

Fig. 6.9 Allowed region (hatched area) for the beam polarisation 
P and parameter X obtained from a study of inverse muon decay. 

Pure V + A 



J4, 




(6.78) 



I f- 



P 



0 
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p c -s c = 0) is, in the limit m e 0, equal to +( — )p e for Ji=+1(— 1) 
respectively. In this limit the result obtained is the same as that using 
(6.78). Using the usual methods, we obtain 



[(Pi 'P 4 )(P2 m Pi) + (Pi -Pz)(P2'P*) + ™f 2 (Pl -P2)] 

5 

2^e e 2 2 f 2 (l + cos 2 0), (6.79) 



where w f is the mass of the outgoing fermion. In the second line of (6.79), 
m f is taken as zero, and 8 is defined as the angle made by particle 3(f), 
in the cms system, with respect to the incident direction of particle 1 (e " ). 

If the incident e" and e + have helicities h = + 1 and —1 respectively, 
then the result (6.79) is also obtained. For the two possible remaining cases, 
namely h(e~)= 1, /i(e + ) = 1, or h(t~) = — 1, /i(e + ) = — 1, the cross-section 
is zero. This can be seen directly from the matrix element which will, in 
each case, contain the product (1 + y 5 )(l — y 5 ) = 0. Summing the results 
for |^/ y | 2 for the four possible longitudinal spin configurations, and 
dividing by four, gives the spin-averaged result (4.60), as required. The 
resulting differential cross-section (using (4.29)) is 



d<r_ « 2 e 2 e 2 

dft 4s 



(1 +cos 2 6). 



(6.80) 



It might appear, at first sight, that there is no further information to 
be gained in studying the polarisation of f (orT) in the parity conserving 
electromagnetic interaction. However, this is not the case. For simplicity, 
we will consider the limit m ( -> 0, so that the outgoing f (or f) is completely 
longitudinally polarised. The calculation for w f /0 can be made as 
outlined above, but leads to more cumbersome expressions. 



Fig.. 6.10 Lowest order diagrams for the reaction e + e" 
y° and (b) Z°. 



ff via (a) 





(a) 



(b) 
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= a2Q ' Q < [(1 + fe.J, f )(l + cos 6) 2 4- (1 - ^,/i f )(l - cos 0) 2 ] 



If we consider the possible initial and final state helicities, then we obtain 
the following matrix element 

4s 

where = 1 corresponds to /i (e " ) = 1 , h(c + ) = - 1 , and h { = ~ 1 corresponds 
to /i(e~) = — l,/i(e + ) = 1. Likewise, h f = 1 corresponds to h(f) = 1, /i(T) = — 1 
and /? f = — 1 to /i(f) = — 1, /j(T) = 1. The remaining terms, for which the 
helicities of either both of the initial or both of the final state particles are 
the same, give zero contribution in the massless limit. The resulting 
differential cross-section is (with hf = hf = 1) 

da 2a 2 0?Q f 2 
dft 5 J 

85 

= * cV * f [(1 + cos 2 6) + 2h-h { cos 0], (6.82) 

45 

If we sum over the four possible helicity configurations, the term in 
cos 6 disappears. This sum, divided by four, gives the spin-averaged 
cross-section for unpolarised beams, namely (6.80). If the incident beams 
are, however, polarised (/i; either + 1 or — 1 ), then the angular distributions 
for righthanded (h ( — 1) and lefthanded (h ( = — 1) fermions f are different. 
For a righthanded incident e ~ (h { = 1 ) and a righthanded f (h ( = 1 ), we have 

^ = !^(, + cos*)>, (6.83) 
dD 4s 

The same result is obtained for the configuration h x = h { = — 1. However, 
for fcj = 1 , /2 f = — 1 (or /ij = — 1 , h ( = 1 ), we obtain 

^.^O-^V. ,6,4) 
dft 45 

We thus see how the cross-section (6.80) is made up from individual 
components with specific polarisation configurations (Fig. 6.11). 

In the standard model, the weak interaction component has different 
couplings for left and righthanded states, hence the angular distribution 
of the final state fermions should provide a sensitive test of the model. 
To lowest order the reaction e + e" -> fFcan occur by the processes shown 
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in Fig. 6.10, which lead to the matrix element (using Appendix C) 

= ^"i«3y^4 + 2/) , — ~vji\ 

S COS z # w ( 5 " Mz) 

x ^ "i« 3 / — — - y 4 » ( 6 -85) 

where g v = C L -f C R and g\ = C L — C R . Thus |^| 2 is composed of the 
following three terms 

|^| 2 = \j? y \ 2 + |^ z | 2 + (^#1 + Ji z Ji*). (6.86) 

The evaluation of these contributions is made by the usual methods. 
For the collision of unpolarised incident beams, the resulting differential 
cross-section is 

— = — [C v {\ + cos 2 9) + C 2 cos 0], (6.87) 
where 6 is the angle subtended by f with respect to the incident e~, and 

16 2 
C 2 = y gWAg ' v9 ' A + FQ c Q ( g c A gl (6.88) 



Fig. 6.1 1 Angular distribution of fin e + e" -►}>*-+ ff. The contributions 
from h t ; = h 7 and /?, = — h 7 are shown as broken lines and their sum 
as a full line. 




-1 0 l 

cos 6 
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with 



g 2 s 1 



e 2 cos 0 W (5 - Ml) sin 2 0 W cos 2 0 W (5 - Ml) 
Using (5.63) and (5.168), F can be written in the alternative form 



2 l/2 G F sM 



F = (6.90) 

rra (5 -Ml) 

The definitions (6.89) and (6.90) for F will, however, differ when higher 
order terms are taken into account. This point has been discussed, for 
example, by Cashmore et al. (1986). For the purposes of discussion here, 
however, higher order electroweak effects are neglected. 

At small values of s I/2 (say, s 1/2 ^ lOGeV), the effects of the Z° are 
negligible and the pure electromagnetic cross-section (6.80) dominates. 
This is, of course, symmetric in cos 9. For intermediate energies (up to 
say s l/2 ~ 50 GeV), there is a small, but measurable, effect from the electro- 
magnetic-weak interference term. At, or near, the Z° pole (s 1/2 ~ M z ) the 
cross-section (6.87) for e + e~ -*> Z° -> fFbecomes large. This process should 
be considered as the production and subsequent decay of the Z° boson, 
which can be treated as an unstable resonance. This is discussed further 
in Chapter 10. Extensive measurements on the reactions e + e~ + 
and e + e~ -*> t + t~ have been carried out at PETRA and PEP. The results 
can be conveniently expressed in terms of A rf = (N F — N B )/(N F + N B ), the 
forward-backward asymmetry # , and the ratio R (f of the total cross- 
section for ff to the point-like electromagnetic cross-section <r 0 = 47ra 2 /3s, 
for Q 2 Qf = 1. From (6.87) we obtain 



R« = - = C l *QiQi[l + ^\, (6.91) 



cr, 



0 



and 



A {f = = ~ , (6.92) 

8C, 8* ff SQ c Q f 

where the approximate form for A ff is good to a few percent, even at the 
highest PETRA energy. The asymmetry is thus mainly sensitive to the 
axial coupling, and effectively measures the product g\g A . The cross- 
section ratio R (fy on the other hand, effectively measures the vector 
coupling product # v #v- More generally, if no assumption is made as to 
the form of the neutral current coupling, then F is also unknown. 

* The notaiion A Fn for this quantity is also frequently used. 
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Some measured distributions for e + e -> f Fare shown in Fig. 6. 1 2. These 
are from the MAC experiment at PEP for e + e~ -* /z + (Ash et al, 1985) 
and from the JADE experiment at PETRA for e + e" -> t + t" (Marshall, 
1985). In Fig. 6.13 the results of the measurements of the asymmetry 
parameters A^ and A zl are shown. At the highest values of s 1/2 , the data 
for tend to favour a finite value of M z . 

The reaction e + e~ -►e + e~ can proceed, in addition to the s-channel 
and Z° graphs shown in Fig. 6.10, by the r-channel exchange of a y or 
Z°. The t-channel y exchange graph is shown in Fig. 4.4(a); a similar 



Fig. 6.12 Angular distribution of / in (a) e + e -> fi + /jl (MAC) 
5 1/2 = 29GeV and (b) e + e" ^r + r' (JADE) s l/2 = 42.9 GeV. The 
full line is the distribution expected in the standard model and the 
broken line that from QED alone. 

f 1 1 1 1 



(a) 
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graph can be drawn for Z° exchange. In the PETRA range of energies 
the reaction e + e~->e + e" is dominated by the ^-channel y exchange, 
leading to a sharp peaking of electrons in the forward direction. Electroweak 
effects are rather small at the level of current experimental precision 
(Marshall, 1985). 



Fig. 6.13 Measurements of the asymmetries (a) A m (e + e~ -► ji + 
and (b) A„ (e + e~ - t^t" ), as a function of s 1/2 , from PEP and PETRA. 
The curves are those expected in the standard model, for different 
values of M z . CELLO; #, JADE; MARK J; a, TASSO; 
PLUTO; □, HRS; x , MARK I; +, MARK II. 
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Table 6.4. Weak neutral current couplings extracted from measurements on 
e + e~ — ► IT, compared to those expected from the standard model (SM) 



f 


g%g[, (from R) 


Q c a9a (from A) 


p 


0.051 +0.023 


0.284 + 0.018 


T 


0.025 + 0.032 


0.205 + 0.026 


SM (sin 2 O w = 0.22) 


0.004 


0.25 



The sensitivity of measurements on R {{ or A [{ obviously increases as 
s 1/2 increases. For example, at the PEP energy s l/2 = 29 GeV, F/2 = -0.31, 
compared to the value at the highest PETRA energy s 1/2 -^45GeV of 
F/2 =-0.88. From a compilation of the data on e + e" p + p~ and 
e + e~ -> t + t" Marshall (1985) extracts the values for Q%g { y and g%g A given 
in Table 6.4. The results are in reasonable agreement with the standard 
model, with sin 2 # w = 0.22. The data show some hint of a deviation from 
the hypothesis of \i-x universality, which predicts identical couplings for 
p. and t leptons. However, the experiments are difficult, so that some 
residual systematic effects in the results cannot be excluded. (Indeed, with 
the inclusion of some more recent data, Amaldi et al. (1987) find that this 
difference diminishes). Assuming t-p-x universality, then the data can be 
used to extract the squares of the couplings g\ = 0.012 ± 0.029 and 
g\ = 0.268 + 0.024. Thus the e + e~ electroweak measurements yield four 
solutions for (g^,g A ) y namely [ + (0.11 ±0.13), ± (0.518 ± 0.023)]. These 
values, together with the results from neutrino-electron scattering shown 
in Fig. 6.8, show that the solution at g v ~ 0, g A ~ — 0.5 is favoured. The 
same conclusion is obtained, although with less precision from a combined 
study of e + e~ ->e + e~ and v e e~ ->v c e~; reactions which involve only 
electron-type leptons (Fernandez et aL, 1987). 

In conclusion, the results of all the data gathered from the studies of 
purely leptonic interactions are consistent with the lowest order standard 
electroweak model. The charged current reaction data are consistent with 
a pure V — A structure, whereas the neutral current reaction data are all 
compatible with a single value sin 2 # w ^0.22. However, the data are not, 
as yet, precise enough to test the higher order predictions of the model, 
or to rule out possible V + A charged vector bosons with masses 
£400 GeV. 
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Deep inelastic scattering and 
quantum chromodynamics 



Deep inelastic scattering has played an important role in our present 
understanding of quarks, gluons and QCD. In this chapter these topics 
are briefly reviewed. We start by writing down the formalism to describe 
elastic and quasi-elastic lepton-nucleon scattering. This formalism is then 
extended to deep inelastic scattering, and the evidence for underlying 
quark substructure of the nucleon is discussed. Next, a brief outline of 
QCD is made, with particular reference to lepton-nucleon scattering. 



7.1 ELASTIC CHARGED LEPTON-NUCLEON 
SCATTERING 

The cross-section for the electromagnetic interaction of an un- 
polarised electron with an unpolarised point-like proton was derived in 
Section 4.2. The matrix element for the e~p -»e~p process contains the 
Dirac current for the proton, u^y ti u 2 (see Fig. 4.2). In general the proton 
current is of the form (4.188). The general matrix element is thus 



2 "3W"4 



rF l (q 2 ) + — qjF 2 (q 2 ) 

2M 



^2> 



7Wl ' W 4 



2M 



" 2 > 



(7.1) 



where M is the proton mass, and the second line is obtained by using the 
Gordon identity (4.189). The functions F Y and F 2 are called the proton 
form factors and are both functions of q 1 , the only non-trivial invariant 
quantity at the pyp vertex (Fig. 4.2). For a point-like proton (Section 4.2) 
we have F { (q 2 ) = 1, F 2 (q 2 ) = 0. In order to calculate the cross-section we 
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need to evaluate 



{w 3 y /i w 1 w 1 y v M3j 



x <u 



(F i +F 2 )y»--± ; P» 
2M 



2M 



— r 



(7.2) 



where P = p 2 4- p x . 
The evaluation of L^ v is the same as for the point-like case. The tensor 
has three different terms 

(i) (F 1 + F 2 ) 2 tr[(^4-M)/(^ 2 -f M)y v ] 

= 4(F 4 4- F 2 ) 2 [pip v 2 4- pip? - <Tp 2 ■ p 4 + Af V v ], 

(ii) ^§ (F, + F 2 ) tr[(j> 4 + M)/(^ 2 4- M)P V ] = -2F 2 (^ 4- F 2 )PT\ 
2M 



(iii) 



4M 



4 tr[(/ 4 4- M)P»(t 2 + M)P V ] = —A: P 2 P M F V . 



2M 2 



(7.3) 



The other cross-term gives the same result as. (ii). The product L /iV W /MV 
can now be formed. Writing the result in terms of the Lorentz invariant 
quantities s = (p x 4- p 2 ) 2 and t - q 2 = (p { — p 3 ) 2 , and averaging over the 
initial spin states (i.e. £), we obtain after some algebra 



4e 4 



/l[(s-M 2 ) 2 4-*s]4-£- 



where 



AM 1 



B = (F l +F 2 ) 2 



(7.4) 



(7.5) 



The differential cross-section for elastic scattering, in invariant form, is as 
follows 



da 



dt 16tt(5-M 2 ) 



2\2* 



(7.6) 



This is obtained by starting with the cms cross-section (4.29) and using 
dft = 27rdcos 0*,t= -2E 1 E 3 (\~cos6*)andE l = E 3 = (s - M 2 )/{2s U2 ). 
For elastic ep scattering this gives 



da 



4nct 2 



dt (s-M 2 ) 2 t 2 



A[(s — M 2 ) 2 4- rs] + B - 



(7.7) 
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The term in parentheses becomes (s 2 + u 2 )/2 in the point-like limit 
A=B=l (cf. (4.46)). 

In the lab system, p l = £^1, 0, 0, 1) and p 3 = £ 3 (1, 0, sin 0, cos 0), thus, 
s = M 2 + 2ME lt ; = 4 2 = -g 2 = sin 2 0/2, where 9 is the lab 

scattering angle. The angular distribution is found by starting with 
t = -2£ t £ 3 (l - cos 9), so that 

■ = 2£,£ 3 - 2£,(1 - cos 0) = 2£ 2 , (7.8) 



d cos 0 d cos 9 

where the relation ME Y = £ 3 (£i + M — £ A cos 0) has been used. Further, 
using the form f = 2M{E 3 - £J, so that (s - M 2 ) 2 + *s = 4M 2 E { E 2 cos 2 0/2, 
we obtain the differential cross-section in the lab system 



^(labH / 4 ^ 
dft 4£ 2 sin 4 0/2£ l 



, 9 t .9 

A cos B sin z - 

2 2M 2 2 



(7.9) 



For the point-like case we have A = B = 1, and (7.9) reduces to the form 
(4.43) as required. The cross-section formula (7.9) (or (7.7)) is known as 
the 'RosenblutW cross-section. The target structure, as seen by the virtual 
photon, is contained in the form factors E^q 2 ) and F 2 (q 2 ). 

In the analysis of lepton-nucleon scattering, the Breit (or brick-wall) 
frame is particularly useful. In this Lorentz frame (see Fig. 7.1) the target 
particle, p 2 = (£ 2 , 0, 0, p 2 ) has its three-momentum reversed in direction 
by the collision, whilst its energy remains constant. From the conservation 
of four-momentum at the vertex, q + p 2 — £U> we obtain 

q = (0, 0, 0, {Q 2 ) lll l p 2 = (£ B , 0, 0, - (g 2 ) 1/2 /2), 

p 4 = (£ B ,0,0,(G 2 ) 1/2 /2), (7.10) 

where Q 2 = -q 2 and £ B = [Q 2 + 4M 2 ) 1/2 /2. Note that the virtual photon 
has zero energy in the Breit frame which, in the limit Q 2 -* 0, becomes 
the rest frame of the proton. 



Fig. 7.1 Lepton nucleon scattering in the Breit frame of the virtual 
photon. 

2 



7* 
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In order to understand the role of the form factors, let us consider the 
proton current jfJJ in the Breit frame. The current is given by 



j* = exp[ - \{p 2 - p 4 ) ■ x]u( p 4 



2M 



"(Pi)- 



(7.11) 

Ignoring, for the moment, the plane wave part exp( — iq ■ x), then the \i = 0 
component, which is related to the electric charge, is 

j° P = [F x + F 2 )u(pt)y°u{p 2 ) - ^ u(p 4 )u(Pz) 

M 

= (F 1 + F 2 )2M~^2E B 

M 

where the spinor normalisation u{p A )u(p 1 ) = 2F B and u(p 4 )y°u(p 2 ) = 2M 
has been used (using the results of Section 3.2.3, with p 2 and p 4 given by 
(7.10)). The spatial components of the current (i = 1, 2, 3) are given by 

7"p = (fi + ^MjuMPi) = (f i + ■ (7-13) 

and are thus related to the magnetic properties of the proton (Section 
4.9.4). From the above considerations it is natural to define the electric 
(G E ) and magnetic (G M ) form factors of the nucleon as follows 

G M (Q 2 ) = F l (Q 2 ) + F 2 (Q 2 ). (7.14) 

The charge of the proton is given by integrating j° over all space, in 
the Q 2 -0 limit, and thus gives Gg(0) = F?(0) = 1. Similarly, for the 
neutron G|(0) = F?(0) = 0. In the g 2 - 0 limit, the magnetic form factor 
G M (0) is the total magnetic moment of the nucleon, that is 

G&(0) = F?(0) + FS(0) = / lp =l+^ 

G&(0) = F?(0) 4- F3(0) = M n = /C (7.15) 

where /z* = 1.793 and /ij = — 1.913 are the anomalous magnetic moments 
of the proton and neutron respectively (Section 4.9.4). The non-zero values 
of these quantities immediately shows that the nucleon has structure, in 
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contrast to the charged leptons which appear to be point-like. The 
differential cross-section in terms of G E and G M is, from (7.9) and putting 
T-274M 2 {Q 2 =-t\ 

— cos 2 - + 2rG^sin 2 - . 

(7.16) 

Thus the values of G E and G M at a particular Q 2 can be extracted from a 
study of the dependence of the cross-section on 9. 

The measurements of the nucleon form factors can be interpreted in 
terms of the nucleon size, as seen by the virtual photon. The relationship 
between the form factor F(q 2 ) and the rms radius (r 0 = <r 2 > 1/2 ) was 
discussed in Section 2.2.5. The radii derived from f\ and G E are not the 
same, but are related by (from (7.14)) 

<r 2 > GE =</ 2 > f ,+^-^ 2 (0). (7.17) 

It has been found empirically that, at small Q 2 f the form factors G E {Q 2 ) 
and G M (g 2 )/^ N can be reproduced by 

G D (6 2 )= *^ 2 , 2 , ^ = 0.71GeV 2 =18.2fm- 2 . (7.18) 
U + si /Ho) 

The spatial charge distribution is given by the Fourier transform of (7.18) 
(using (2.94)), giving p(r) = exp( — Q 0 r). However, substantial deviations 
from this l dipole y form are found at large Q 2 {>> few GeV 2 ). Proton form 
factor data on G E at low Q 2 (^0.2 GeV 2 ) have been used by Simon et al. 
(1980) to extract the proton radius, giving a value rg = (0.862 ± 0.012) fm. 
For the neutron one obtains from G E that <r 2 > n = — 0.12fm 2 ! One can 
see from (7.17) that the anomalous magnetic moment F5(0) contributes 
substantially to this. 

For Q 2 » go, the form factors of the type (7.18) fall off roughly as Q" 4 . 
This quantity enters squared into the cross-section and, together with the 
<2~ 4 propagator term, leads to a fall-off of approximately Q~ 12 at large 
g 2 . A rapid fall-off at large Q 2 is, perhaps, not too surprising, since the 
form factor represents the probability that the nucleon remains intact 
during the violent collision. If the scattering takes place on the constituents 
of the proton (i.e. the quarks) then the constituents must all be scattered 
in roughly the same direction, so that the proton does not break up. 
Brodsky and Chertok (1976) argue that the spin-averaged form factor, 
[A(Q 2 )y /2 , has a power dependence (Q 2 ) 1 "* where n is the number of 



dcr or £t 

^_(lab) = — 

dQ 4£ 2 sin 4 /9/2£, 
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elementary constituents (i.e. n = 3 for quarks). This prediction is based 
on the framework of a scale invariant quark model. In order that all three 
quark constituents share the violent collision, an exchange of two gluons 
(at least) is required (Fig. 7.2). Each quark propagator contributes a power 
(2 2 )~\ but the gluon propagator is compensated by its coupling to the 
quark currents. Thus for the nucleon one would expect Q 4 F N (Q 2 ) to be 
constant (modulo logarithmic corrections). 

If the pion, rather than the proton, could be used as the target particle, 
then the above ideas would predict that Q 2 F n (Q 2 ) was constant at large 
g 2 , since n = 2 in this case. The form factor F n (Q 2 ), for space-like 
four-momenta, can be measured directly from a study of n ± e scattering 
or indirectly from e~p-»e~7r + n. The data are compatible with a pion 
form factor, at low Q 2 , 

Amendolia et ai (1984), using 7i~e data, find a value <r 2 > 1/2 = 0.657 ± 
0.012 fm for the charged pion radius. The pion form factor can also be 
measured for time-like q 2 , for example using e*e~ n*n~ . Some experi- 
mental data for electron scattering off pion, nucleon and deuteron targets 
is shown in Fig. 7.3, and it can be seen that the values n = 2, 3 and 6 
respectively are consistent with the data at large Q 2 , supporting the above 
ideas. 

Some models of hadrons predict that the size of a hadron decreases as 
the mass of its constituent quarks increases. Hence, it is of interest to 
compare the charged kaon and pion radii. Amendolia et al. (1986) find a 



Fig. 7.2 Leading gluon exchange diagram in elastic lepton-nucleon 
scattering. 
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value (riy 12 =0.58 ±0.04 fm and a difference A = <r 2 > — <r£> = 0.10 + 
0.045 fm 2 . Combining this result with that of Dally et al. (1980) gives 
A = 0.12 ± 0.04 fm 2 ; thus, it appears that the charged kaon is about 0.1 fm 
smaller than the charged pion. 

Electron scattering from nuclear targets is more complex than scattering 
off pions or nucleons. For the pion (spin 0) there is only one form factor, 
the electric form factor F n (Q 2 ). For the nucleon (spin j) there are both 
electric and magnetic form factors. In the case of a nucleus with spin J = 1 
or higher, there are electric quadrupole or higher multipole form factors. 
The nucleus can either be scattered back to its ground state (coherent 
elastic scattering) or inelastically to an excited state. The Born approxi- 
mation, which is used in the analysis, is good only for rather light nuclei 
(Z^ 10), because the electron wave function can be severely distorted in 
a heavy nucleus such as lead. A detailed discussion is given by Scheck 
(1983). 

7.2 DEEP INELASTIC CHARGED LEPTON-NUCLEON 
SCATTERING 

When subject to violent collision at large Q 2 the proton usually 
breaks up. At modest energies the excitation and subsequent decay of 
nucleon resonances frequently occurs. In Fig. 7.4 the distribution of the 



Fig. 7.3 The elastic form factors F,„ scaled by (Q 2 )" l , against Q 2 
for different hadrons. 
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invariant mass of the recoiling hadronic system is shown from a study of 
e" +p->e" +X, where X represents any kinematically possible final state. 
The data were collected at SLAC using a 13 GeV electron beam, and were 
obtained by measuring the energy of the scattered electron (£') at a fixed 
angle 6 (single arm measurement). In addition to the elastic peak atW = M 
(W is the invariant mass of system X), several nucleon resonances are 
visible in the region up to W ~ 2 GeV. For W >> 2 GeV, the so-called 
continuum region, little structure is apparent. These observations were 
surprising, since it was expected that each nucleon resonance would have 
a form factor falling rapidly with Q 2 . The value of Q 2 varies rather slowly 
across the plot (from 0.8 GeV 2 at W = M to 0.5 GeV 2 at W = 3 GeV), 
and a rapid decrease with W was anticipated. 

Before discussing the formalism for inelastic scattering it is useful to 
rewrite the differential cross-section (7.9) for elastic scattering in the lab 
system in a different way. We can write q 2 , evaluated in the lab frame, as 
follows 

q 2 = (p 4 - Pl ) 2 = 2M(M - £ 4 ) = 2M(£ 3 -E l )= -2Mv, (7.20) 

where v = £ t — £ 3 = £ 4 — M is the energy transfer carried by the virtual 
photon. In terms of Q 2 = — q 2 (Q 2 is a positive quantity), we have 



Q 2 = 2Mv. 



(7.21) 



Writing equation (7.7) in terms of lab variables we obtain 




(7.22) 



Fig. 7.4 Sketch of measurements of the differential cross-section for 
e"p-e"X (£= 13 GeV, 6 = 4°) as a function of W. 
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and, using the relation (7.21), this can be written as 



d 2 a 



(lab) = 



na 



. A cos 2 - + B 

d<2 2 dv 4£ 3 £ 3 sin 4 9/2 \ 2 2M 2 2) \ 2M, 

(7.23) 

This latter form will be of reference for future use. 

The tensor W" (7.2), describing the proton current in elastic ep 
scattering, can be written in the following form 



sin 



.5 v 



A 

m 2 



p\ 



P2- 



4M 2 



q"q" 



(7.24) 



This is obtained by starting with (i) + 2 x (ii) + (iii) from (7.3) and using 
p = p 2 + p 4> P 2 = 4M 2 (1 + t), g 2 = -2p 2 -q and including a factor i for the 
spin average of the initial proton. A factor {M 2 has also been introduced 
to agree with the normal convention used in the case of inelastic scattering. 
The tensor in (7.24) is, in fact, the most general tensor which can be 
constructed from the available four momenta at the pyp vertex and which 
satisfies the condition q^W vv = q v W uv = 0. This latter condition is a 
consequence of conservation (dj£ = 0) of the proton current (7.11), with 
Q = P*- Pi- 

Turning now to the inelastic case (see Fig. 7.5), the leptonic tensor L^ v 
has the same form as for elastic scattering (i.e. as in (7.2)). The hadronic 
tensor has in general six contributing terms, namely 

M 2M 2 M 2 



+ 



(pW + pW),„ , >(pW-pW 



2M 2 



W s + 



2M 2 



(7.25) 



Fig. 7.5 Deep inelastic e-p scattering by one-photon exchange. X 
represents any possible final state. 
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The terms in W 3 and W e are antisymmetric, and give zero contribution 
when contracted with the symmetric tensor L^ v (they can, however, 
contribute to the weak interaction case where L„ v is no longer symmetric). 
Conservation of the proton current gives q^W^ = q v W^ = 0. Applying 
this to (7.25), gives the identities 

w 5 = - 2 -^w 2 , 



M 2 



Pi-q 



(7.26) 



Hence in (7.25) can be cast in a similar form to (7.24), namely 



M 2 



P3 



Pi 



(/V<?) 



+ w x 



q A 

(7.27) 

For inelastic scattering the relation (7.21) no longer holds. Instead we 
have 

W 2 = pi = (p 2 + q) 2 = M 2 + 2p 2 -q + q 2 , (7.28) 

where W is the centre-of-mass energy of the outgoing hadrons. In the lab 
system (7.28) becomes 

W 2 = M 2 + 2Mv-Q 2 . (7.29) 

The differential cross-section in the lab system can now be written down. 
Comparing (7.27) with (7.24), and using (7.23) (now Q 2 and v are 
independent variables), we have, for an unpolarised electron beam, 



d 2 <x 



(lab) = 



H/ 2 cos 2 ^ + 2H/ lS in 2 ^j, (7.30) 



dQ 2 dv 4E?£ 3 sin 4 6/2 

or, equivalently, noting that Q 2 = 4E l E 3 sin 2 0/2 and so dQ 2 = E l E 3 dQ/n 

0 



(lab) = 



dQd£ 



4£ 2 sin 4 6/2 



W 2 cos 2 - + 2W l sin 2 - 
2 2 



(7.31) 



The equivalence between W l and W 2 and the elastic form factors A and B is 

Q 2 ' 



W 2 = A = (Fj + iF\) d[ v 



2M 



1 +T 



2M 



W, ee xB = t(F, + F 2 ) 2 5 v - ±- = tG 2 <5 v - , (7.32) 



2M 



2M 



where the elastic form factors are evaluated at v = Q 2 /2M. 
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The differential cross-section can be conveniently expressed in terms of 
two dimensionless variables, the so-called Bjorken scaling variables x (or 
x BJ ) and y, defined as 



_Q*_ 
2p 2 -q 2Mv 



y = 



Pi'Pi 



v 



(7.33) 



The Jacobian for the transformation is dQ 2 dv = 2ME]y dx dy. Hence we 
can rearrange (7.30) as follows 



dx dy 



(lab) = 



net 2 My 



2E,E Z sin 4 0/2 



W 2 cos 2 - + 2W\ sin 2 - 
2 2 



(7.34) 



The 'structure functions' W x and W 2 of the proton are, in general, functions 
of any two independent kinematic variables, e.g. (g 2 , v), (Q 2 , x), (x, W 2 ). 

Bjorken, in 1969, proposed that in the deep inelastic limit, namely large 
v and Q 2 but Q 2 /v finite, the structure functions W { and vW 2 would only 
depend on the ratio Q 2 /v (or equivalently on x) and not on Q 2 or v 
separately. In order to pursue this discussion it is useful to introduce the 
structure functions F l and F 2 defined* as 



F,(x, (2 2 ) = MH/ 1 (G 2 ,v), 
F 2 (x,Q 2 ) = vW 2 (Q 2 ,v). 



(7.35) 



Bjorken's hypothesis would mean that F l and F 2 would scale. That is, 
they would both become functions of x only. The differential cross-section 
in terms of F A and F 2 is, from (7.34), and using Q 2 =4E { E 3 sin 2 6/2 = 
2ME { xy = (s-M 2 )xy y 



d 2 o n , x in<x 2 ME l 
■(lab) = 



dx dy 



G 4 

W(5-M 2 ) 



Mxy 



2xF, 



2E X 
1 + (1-^) 2 



+ — 2xF { 
2 



+ (\~y)(F 2 ~2xF l )~ 



M 2 xyF 2 ) 
s-M 2 J 

(7.36) 



The second line of (7.36) is written in a form which is both covariant and 
useful for the quark model interpretation (Section 7.3). 



* The same symbols are conventionally (and confusingly) used for (he 
elastic form factors and the deep inelastic structure functions. 
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As can be seen from Fig. 7.5, the lowest order (one photon exchange) 
diagram for deep inelastic scattering involves the interaction of a virtual 
photon carrying four-momentum q with a proton, leading to a final 
hadronic state X. The interaction of a real photon of momentum q with 
a proton, leading to the same final state X, is shown in Fig. 7.6. The 
difference between these two diagrams is that the virtual photon has a 
space-like four-momentum and has both longitudinal and transverse 
polarisation states, whereas the real photon has q 2 = 0 and only transverse 
polarisation states (see Section 3.3.2). In order to try and relate these 
processes we start with equation (7.31) and rewrite it in the following form 

1 e* d 3 p 3 
da = 7 ^ (L,MMWn —g-. (7-37) 

This is obtained by using the result 

L^W^ = 4E l E 3 (W 2 cos 2 9/2 + 2W i sin 2 6/2), 

which is an intermediate step in the calculation of the differential cross- 
section. Now the matrix element squared has the form \ j?\ 2 = e 4 /2 4 ^vip7p- 
Hence, comparison with the general form of the cross-section formula 
(Appendix C) shows that 



4nM k (2ny2E k 



where the product runs over the final state particles in the hadronic system 
X. 

In configuration space, the hadronic tensor is the Fourier transform of 
(7.38), namely 



1 



4nM 
1 



d 4 « txp(iq'Q<p 9 s\UmQ)\p>s> 

d 4 £ exp(i<? • £)</,, s\[j,(a ; w (0)]| p, 5>, (7.39) 



Fig. 7.6 Interaction of a real photon with a proton. X represents 
any possible final state. 
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where s is the spin of the incident nucleon state, and the electro- 
magnetic current at space-time point £. The current commutator appears 
because there is zero contribution from j v (0)j^) y since this corresponds 
to p 4 = p 2 — q at the lower vertex, which is kinematically forbidden. 

Some further insight into Bjorken scaling can be obtained using the 
so-called light-cone variables. If the current is along the z-axis, then we can 
define q ± =q 0 ± <h and £ ± = £ 0 ± f 3 , and hence q-i^= (<? + £- + q-£ + )/2. 
In the deep inelastic limit (g 2 , v->oo,x fixed), the light-cone variables of 
the photon in the lab frame, in which q = (v, 0, 0,(v 2 + Q 2 ) l/2 ) are q + — 2v 
(-►oo)andq_ — — Q 2 /(2v)= —xM (i.e. finite). The dominant contributions 
from the exp(ig »£) term in (7.39) are expected to come from values of 
q • <!; ~ 1 (where oscillations are least rapid). This corresponds to £ 0 - £ 3 ~ 1/v 
and |f 0 + £ 3 | ~ 2/(xM) or - ^ - 0(l/g 2 ). Thus f 2 vanishes as Q 2 -> oo, 
so that the scaling limit corresponds to the properties of the current 
commutator on the light-cone. The distance scales involved are £ 0 ~ |^ 3 | — 
l/(xM). 

Using the various rules of Appendix C, the cross-section for the diagram 
of Fig. 7.6 can be written down, giving 

4tz 2 (x 

a tot (yP^X) = — ey v *W^\ (7.40) 

where k is the lab energy of the photon, and the expression for W uv in 
(7.38) has been used. This expression for the total yp cross-section is 
strictly only valid for real photons. For virtual photons there are two 
additional considerations. Firstly, the flux factor K of virtual photons, 
needed to define the cross-section, cannot be measured directly, and so 
is somewhat arbitrary. We shall use the convention due to Hand (1963), 
which takes K to be the energy of the real photon needed to create the 
state X, i.e. K = (W 2 - M 2 )/2M from (7.29). An alternative convention, 
due to Gilman (1967), is to take K = (Q 2 + v 2 ) 1/2 , i.e. the three-momentum 
of the virtual photon. These definitions reduce to K = k in the limit Q 2 -> 0 
as required. 

The second difference to real photons is that virtual photons can also 
have a longitudinal polarisation. We can write the polarisation states as 
(see Sections 3.3 and 4.5) 

£ R = (° > 1 > <> °)' ^ = < 0 ' 1 > " <> °)» 

e s = ^p((e 2 + v2 ) 1/2 >°'°^)> (7-41) 
where we take the virtual photon propagation to be along the z-axis, with 
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q = (v, 0, 0, (Q 2 + v 2 ) 1/2 ), that is we have e x q = 0. The polarisation states 
% and e L are transverse (T) polarisation states, whereas s s is longitudinal 
or scalar (S). Using W HV defined by (7.27), it is easy to show that the total 
yp cross-sections for the different polarisation states are 



<7 R + Gy 



4n 2 oc 
4n 2 a 



K 



Q 2 + v 2 

Q 2 



w 2 - w { 



(7.42) 
(7.43) 



The cross-sections cr R and cr L are equal, as would be expected for a 
parity-conserving interaction. Alternatively, we can write, 



_ MK (2Mv — Q 2 ) 



4n 2 <x 



and 



K 



87i 2 a 



6 2 v , ^ , (2Mv-Q 2 )vQ 2 



(7.44) 



47r 2 a (Q 2 + v 2 ) ' ~ w 87T 2 aM((2 2 + v 2 

(7.45) 

The differential cross-section in the lab system, equation (7.31), can be 



written in the form 
d 2 a 



dQd£, 



(lab) = r> T + ea s ), 



where 



and 



r = 



ocK £, 



1 



2n 2 Q 2 E, (1-e) 



1+2 



v 2 + (2' 

e 2 



tan' 



2(1-30 
1 + (1-^) 2 



The cross-section (7.30), expressed in terms of a T , a s and £, is 
d 2 <r a (1 -x) 1 



dQ 2 dv 4tt xME\ (1 -e 



(a T + ecf s l 



(7.46) 



(7.47) 



(7.48) 



(7.49) 



The quantity £ is called the polarisation parameter. The approximate form 
of e in (7.48) is valid for Q 2 /E\ = 2Mxy/E y « 1. It can be seen that e, and 
hence the a s contribution, is largest for y ~ 0. For large y values £ -> 0, so 
only the transverse polarisation states contribute. 
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The ratio of the cross-sections for longitudinal and transverse virtual 
photons is, from (7.44) and (7.45), 



(7.50) 



<j T 2xF,(x,C 2 )V Q 2 

^ F 2 (x,e 2 )-2xF 1 (x,Q 2 ) 
2xF l (x,Q 2 ) 



It is instructive to consider the value of R for elastic ep scattering. From 
(7.32) and (7.35) we can write, changing the argument of the (5-function 
to x (Appendix D), 

r,(*.CP) = 2MCi(e ' > + y£ ' G " (e \i-*). 

V 2M + yE s 

FAx,Q 2 ) = ^^S(l-x). (7.51) 

From which R for elastic scattering (x = 1) can be expressed as 
^G|(eJ) = 4MM 

e 2 c 2 (e 2 ) e 2 ^ 

where the relation (7.15) has been used. For a point-like Dirac particle 
R = 4M 2 /C 2 > and so tends to zero for large Q 2 . For elastic ep scattering 
we obtain R el ~ 0.45/Q 2 (GeV 2 ). Use of this estimate shows that G E 
contributes little to elastic scattering for Q 2 >> 5 GeV 2 , so that it is 
essentially which is measured in this region. 

The relation between the kinematic variables in deep inelastic scattering 
is shown in Fig. 7.7. The lab energy of the virtual photon is in the range 
0 < v < E Y . The maximum value of Q 2 is 2ME X , and corresponds to x = 1 
(elastic scattering). Contours of fixed W are lines parallel to the x = 1 
boundary. A line of constant scattering angle 9 is also shown. Note that, 
in practice, the 1/Q 4 propagator term means that most events occur at low 
Q 2 and that a sizeable 0 selection is required to probe high Q 2 . 



7.3 THE QUARK-PARTON MODEL 

The discovery of hard point-like scattering centres in the nucleon 
came about in a similar way to the discovery of the nucleus by Rutherford. 
The scattering cross-section was discovered to be much greater than 
expected at large scattering angles. These expectations for the nucleon 
were based on the Mott scattering formula, modified by the form factors 
of the nucleon (or excited nucleons). Figure 7.8 shows some results from 
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SLAC on measurements of the proton structure function F 2 at x = 0.25. 
The data span angles between 6° and 26° and have W>2 GeV, so that 
the resonance region does not contribute. A detailed account of the various 
measurements can be found in Friedman and Kendall (1972). It can be 
seen that the structure function F 2 remains constant at large Q 2 (or 
scattering angles). This is indicative that the proton has some substructure. 



Fig. 7.7 Kinematics of deep inelastic lepton-nucleon scattering. 
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Fig. 7.8 Some results of measurements made at SLAC on the proton 
structure function F 2 at x = 0.25, as a function of Q 2 . 
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A major advance in our understanding of matter came from the 
interpretation of these (and other) results by Feynman, who proposed that 
the nucleon consisted of dynamic point-like scattering centres, called 
partons: see Feynman (1972). The parton scattering centres were later 
identified as quarks. It is worth emphasising that, at that time, the idea 
of quarks to explain hadron spectroscopy was widely accepted but, since 
free quarks did not appear to exist, many people thought that the quarks 
must be very massive and tightly bound. Others took the quarks to be 
merely mathematical entities, without the existence of corresponding 
physical particles. 

The underlying scattering process proposed in the Quark-Parton Model 
(QPM) is shown in Fig. 7.9. In the nucleon rest frame the partons are 
tightly bound, so that any virtual parton emerging from the nucleon has 
a short lifetime and returns to it rapidly. However, in a Lorentz frame in 
which the nucleon has very large momentum, the lifetime of the virtual 
partons can become large through time dilation. The lifetime of the 
exchanged virtual photon is, by the uncertainty principle, r y ~ \/(Q 2 ) l/2 . 
Hence, the partons 'seen' by a photon with large Q 2 appear to be quasi-free. 
It is further assumed that the total cross-section is the sum of the incoherent 
scattering cross-sections of the individual partons. The scattered parton 
has a large momentum with respect to its non-interacting partners, and 
can be regarded as quasi-free. This parton and the remnant target partons 
'fragment* into the experimentally observed hadrons. It is assumed, in the 
discussion below, that this hadronisation process occurs on a longer time 
scale than that of the hard collision process, and can be neglected in 
determining the scattering cross-section. That is, it is assumed the 
hadronisation occurs with unit probability once the partons have been set 
in motion. It is, however, difficult to check this hypothesis experimentally. 

In the frame in which the nucleon momentum is very large (often called 
the infinite momentum frame) the parton mass and any momentum 

Fig. 7.9 Deep inelastic e-p scattering in the quark-parton model. 
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transverse to the nucleon direction can (for the moment) be neglected. 
Hence, the four-momentum of the parton / is just p- t = xp 2 , where p 2 is 
the nucleon four-monentum and x is the fraction of this momentum carried 
by the parton. Note that, with these assumptions, the mass of the parton 
is m i = xM 

In the rest frame of the target p 2 = (M, 0, 0, 0) and, in the Bjorken limit, 
Pi ~ (P?> 0> 0> — P?) an< ^ Q = ( v > 0, 0, v + Q 2 /2v). Kinematics requires that 
the light-cone momenta satisfy g_ + (p f )_ = 0, thus pf = xM/2 and 
(/?,)_ = xM. That is, x = (p i )_/(p 2 )_ is the fraction of the nucleon's light- 
cone momentum carried by the parton, and this description is frame-invariant. 

The differential cross-section for a point-like quark i of charge e h mass 
m { and spin \ is, from (7.23), 

d 2 <7 Tia 2 



d6 2 dv 4E?£ 3 sin 4 0/2 

ef cos 2 - + ef 2 sin 2 -1 &( v - — Y (7.53) 
2 '4m 2 2j V 2mJ 



The corresponding structure functions, from (7.30) in the point-like limit, 
are 



M ' 4M 2 x 2 \ 2Mx 

W' 2 = ?± = ef s(v--^-\ (7.54) 
v V 2MxJ 

Using the properties of the ^-function (Appendix (D.4)), we find 

F' 2 = «, 2 xi(x-— Y F\=-s(x-— Y (7.55) 

V 2Mv/ 2 V 2MvJ 

If g,(x) is the probability density function for a quark of type i, then 



1 ( Q 2 \ 

dxqi(x)e?x S [x - — — = X efxq^x). (7.56) 
o \ 2Mv/ 



That is, the structure function F 2 (x y Q 1 ) corresponds to the total momentum 
fraction carried by all the quarks and antiquarks in the nucleon, weighted 
by the squares of the quark charges. 

The structure function F l is related to F 2 by the Callan-Gross relation 

F 2 (x i Q 2 ) = 2xF l (x i Q 2 ). (7.57) 

This can be obtained directly from (7,55), but was originally derived using 
current algebra (Callan and Gross, 1969). The relation stems from the 
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spin ^ nature of the quarks. If we would have taken spin 0 quarks then, 
using (4.139), we can see that the F 2 (or W 2 ) term has the same form as 
for spin but the transverse F x (W l ) term, proportional to sin 2 0/2, is zero. 
Hence, from (7.50) we obtain the following predictins for R for different 
quark spin assignments 



spin 0 
spin \ 



R - oo, 



R = Q 2 y= Q2 



4MV v'»q> 



(7.58) 



These results can be seen directly by considering the helicity configurations 
in the Breit frame (Fig. 7.10), in which the y* has zero energy, so the 
momentum of the struck quark is reversed. A spin \ quark can absorb a 
transverse but not a longitudinal photon (R -> 0), whereas a spin 0 quark 
can absorb a longitudinal but not a transverse photon (R -> oo). 

In order to measure R experimentally, at a given x and Q 2 point, one 
must vary y (see (7.46) and (7.48)). Since Q 2 = 2ME 1 xy, this means 
measuring the cross-section at different incident beam energies. These 
measurements are far from easy. Some results on the measurement of R 
in e"p collisions are shown in Fig. 7.1 1 (data from Mestayer et aL, 1983). 
It can be seen that R ~ 0.2, thus excluding the possibility that all the 
quarks have spin zero. 

Non-zero values of R(x, Q 2 ) are expected from deviations from the 
simplistic assumptions made above. For example, the parton mass will 
give a contribution to R ~ 4m 2 /Q 2 (see (7.52)). There is also a contribution 
to R from the momentum component (k T ) of the struck parton, transverse 
to the direction of the virtual photon, which we will now consider. It is 
assumed that k T is relatively small and bounded in value and we neglect 
here the parton mass. We choose the z-axis to be along the direction of 
the virtual photon. Thus in the lab frame q = (v, 0, 0, (v 2 + Q 2 ) 1/2 ), 
p\ ab = £ t (l, sin a, 0, cos a) and = £ 3 (I, sin /?, 0, cos /?), where the angles 



Fig. 7.10 Virtual photon-quark scattering in the Breit frame. The 
configuration shown is for a righthanded spin j quark absorbing 
a transverse photon. 
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a and /? are given by (using p$q = — p l q = Q 2 /2) 



sin a = 



— ^ — ^ — I cos ~> 
(G 2 + v 2 )Ej 2 



1/2 fl 
COS -. 



(7.59) 



In the Breit frame q* = (0, 0, 0, Q) with Q = (G 2 ) l/2 , so that the Lorentz 
transformation from the lab to the Breit frame has /? = v/(v 2 + <2 2 ) 1/2 > 
y = (v 2 -h Q 2 ) 1/2 /£>. The momenta of the particles in the Breit frame are 



Pi = £i [(( v2 + G 2 ) l/2 - v cos a)/Q, sin a, 0, ((v 2 + Q 2 ) l/2 cos a - v)/Q], 



if (1+ 4/cl/C 2 )" 2 , * T cos 4>, fc T sin 0, -f 



(7.60) 



The scattered electron four-momentum (p*) is the same as but with 
the z-component reversed. The four-momentum p is that of the struck 
parton, which is assumed to have p z = x(p\) z = — Q/2 (from momentum 
conservation). The cross-section for elastic electron-parton scattering is 



Fig. 7.11 Measurements of R = a L /a r as a function of x from ep 
scattering. Q 2 (in GeV) 2 ): #, 3; O, 6; A, 9; V, 12; ■, 15; U 
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proportional to s 2 + u 2 (see (4.46)), where s ~ 2p\ • p and u ~ — 2^3 • p (the 
hat * denotes a subprocess). From (7.59) and (7.60) we find, for v 2 » Q 2 , 



s = 2M£,x 



1 + (2 - y) 



Q 2 



fl = -2Af£,x(l -y) 



1 + 



2^(1 

e 

2-y\k$ 
Q 2 



y) 1 cos <p 



2k T 

2(i-y) 1/2 



COS 0 



(7.61] 



The contribution to the total cross-section is found by integrating s 2 + u 2 
over <f> y from 0 to 2ft. Terms odd in cos </> give zero contribution, hence 

* ~ i 2 + fi 2 = 8ttM 2 E 2 * 2 j(l + + (1 - y) 2 ] + ^ (1 - y) 

(7.62) 

Note that we recover the form I + (1 — y) 2 in the limit k T 0. Comparison 
with (7.36) (with Mxy/2E X -» 0) and (7.48) and (7.49) shows that the 
intrinsic transverse momentum k T gives a longitudinal contribution 
(coefficient of 2(1 — y)) such that, when averaged over many events, 



R = - b = 4 



<*?> 



(7.63) 



If this is the source of the measured value of R ~ 0.2 for Q 2 ~ 10 GeV 2 (Fig. 
7.1 1) then <fe|> - 0.5 GeV 2 . More generally, we have K ~ 4«/c^> + m 2 )/g 2 , 
as discussed above. Note that, by introducing the quark transverse 
momentum, we can assign a unique mass to the parton, and no longer 
require that m { = xM. However, since the partons are confined in the 
nucleon, they need not be on their mass shells. The effective (current) 
masses of the valence quarks in the proton (i.e. u and d) are thought to 
be only a few MeV, and hence give a negligible contribution to R. At 
larger values of Q 2 ( — 30 GeV 2 ), Aubert et ai (1986) find a smaller value 
of R (^0.1). QCD effects are also expected to give a non-zero contribution 
to R (Section 7.7.4). 

The k T mechanism above also gives rise to asymmetries in the <p angular 
distribution. From (7.60) it can be seen that <f> is the azimuthal angle 
around the virtual photon, measured from the lepton scattering plane 
((f) = 0). Starting from (7.61), and calculating s 2 + ti 2 , we obtain 



<cos </>> = — 2 



<k T )(i-y) ll2 (2-y) 



Q 



<cos 2(/>> = 2 



1 + 
(i -y) 



y) 2 



Q 2 i + (i-y) 2 



(7.64) 



(7.65) 
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These considerations imply that there should be sizeable asymmetries at 
the parton level. However, partons are not observed directly, and such 
effects can only be inferred from studying the properties of the jets of 
hadrons into which the partons fragment. The hadronisation process, 



Fig. 7.12 Measurements of the structure function F 2 as a function 
of x, for different Q 2 values, for (a) ¥\ and (b) F2/2. The data are from 
SLAC (Bodek et al. y 1979) and the EMC (Aubert et aL, 1986). The 
broken and full lines are drawn through the F5 and F2/2 points at 
Q 2 ~ 5 GeV 2 u Q 2 (GeV 2 ): #, 2; O, 4; ■, 6; 8; a, 15; a, 48. 
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which is discussed further in Section 7.9, leads to considerable dilution 
of the asymmetries. 

Some data on the structure function F 2 , obtained from proton and 
deuterium targets, are shown in Figs. 7.12 and 7.13. It can be seen that 
F 2 falls off rapidly at large x. At low x y there is some increase with increasing 
Q 2 and, at large x, F 2 falls with increasing Q 2 . For x ~ 0.25, F 2 is roughly 
Q 2 independent. Thus these data (together with those of other data sets) 
show significant scaling violations. However, these deviations from scaling 
are relatively small, and the ideas proposed to explain scaling are expected 
to form the basis of a more complete explanation. The values of F 2 from 
a proton target are larger than those from deuterium (per nucleon) over 
the whole x range (Fig. 7.12). The quark contents of the proton and 
neutron are uud and udd respectively, and the expected quark charges 



Fig. 7.13 Measurements of F\ versus Q 2 y for different x values; from 
Bodek el al (1979). 
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are e u = § and e d = — j. Hence our first guess for F 2 from (7.56) might be 

F£ = %x u(x) + ix d(jc), F5 = £x w(x) + fx d(x), 

f 2/2 = (F? + F\)/2 = £[x + x </(*)]. (7.66) 

Here w(x) and d(x) are the density distributions of u and d quarks, and it 
is assumed, from isospin invariance, that the distribution of u(d) quarks 
in a proton is equal to that of d(u) quarks in a neutron. Hence the quark 
distributions all refer to the proton. Now we have seen that F\ > T\j2, 
from which we deduce that u(x) > d(x). Note that, in (7.66), it is assumed 
that F2 is the average of F\ and F\. This ignores the effects of nuclear 
binding in deuterium (Fermi motion), which can lead to significant 
deviations from this assumption, particularly at large x. Furthermore, one 
nucleon may 'shadow' the other from the virtual photon (this may be 
important at low x; see Section 7.7.4). The possibility also exists that, at 
least part of the time, the deuteron is in a six-quark state or 'bag'. 

The integral of F 2 (x, Q 2 ), over x from 0 to 1, gives the total momentum 
fraction of the proton carried by its charged constituents at a particular 
Q 2 , weighted by the squares of the parton charges. Using the broken and 
full lines in Fig. 7.12 as rough guides to the data at Q 2 ~ 5 GeV 2 , we obtain 



FP(x)dx = 0.18, 
J 0 



' l ™* ) + F ™ dx = 0A5. (7.67) 



If £ u and e d are the momentum fractions carried by the u and d quarks 
in a proton, then F§ = (4e u + s d )/9 and F?/2 = (5s u + 5e d )/18. Using the 
values from (7.67) gives e u = 0.36 and e d = 0.18, and hence e u + £ d = 0.54. 
Although these values should be treated as a rather crude estimate they, 
nevertheless, illustrate the important point that the charged constituents 
of the proton carry only approximately 50% of its momentum. Thus, if 
the parton picture is correct, then almost half of the momentum is carried 
by electrically neutral constituents. These neutral partons are the gluons. 

The above observations on the total momentum fraction, and on the 
pattern of scaling violations, have led to the following picture of deep 
inelastic scattering. The 'resolution' of the virtual photon, that is the 
distance down to which the scattering cross-section is sensitive, is given 
roughly by the uncertainty principle Ax = 0.2/g(GeV) fm. For low values of 
Q 2 (^0.5 GeV 2 ) the distance resolved is of the order of the nucleon radius, 
and the scattering occurs on the whole nucleon, leading predominantly 
to elastic scattering. At higher values of Q 2 (~few GeV 2 ), the virtual 
photon probes the internal structure of the nucleon, and scattering from 
the three constituent (or valence) quarks occurs. At still higher values of 



316 Deep inelastic scattering and quantum chromodynamics 



Q 2 a new phenomenon is resolved. The gluons, which are assumed 
responsible for the forces confining the quarks inside the nucleon, 
participate in the vertex transitions q->q + g, g->q + q, q-»q + g and 
g -► g + g, where q represents an antiquark. The effect of these transitions 
is that the nucleon's momentum appears to be shared between more and 
more partons as the Q 2 of the probe is increased. This is illustrated in Fig. 
7.14. Thus the valence quark distribution becomes softer as Q 2 increases, 
and there is a corresponding growth in the 'sea' (or 'ocean') of q-q pairs, 
which are mainly at low x (Fig. 7.15). There is no bound on the number 
of very soft partons, but this does not lead to potentially infinite observable 
quantities. In principle the gluon can produce a quark-antiquark pair of 
any flavour, but the production of heavy quarks is suppressed relative to 
light quarks because of the additional energy required to create the pair. 
The gluon momentum distribution is expected to be between that of the 
sea and valence quark distributions. In some models the valence quark 
blobs of Fig. 7.14(6) represent the 'bare' valence quarks, surrounded by 
their own clusters of associated gluons and quark-antiquark pairs. 

A spatial picture of the nucleon, as seen by a y* with Q 2 ^few GeV 2 , 
can be built up by considering the Fourier transform of the quark 
momentum distribution, from which the distribution of the quark light- 
cone correlation length £ can be found (Llewellyn Smith, 1985). For 
valence quarks with x^O.l, typical lengths are £ ^ 1 fm (Fig. 7.15(c)). 
However, for sea quarks (or gluons) the peaking of the momentum 
distribution at small x leads to a long tail in £ (Fig. 7.15(d)). Even for sea 
quarks with x >> 0.05, a typical correlation length is <0 ~ 2.5 fm, with a 
sizeable tail up to approximately 10 fm. For lower x, these distances 
become longer. Hence, we can picture the nucleon as composed of a core 
of hard (x^O.l) valence quarks with (R 2 ) i/2 ^0.5 fm, surrounded by a 
large halo of sea quarks and gluons, the tails of which extend to infinity. 



Fig. 7.14 Schematic diagram showing the change in the resolution 
of the virtual photon with increasing Q 2 . 
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The structure function F 2 can, in general, be written as (cf. (7.66)) 

F e 2 p (x, Q 2 ) = %xu, + £xd v + fx(u s + u s ) + ix(d 8 4- J s ) 

+ £x(s + s) + U(c + c) + . . . , (7.68) 

where u v = u v (x, Q 2 ), etc. The subscripts v and s for the u and d quarks 
denote valence and sea respectively. Thus the total u-quark density is 
u = u v + u s . Similarly, 

F\ n (x, Q 2 ) = h™, + fxrf v + U(u s + mJ Hh fx(d s + J s ) 

+ £x(s + 5)4- fx(c + c) + . . . , (7.69) 

where the u and d quark distributions refer to the proton (u p = d ny etc.). 

From the mechanism g -> qq one would expect the sea distributions of 
u and d quarks to be the same, as they have a similar mass; however, 
this equality is not, in general, required. It can be seen from (7.68) and 
(7.69) that the difference between F\ p and F\ n (the latter is obtained from 



Fig. 7.15 Change in the valence and sea-quark momentum distributions 
from (a) medium Q 2 to (b) large Q 2 . In (c) and (d) the estimated 
light-cone correlation lengths for valence and sea-quarks respectively 
are shown. 
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F| D — F\ p , and applying corrections for Fermi motion), is 



F?(x y Q 2 ) - F?(x, Q 1 ) = $x(u v ~ d y ). (7.70) 

That is, the sea contribution (assuming it is the same for p and n) cancels. 
A test of the validity of the above ideas can be made by constructing the 
integral 



pi 



dx 



lF?(x)-Fr(x)l = (eZ-e*) 



dxK(x)-J v (x)] = i 



(7.71) 



That is, I G is proportional to the difference in the number of u and d 
valence quarks in the proton (Gottfried sum rule), as measured by the 
dynamic properties of the nucleon. Experimentally the data cover only 
part of the total x range. For high energy (120-280 GeV) fxp and /in data 
(Aubert et al„ 1983a), it is found that, for <Q 2 > - 20 GeV 2 , 



/*0.65 



[Ff(x)-7TM] 



dx = 0.18 ±0.01 ±0.07, 



(7.72) 



where the first error is statistical and the second systematic. Extrapolating 
the measured values to low x to complete the integral yields I G = 0.24 ± 
0.02 ±0.13; in agreement with the QPM prediction of el — e\ = j, but 
with a rather large error. 



7.4 POLARISATION EFFECTS IN DEEP 
INELASTIC SCATTERING 

The cross-sections derived above are all for unpolarised electron 
(or muon) beams, interacting on an unpolarised nucleon target. If the 
lepton is longitudinally polarised with helicity X, then, because helicity is 
conserved in electromagnetic interactions, we must replace u 3 y^u { , in (7.1) 
^ "3^(1 + Xy 5 )uJ2. The resulting cross-section is, however, unchanged. 
The same conclusion is reached if the target, but not the lepton beam, is 
polarised. If both the lepton beam and the target are polarised, then the 
resulting cross-section depends on the internal spin structure of the target, 
and is thus of great potential interest. 

In forming the hadronic tensor (see (7.25)) we now have an 
additional four-vector, the nucleon spin 5, at our disposal. There are, in 
genera], ten structure functions (each of which can depend on x and Q 2 ) 
which can be formed. Two of these are the symmetric terms given in 
(7.27). The requirements of parity and time-reversal invariance reduce the 
number of additional structure functions to two (for a review see Hughes 
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and Kuti, 1983). The additional (antisymmetric) piece to the tensor 
can be written 

Wr = \MG^qji f + i % <r"qJHp 2 -q)s, ~ (s-q)p 2f ]. (7.73) 
M 

This term changes sign if s is reversed. The lepton vertex tensor is 

L„ = i tr[j» 3 y,(l + W.V.U + Ay 5 )], (7.74) 
which gives the additional antisymmetric piece 

L* v = 2iVsP?W (7-75) 

Following the usual techniques we obtain, for a longitudinally polarised 
lepton beam (X = 1), 

e 4 {2W^ 

W 2 = "4 [2(Pi -P2)(P2 - Pa) - M 2 (Pi -Pa)] " 2^g 2 

A 2 G 

- 2q 2 MG { s-( Pi + p 3 ) ^— ^ [(Pi -P2)(5-P 3 ) " (P 2 'P 3 )(5-Pi)] 

M 

(7.76) 

In the lab frame we have p x = E x (l, 0, 0, 1), p 3 = £ 3 (1, 0, sin cos 8) 
and the polarisation vector of the proton (or neutron) is s= (0, §) with 
5 - p 2 = 0 -If the nucleon is polarised longitudinally with s = (0, 0, 0, 1 ) (i.e. 
along the incident beam direction), then we have two possible spin 
configurations, namely parallel (|T) or antiparallel (U). The sum of the 
differential cross-sections (cf. (7.31)) for these two configurations is 



(f J, + tt) = — W 2 cos 2 - + 2W X sin 



dQd£ 3 Q I 2 2 



(7.77) 



which is just twice the unpolarised cross-sections. Equation (7.77) can be 
converted into other variables as before. The structure functions G { and 
G 2 drop out of this sum because the sign of s changes. However, if we 
take the difference, then W x and W 2 drop out, and we obtain 

d 2 a Aoc 2 E 

(n-TT) = -^[MG 1 (£ 1 +£ 3 cos0)-e 2 G 2 ]. (7.78) 



dftd£ 3 Q 2 E l 

In the case of the nucleon being transversely polarised, with 5 = (0, s x , s yi 0), 
then we find a further combination of G { and G 2 from which these structure 
functions can be extracted, namely 

d 2 o — Aa 2 E\s^ sin 8 

(T-> - T-) = [MG l + 2£,G 2 ]. (7.79) 



dftd£ 3 Q 2 E 
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From the structure functions G t (v, Q 2 ), G 2 (v, Q 2 ) it is usual to define 

^ 1 (x,e 2 )=M 2 vG 1 (v f e 2 ), 

^ 2 (^2 2 ) = Mv 2 G 2 (v,e 2 ), (7.80) 

which are expected, from the parton model, to scale in the Bjorken limit 
( v , Q 2 -» °o, * finite). In order to interpret these structure functions in 
terms of the parton model, it is useful first to consider the possible 
polarisation states of the photon and nucleon. As discussed in Section 
7.2, we must evaluate the contribution to a [ol from 

(T lot ozey v *W^ = ey v *(Wr+ W*Z\ (7.81) 

where Wg v and W£ are given by (7.27) and (7.73) respectively. 

If the photon and nucleon spins are aligned along the z-axis (i.e. a 3/2 ), 
then we must use e R and s^ = (0,0,0, 1). If the nucleon spin is in the 
opposite direction, then we obtain a 1/2 . Starting from (7.81), and using the 
photon polarisation states given by equation (7.41), we obtain, in the 
Bjorken limit, 

<7 3/2 oc W x — MvG { — q 2 G 2 , 

o m oc + MvGj + q 2 G 2 . (7.82) 
Using (7.35) and (7.80), these can be rewritten as 

*3/ 2 oc F,(x, Q 2 ) - &l (x 9 Q 2 ) = I efq\(x, Q 2 \ 

i 

a m oc FJx, Q 2 ) + 9l (x, Q 2 ) = I e 2 q](x, Q 2 ), (7.83) 

where the contribution of g 2 is neglected in the deep inelastic limit. The 
final expressions on the righthand side of (7.83) are the QPM expectations, 
using helicity conservation, for quarks (antiquarks) i of charge e r The 
functions q] (q\) represent the distributions of quarks with spins parallel 
(antiparallel) to the nucleon spin direction. Thus, from (7.83), we can 
express g { as 

Qx (x, Q 2 ) = \ I e?[q}(x, Q 2 ) - q\(x 9 Q 2 )l (7.84) 

i 

Hence G t is a potential measure of the parton helicity structure of the 
nucleon. Note that, at the parton level, it is easy to show that the 
cross-sections for elastic polarised electron-quark scattering are 



da n 2 4na 2 da u 2 4n<x 2 N2 

4Q2='t-p> W = e} ^ {l ~ y) - (7 ' 85) 



Polarisation effects in DIS 



321 



Experimentally, the quantity which has been measured is 

d<T(U-tt) (7g6) 

11 d(j(ti + TT) 

This quantity is to be compared to the virtual photon asymmetry 

The relationship between /4 !( and /4" p involves not only a kinematic factor, 
but also dilution factors from the fact that neither lepton beams nor 
nucleon targets can be constructed with 100% polarisation. The resulting 
measured asymmetry is only a few percent, making the experiments very 
difficult. The first measurements were obtained from an ep experiment 
(Hughes and Kuti, 1983) and are shown in Fig. 7.16. 

From the theoretical point of view an obvious starting point is that the 
nucleon obeys an SU(6) symmetry. This would arise from invariance under 
transformations between u\ u*, d r , d*, s^ and s*. Explicit calculations for 



Fig. 7.16 Measurements of the asymmetry A\\ as a function of x BJ , 
from the SLAC-Yale and EMC collaborations, o, E-80; O, E-130; 
■, EMC. The broken Jine indicates the Carlitz and Kaur (1 977) model. 

f 1 I I 1 1 ! 1 
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the proton (see Close, 1979) give u r = f , u l = d T = i d 1 = f .* In the 
neutron u r is replaced by d r etc. Weighting these factors with the 
charge-squared factors f and | for the u and d quarks, gives the predictions 

In a more realistic model A |, will be a function of x. It is generally expected 
that ,4 1| -> 0 as x -> 0, where the scattering is decoupled from the nucleon 
spin. 

The QPM can be used to construct the sum rule, originally derived by 
Bjorken (1966, 1970) using current algebra. Integrating g^x), from (7.84), 
over all x gives, in terms of the spin population numbers, 

g l (x)dx = ^ef(n} i -n\), (7.89) 

i 

If we consider the following axial-vector quark current in the Breit frame 
of a proton of helicity 1, then we obtain, using similar methods to those 
of Section 7.1, 

(p\A»\p) = 2p»Y j eHn]~n\), (7.90) 
i 

where 

i 

Now, for u, d and s quarks, the quark quantum numbers satisfy 
ef = (4B, + 2/3 + y t )/6. Hence, if we take the difference of the currents 
between protons and neutrons, only the / 3 part contributes. So we have 



<p\Ax\p)~(n\A»\n} = (p\A%\n) 



= 2p> 



(7.91) 



* The wave functions for the J p = \ + baryon octet are symmetric under 
simultaneous interchange of the spin and flavour of any quark pair, and 
must then be symmetrised by making a cyclic permutation, For the proton, this 
gives 

\p J } = — ^(2uVd* + 2u f d l u f + 2d i uV-u [ u i d I -uVd 1 
-u'd^u 1 -u J dV -d'uV -dVu 1 ). 

For the neutron u and d are interchanged. In the non-relativistic limit this 
formula gives n p — §/i u — -\/u d and ^ n = f// d — for the magnetic moments 
of the proton and neutron respectively. Putting ^ q = (e q /2m q )s q , with 
w q ~ 0.34 GeV, gives ^ = 2.76 and ^ = — 1 .84. This naive model gives 
surprisingly good agreement with experiment. 
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where the current A M + is the isospin raising current (see Section 5.2). This 
latter current is just the axial part of the weak current appearing in beta 
decay, thus giving the term gjg v . Hence, putting the above relations 
together, we obtain the Bjorken sum rule 



(7.92) 



This sum rule is modified by QCD effects and, to order a s , the righthand 
side is multiplied by (1 — 0Ls(Q 2 )/n); see Kodaira et al. (1979), giving an 
expected value / BJ = 0.194 + 0.002. The integrals depend on the quark 
distribution functions (rather than their momentum distributions) and so 
are very sensitive to the low x region. The contribution from g\ is (naively) 
expected to be small (see equation (7.88)), so that measurement otg\ over 
the entire x range is required. 

Using SU(3) current algebra, and the further assumption that the 
strange quark sea is unpolarised, Ellis and Jaffe (1974) derived separate 
sum rules for the proton and neutron, namely, 



/6f° = 



g\ {n \x) dx = 



+ i(-i)+-: 



5/3F-D 
3\ F + D 



(7.93) 



Using the values of the SU(3) couplings F and D discussed in Section 
8.3.1, this gives expected values of I P Ei = 0.198 ± 0.005 and 7£j = - 0.009 ± 
± 0.005 respectively. Using the ep SLAC data, which cover an x range 
0.10 to 0.64, Hughes and Kuti (1983) quote /gj = 0.095 ± 0.008. This 
saturates less than 50% of the sum rule. Recent data from the EMC 
(Ashman et al., 1988) cover the low x region more precisely (Fig. 7.16). 
The data are at higher Q 2 than the SLAC data, but no significant 
Q 2 dependence is observed. The measured value (0.01 < x < 0.70) is 
/Hi = 0.1 14 ±0.012 (stat)± 0.026 (syst), and is thus considerably below 
the expected value. If the more fundamental Bjorken sum rule holds then 
/ej ~ —0.09, a value much more negative than quark model predictions. A 
re-examination of the sum rule by JafTe (1987a) suggests that depolarisation 
as a function of Q 2 via the U(l) axial current (anomaly) in QCD (Section 
10.7.1) is a possible explanation. 

Another measurement which gives information on the internal spin 
structure of the nucleon, although in a less direct way, is the ratio of d 
to u valence quarks in the proton at large x. Neglecting the small 
contribution of sea quarks at large x, we obtain, from (7.68) and (7.69) 



F?(x 9 Q 2 ) 4K + d y 



(7.94) 
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Hence measurement of this ratio gives dju v at large x. Some measurements 
of FyF p 2 are shown in Fig. 7.17(a). Measurements using neutrino beams 
are also sensitive to this ratio, since the main valence quark transitions 
are vd v -> ju~u v and vu v -» ^ + d v , as discussed in Section 7.5. It can be seen 
from Fig. 7.17 that d v falls much faster than u v at large x. 



7.5 DEEP INELASTIC NEUTRINO-NUCLEON 
SCATTERING 

In this section we consider the deep inelastic scattering of 
neutrinos and antineutrinos from nucleon targets by charged current 
interactions. Note that, since the exchanged W is charged, there is no 
elastic channel. Discussion on some aspects of the quasi-elastic reactions, 
vn -> ^"p and vp -> ^u + n, is given in Section 8.4. The lowest order diagram 
for v(pj) + N(p 2 ) ->^~(p 3 ) + X(p 4 ) is similar to that shown in Fig. 7.5. 
However, at the upper vertex, the current uy^u for the eye vertex is replaced 
by uy^{\ — y 5 )/2u for the vW^u" vertex. The essential differences in the 
Feynman rules are that the coupling e at each vertex is replaced by g/2 l/2 
(Appendix C), the propagator is that of a massive particle of mass M w , 
and there are (in the standard model) both V and A currents possible. 
The upper vertex leads, in the usual way, to the lepton vertex tensor* 



The calculation of the differential cross-section requires the evaluation 
of L^W* (see (7.37)), where W»" is given by (7.25). The terms W 4 , W 5 
and W 6 are proportional to lepton masses, and are thus negligible. Note 
that the antisymmetric term W 3 contributes in the weak case because of the 
corresponding antisymmetric term e 6fi(Pv in (7.95). This term comes from 
the V - A interference, and is parity violating. Contracting W u W 2 and 
W 2 in turn with L^ v from (7.95) gives 




= 2[p 3 „Pi v + P3vPi„ - 9» v (Pi -P 3 ) - iPaPi^v]. 



(7.95) 



L^W" = 4 Pl -p.W, + — [2 Pl -p 2 p 2 -p 3 - M 2 



-—ilPi-Prf Pi -q-PzPi-PiWz- 



(7.96) 



* Measurement of the helicity h(n + ) = 1.10 + 0.24 of the outgoing ^ from 
i" fl N — //"" X (Jonker ei al., 1983) is consistent with the V-A theory (h = 1 ). 
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Fig. 7.17 (a) Measurements of F\IF\ as a function of jc bj . The scale 
for d/u on the righthand side is applicable at large x where sea-quarks 
are negligible. O, SLAC-MIT (2 < Q 2 < 20 GeV 2 ); #, EMC 
(7 < Q 2 < 170 GeV 2 ). (b) Measurements of the valence and sea quark 
distributions extracted from v(v)D 2 interactions. The curves are fits 
to the data, which have (Q 2 } ~ 5 GeV 2 . 
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In the lab system p 2 = (M, 0, 0, 0), p l = (£,, 0, 0, E^so this simplifies to 
L^W^ = 4ME i xyW l + 2[2£, (£ A - v) - ME^xy] W 2 

+ 2E 1 xy(2E i -v)W 2 . (7.97) 

The differential cross-section can now be written in terms of W u W 2 
and W 3 or, more conventionally, in terms of F l and F 2 (7.35) and 
F 3 (x, Q 2 ) = vW^(x y Q 2 ). Starting with the formula for the electromagnetic 
case, replacing the coupling constants as discussed above (and using (5.63)), 
and also keeping track of the factors for spin averages, gives the result 

d 2 (7 fvN\ GjME, 
dxdy \vNJ ~ n(l+Q 2 /M 2 „) 2 

(7.98) 

For vN interactions we replace (1 - y 5 ) by (1 + y 5 ) in L uv , and this changes 
the sign of the xF 2 term. 

We next consider the components of the cross-section arising from the 
transverse and longitudinal (scalar) polarisation states of the virtual W ± . 
Using (7.41) for the polarisation vector, we can see, from (7.40), that we 
must evaluate e^e^W^. For £ R (or e L ) we find that, using the lab system, 
the only non-zero terms are W l \ W 22 , W 12 and W 2 \ and that these are 
given by 

w [ 1 = w 22 = w x 

fv 2 + 0 2 ) l/1 

W [2 = - W 2X = -V * } W 2 . (7.99) 
2M 

Thus we can extract the left (L) and right (R) handed combinations 
W LtR =±[W u 4- W 22 ±\W X2 + \W 2 ^ 

= W,± X y W 2 . (7.100a) 
2M 

Similarly for longitudinal (scalar) polarisation states we obtain non-zero 
contributions from W 00 and W i3 only, giving 



W s =-W l + l\ +—\W 2 . (7.100b) 
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W-absorption cross-sections can be defined in a similar way to those 
for photons ((7.42), (7.43)), giving 

K. 

W. = (<T R + <7 L ), 

1 2 1/2 G F 7i V R L 



K 0 2 

W, = ^ (ff R + <X, + 2<T S ), 

2 ,/2 G F 7t (g 2 + v 2 ) 



^ = 2 4 F ,(v 2 + 2 Q 2 )^ 2 ^-^ (? - 101) 

Thus, unlike the electromagnetic case (where parity conservation 
requires o L = cr R ), does not vanish for W-boson exchange. 

In the Bjorken scaling limit (v, Q 2 -> 00, Q 2 /v fixed) we thus have the 
structure function combinations 

MW LiR = F l ± F3/2 = (2xF, ± xF 2 )/2x = F LtR /x 

2MW S = (F 2 - 2xF v )/x = F s /x. (7.102) 

Using (7.102), we can rewrite (7.98) in the following form 

1(7 -(^) = „ G ^!fA,o [fs(i - jO + ^ + f r (i - y) 2 l (7-103) 



dxdy 7i(l +Q 2 /Ww) 

That is, we have a longitudinal term, with a (1 — y) dependence, and two 
transverse terms. For vN, F L and F R are interchanged. 

In total there are 12 nucleon structure functions: F l5 F 2 and F 3 for each 
of vp, vn, vp and vn. Charge symmetry implies that F- p = Ff n and F- n = F-" p 
for i=l,2, 3, reducing the number to 6. Experimentally, massive neutrino 
detectors are constructed of materials of medium atomic number, e.g. 
CHARM use marble (A =40) and CDHS use Fe (A = 56). Calcium is 
isoscalar (equal numbers of protons and neutrons) and iron is approximately 
so. Hence structure functions are often measured per nucleon, reducing 
the number to be measured to three. In contrast, a large bubble chamber 
such as BEBC (Big European Bubble Chamber) filled with deuterium 
allows measurement of all structure functions, but with more modest 
statistics. 

These general formulae can be interpreted in terms of the QPM, in a 
similar way to / + N scattering. The exchanged W* changes the flavour 
of the struck quark, and the probability of a particular transition is given 
by the appropriate KM matrix term (Appendix (C.3.1)). We consider 
below the simpler case of four quark flavours, in which case there is just 
one Cabibbo angle. Utilising the results derived for ve" and ve" scattering 
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(Section 5.1.3), we can see that a vq (or vq) reaction will be flat in y (5.54), 
whereas for vq (or vq) there is a (1 - y) 2 dependence (5.57). This is just a 
statement of helicity conservation, together with the assumption that 
neutrinos are purely lefthanded. Hence, starting from (5.54) and (5.57), 
we can write the QPM cross-section for vN scattering (neglecting the 
propagator term) as 



d 2 a 2G 2 MF 1 x 

(vN) = 

dx d y n 



Z^W + Z^/xXl-y) 2 . (7.104) 
_ ' j 

In this equation we have assumed that the quark has four-momentum 
xp 2 , so we can write s={p { + xp 2 ) 2 ^ 2xp 1 - p 2 ~ 2ME { x. The quantities 
q { (x) and q } (x) are the probability distributions of quark i and antiquark j 
respectively, and q { and g } are Cabibbo factors (cos 6 C or sin 9 C as 
appropriate). 

A comparison of the general form of the cross-section (7.103) with that 
from the QPM, shows that the naive QPM requires F s = 0. This implies 
that F 2 = 2xF ly which is the Callan-Gross relation (7.57). Assuming this 
to be true, then comparison of (7.103) and (7.104) gives 

F2M = 2 £ LgfxqAx) + g)xq } {x)\ 

xF 3 (x) = 2 X lgfxq,(x) - gjxqj(x)l (7. 105) 

For vN the possible quark transitions are the Cabibbo-favoured 
(cos 2 0 C ) reactions d -> u, s -* c, u -> d, and c -» s, and the unfavoured 
(sin 2 6 C ) reactions d -* c, s -* u, c d, and u -> s. For vN the corresponding 
transitions are for cos 2 0 C , u -► d, c -> s, 3 -► u, and s -> c, and for sin 2 0 C , 
u -> s, c -> d, s -> u, and d -> c. Hence, (7.105) gives 

vp: F 2 = 2x[d + s + u + c], xF 3 = 2x[d -I- s — u — c], 

vn: F 2 = 2x[u + s + 3 -I- c], xF 2 = 2x[u -f s — 3 — c], 

vp: F 2 = 2x[u + c H- 3 H- s], xF 3 = 2x[u -f c — 3 — s], 

vn: F 2 = 2x[d + c + u + s], xF 3 = 2x[d -f c — 0 — s], 

(7.106) 

where isospin symmetry (i.e. u p = d n , d p = u n y etc.) has been assumed. 
Averaging the proton and neutron results gives, per nucleon, 

vN: F 2 = x[u + d + u + 3 + 2s + 2c], 

xF 3 = x[u + d — u — 3 -I- 2(s — c)] 

= x[u v + d ¥ + 2(s-e)] > (7.107) 
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vN : F 2 = x[u + d + Q + 3 + 2c + 2s], 

xF 3 = x[u + d — u - 3 + 2(c - s)] 

= x[ii v + <f v + 2(c-S)]. (7.108) 

Assuming that s = s and c = c, then Fj N and F™ give the total 
momentum fraction carried by quarks plus antiquarks. The structure 
function xF 3 depends mainly on the valence quark distributions 
(w v = u — u, d v = d — 3). Note that, at currently accessible neutrino energies 
(E { ^ 300 GeV), the charm-quark sea is suppressed relative to the strange 
sea, because the charm-quark is much more massive. Furthermore, at 
small values of the invariant mass of the hadronic final state, the reactions 
producing charm-quarks (and hence charmed hadrons) will also be 
suppressed. Hence equations (7.106) to (7.108) are valid only well above 
such thresholds. From (7.107) and (7.108) it can be seen that c(c) quarks 
will be produced in vN(vN) interactions with the cross-sections 

dx dy n 

j2_vN C^\AV y 

(c) = — !- [(u 4- 3) sin 2 6 C + 2s cos 2 0 C ] , (7. 109) 

6x dy n 

where the u and d quark distributions again refer to the proton. There 
is, therefore, a substantial (~5%) production of charm quarks expected 
in v(v) interactions. For comparison, in hadronic interactions of similar 
energies, the charm production rate is only about 0.1%. 

The presence of a c(c) quark in the final state can be detected, for 
example, through the semileptonic decays of the charmed hadrons 
(c -> sju + v, c -> s/x~v). Note that the experimental signature for this sequence 
is a dimuon event with muons of opposite charge. In bubble chambers, the 
decays c -► se + v, c -> se~ v can also be detected. These are indeed observed 
accompanied by a strange particle as predicted. Measurement of the }x + ji~ 
rate in vN interactions gives a measure of the amount of strange sea (7.109). 
The CDHS experiment (Abramowicz et aL, 1982) finds that 2s/(u + 3) = 
0.52 ± 0.09. That is, the strange sea is suppressed by a factor of about 
two compared to the value expected from SU(3) flavour symmetry 
(u = a = s). In contrast, Allasia et al ( 1 984) find 3 - u = 0.05 ± 0.06 ± 0.1 1, 
from an analysis of v/vD events, compatible with equal sea contributions 
for u and d quarks. 

By measuring the cross-sections for vp, vn, vp and vn in BEBC filled 
with deuterium, Allasia et al (1984) extracted the quark density distributions 
shown in Fig. 7.17(b). The sea-quark distributions fall off as xq(x) ~ ( 1 — x) 4 , 
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whereas the valence quark distributions have the shape xq v (x) ~ x a (l — x/, 
with a -0.8 and /?=3.3±0.1 for u, and j8 = 4.4±0.5 for d v . The d v 
distribution falls off more rapidly than w v for large x. Other data and 
parameterisations, for Q 2 — 15GeV 2 , agree with these results to within 
5-15% (Feltesse, 1985), which is about the level of uncertainty on all 
these measurements of absolute cross-sections. 

There are various sum rules which have been derived for the weak 
currents, and these have simple interpretations in the QPM. The sum rule 
due to Adler (1966) is 



1 ( F vp . 



. F v P) 



2x 



dx 



1 (/r vn _ f vpj 

, 2x 



dx = 



(u v - d v ) dx = I. 



(7.110) 



Experimentally, Allasia et al. (1984) find 7 A = 1.01 ± 0.08 ±0.18. This sum 
rule is independent of Q 2 and hence of QCD corrections. Although the 
interpretation is simple in the QPM, the derivation of the sum rule was 
originally made using the local commutation relations of the axial current 
(current algebra). Gross and Llewellyn Smith (1969) derived a sum rule 
for xF 3 , namely 



lam — 



dx = 



(u v + d v )dx = 3(l-- 

0 \ * 



(7.111) 



where an order 0(a s ) QCD correction term has been added. Sciulli (1985), 
reviewing the experimental situation, gives the value / GLS = 2.81 ±0.16. 
Modulo small QCD corrections, these sum rules are a check of the number 
of valence quarks (N v ) in the nucleon. The results give N v = 3.00 ±0.17 
(a s = 0.2) and are thus compatible with the QPM expectations. Note that 
the quantity to be measured in each case is a structure function divided 
by x, and so very detailed measurements at low x are needed. 

In the QPM, the structure function F 2 for vN (7.107) and for / ± N (the 
average of (7.68) and (7.69)), have a simple relationship. If q { and q t are 
the quark and antiquark distributions (/ = u, d, s, c), then 



{el + el)/2 



Z x(qi + qd - 3/5x(s + s - c - c) 



Z x(q t + q t ) 



(7.112) 



That is, neglecting any small differences between the strange and charm 
sea, this ratio measures the sums of the squares of the quark charges. 
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Some data on the ratio for Q 2 <*» 15 GeV 2 are shown in Fig. 7.18. It can 
be seen that the QPM expectation is satisfied to 10-15%, which is about 
the size of the relative systematic errors. This test, together with that of 
equation (7.71), constitutes evidence that the dynamic scattering centres, 
which we have referred to as quarks, have charges £ u =+2/3 and 
e d = — 1/3. The above relations yield, in fact, el and e\. That the absolute 
sign of e u (e d ) is positive (negative) can be confirmed by studying the 
charges of the fastest hadrons (i.e. those most likely to be produced directly 
from the fragmentation of the struck quark). These are predominantly 
positive (negative) for vN(vN) events, as expected for the fragments of a 
u(d) quark. In up scattering (Albanese et al, 1984), the net charge of the 
forward jet of hadrons is found to increase from a rather small value 
(~0.1), for x BJ <0.05, to around 0.5 at large x BJ , as shown in Fig. 7.19. 
This can be understood as a decrease in the relative importance of the 
quark-antiquark sea (which leads on average to a jet of charge zero) as 



Fig. 7.18 Some measurements of the ratio (5/18)F2 N /F^ N as a function 
of x BJ . The value of unity is expected in the QPM. #, CCFRR/EMC; 
a, CDHSW/EMC, 
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x BJ increases. A combination of parameterised quark distributions and 
the Lund string fragmentation model reproduces the data. 

7.6 QUANTUM CHROMODYNAMICS (QCD) 

QCD is a theory dealing with the colour interactions of quarks 
and gluons. Colour plays a role in QCD somewhat analogous to that of 
electric charge in QED. Each quark flavour is assumed to come in three 
colours, <fc(x), / = 1, 2, 3. In addition to the spin \ quarks, there are eight 
massless vector gluons, which are the analogues of the photon in QED. 
The colour composition of the gluons GJ|(x), a = 1, . . 8, was given in 
Sections 1.7 and 2.5.5. Under the SU(3) group of colour transformations, 
q transforms as the fundamental (3) representation and G as the adjoint 
(8) representation. Invariance under local phase transformations leads to 
the non-Abelian theory of QCD. The SU(3) colour symmetry is assumed to 
be exact, and is not to be confused with the approximate flavour symmetry 



QCD has the important property of being asymptotically free. If Q 2 
represents some large momentum scale in the interaction process, then 
the effective QCD coupling constant ol s (Q 2 ) -> 0, as Q 2 -> oo. Thus, quarks 
become 'free' asymptotically, and we recover the quark parton model in 
this limit. However, at finite Q 2 , there are g 2 -dependent corrections. For 
momentum scales corresponding to the hadron size, however, a s becomes 
large. Indeed, it is widely believed, although not yet proven, that this 

Fig. 7.19 Measurements of the average charge of the forward-going 
hadrons (x F >0), as found by the EMC in 280 GeV /ip interactions. 
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increase in the Q 1 -> 0 limit leads to the confinement of quarks inside 
hadrons (infrared slavery). 

QCD is important, not only because of the hope that it will prove to 
be the theory of strong interactions, but also because its basic properties 
are assumed (directly or indirectly) in making deductions about quark 
properties from the observed hadron properties. A detailed discussion of 
QCD is beyond the scope of this book, and only some of the main results 
are outlined below. Where possible, analogies with SU(2) ® U(l) are used. 
For a more thorough expose the reader is referred to Politzer (1974), 
Buras (1980), Altarelli (1982), Pennington (1983), or to a more advanced 
text, e.g. Leader and Predazzi (1982), or Cheng and Li (1984). 



7.6.1 The QCD Lagrangian 

Under local transformations of the colour axes the quark fields 
q ( (u h d n s h etc.), where i = 1 , 2, 3 are the three colour indices, transform as 

Qi (x) - q\{x) = Uq { (x) U = exp ^ - iga a (x) (7.113) 

where X Q (a=l,...,8) are the eight SU(3) matrices (see (2.250) and 
(2.251)), and a summation over a is understood. This is similar in form 
to that for the U(l) and SU(2) transformations (5.107). The SU(3) 
generators do not commute (see (2.262)), hence the theory is non-Abelian. 
Note that observables such as the charge 



d ' x Jf/I " &l d i - Hs, + ■■■), (7.114) 



are invariant under (7.1 13), because they are bilinear in the quark fields. 

The free quark Lagrangian if 0 is of the form (5.101). Invariance under 
global colour transformations leads, by Noether's theorem, to the existence 
of eight conserved currents 

jS(x) = q(x)^flW (a=l,...,8). (7.115) 

The free Lagrangian Jaf 0 is not invariant under the local transformations 
(7.113), which give the extra term 

S^ = gqU- i ^y^d tl a a )Uq. (7.116) 

Local gauge invariance is restored if we couple eight massless vector boson 
fields G£(x), the gluon fields, to the conserved currents (7.115) and add 
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to Jz? 0 the interaction term 

^„. = -w|^GS, (7.117) 

which cancels the term (7.116), provided the gauge fields are also 
transformed by 

G»(x) - GS(x) + d»0L a (x) - gf abe a b (x)G*(x). (7.1 18) 

This can be shown by substituting (7.1 18) into the Lagrangian, and using 
the expansion U ~ 1 — iga b X b /2 and the commutation relation (2.262) 
(F b = V2). 

In analogy with QED and the Weinberg-Salam model (Section 5.4), 
we can introduce a gluon field tensor 

G; . = ^ G v _ 3 v G j + gf^fi^ (7.119) 
so that the complete QCD Lagrangian* is 

^qcd = qih^ - ^ - iGr(G fl ), v , (7.120) 
where the derivation is given by 

D» = d» + ig^G*. (7.121) 

The Lagrangian (7.120) thus contains both trilinear and quadrilinear 
self-couplings of the gluon fields; a consequence of the non-Abelian nature 
of the theory. From the gauge invariance of J2q CD , it follows that there are 
no higher multigluon couplings. 

The Feynman rules for QCD can be obtained from the Lagrangian 
(7.120). The rules for tree-level graphs can essentially be deduced from the 
form of the Lagrangian and from previous considerations; they are given 
in Appendix C. The gluon fields can be expressed in a variety of gauges. 
Graphs involving gluon loops, and in particular helicity 0 contributions, 
introduce some new problems. These lead to a potential violation of 
unitarity, which can be restored by introducing into the theory negative 
metric particles which are scalars, but which obey Fermi statistics (ghosts). 
This applies to a covariant gluon gauge. In a physical or axial gauge, 

* There is a further possible term ¥ 0 = Bg 2 /(32n 2 )G^(G a ) li „ w here 5" v = j^ vXp G Xp 
and 0 is a parameter. This term violates P, T and CP symmetries, and leads to 
a neutron electric dipole moment ^4x 10" [6 6 e cm. Comparison with the 
experimental value {d n < 6 x 10" 25 e cm) implies 0 <: 10 ~ 9 . If the elect roweak 
sector is also included, then 0 is modified to (J = 0 + arg det M where M is 
the quark mass matrix. 
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which has a more complicated gluon propagator but only helicity 1 
contributions, these ghosts do not appear. Such problems do not arise in 
QED. The essential difference is that in QED the photon is coupled to a 
conserved current, whereas in QCD the gluon couples to other gluons, 
as well as to the quark current. Finally, we note that, for massless quarks, 
there is no scale in the QCD Lagrangian. The naive expectation is that, 
in a massless theory, there will be scaling in the asymptotic limit, i.e. a 
dependence only on the dimensionless ratios of the large momenta. 
However, the requirement of regularisation and renormalisation means 
that a finite mass scale must be introduced in order to define the 
renormalised coupling constant. This destroys the naive scaling laws. 

7.6.2 Renormalisation and the effective coupling constant 

In the renormalisation of QED (Section 4.9) we saw that the 
divergences could be rendered harmless by regularising and renormalising 
the coupling constant, the fermion mass and the associated fields. Before 
discussing QCD, let us first consider the simpler case of an electrically 
neutral scalar particle, which has self-interactions (</> 4 theory), giving the 
Lagrangian 



The first two terms are the free particle Lagrangian J? 0y and the final term 
the self-interaction part J? inr The constants m B and g E are the bare mass 
and coupling constant respectively, and (p B is the bare field. The factor 
4! is introduced in order to make the Feynman rules simpler. The 
propagator has the usual form \G(p) = i/(p 2 — m 2 ), and the vertex term 
for four fields is T ( 0 4) = — ig. 

The graphs which cause problems in the evaluation of the propagator 
are those with loops. The method used to handle these problems is similar 
to that for QED. The propagator is expanded as shown in Fig. 7.20. The 
blobs on the righthand side are called 'one-particle irreducible' diagrams 
and cannot be further split into two parts by cutting any single internal 
line. Such diagrams isolate all the problems with loops. The sum of the 

Fig. 7.20 Propagator G (2) in 0 4 theory. 



se(x) = IC^bM] 2 - Wb4> 2 b(x) - 1 4>t(x). 



(7.122) 




iG 0 (iS)iC 0 i<7 0 (i2;)iG' 0 (iZ)iG 0 
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geometric series gives the total propagator 

iG (2) (P) = , ! G r \ ry , = ~ 2 2V (7-123) 

1 -(iG 0 )(iZ) p 2 -ml + X^p 2 ) 

The superscript (2) denotes the fact that there are two external legs for 
the propagator. The quantity £ is found by summing over the graphs 
appearing in G {2 \ but with their external propagator lines 'truncated', the 
latter being taken care of by the G 0 factors (see Fig. 7.20). The mass m n 
in (7.123) is associated with the renormalisation point p (i.e. the scale at 
which the infinities are subtracted out), and is defined such that the 
propagator has the form \G (1) (p) = \/(p 2 — m 2 .) as p 2 — \i 2 (i.e. space-like 
and thus free of poles) and also such that T (4) = — ig^ The p indices are 
dropped below, but they are implicit. 

The Green function G {2 \ describing the propagator, is given by the 
Fourier transform of the vacuum expectation value of the time-ordered 
product <O|T[0(x 1 )(/>(x 2 )]|O>. The relationship between the bare and 
physical fields is (see Section 4.9.3) 0 B = Z^ 2 ^, where Z^ depends on 
some parameter (A, say) such that the result is finite as A-> oo. If we 
generalise to the case of n external legs, we have G ( B n) = Z"J 2 G {n) . The 
truncated vertex form V (n) is obtained from G in) by dividing it by the 
product of n single particle propagators, each of which involves two fields. 
If Pi represents the set of the n particle momenta, we can write 





m \\ 




- 0 


L \n 


J A 



nl2 p"\ Pi ;m,g). (7.124) 



The arguments of Z^ have been written as ratios, since Z^ is dimensionless. 
The vertex term V (n) corresponds to a physical quantity, which is 
measurable at some momentum scale p,-. 

The scale /i at which the infinities are subtracted out (regulated) is 
arbitrary, thus the finite term V {n) will depend on the way in which the 
subtraction is made. This arbitrariness in p. can be exploited. The lefthand 
side of (7.124) depends only on bare quantities and so not on p\ hence, 
differentiating with respect to p (keeping m B , g B and X fixed), gives 



o = zr n/2 



'^rM^ + (— + — — + ^ — ]F n) 



2Z^ dp \dp dp dm dp dg 



V dp dg dp dm 
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where 

P = V — > 7 = — -j^ = - — (In Z,). (7.126) 
d/z 2Z^ d/i 2 d/z 

The quantities /? and y are, in fact, finite as X -* oo and, since they are 
dimensionless, do not depend on /z after taking this limit; so that /? = fi(g) 
and y = y(g). Equation (7.125) is known as the renormalisation group 
equation (RGE). 

We will consider only a massless theory (since QCD is massless). In 
this case the RGE is simplified, since the final term in (7.125) is zero. In 
order to investigate the momentum dependence of we introduce a 
scaling factor for the momenta, op [y so that by varying c the momenta 
can be taken to arbitrarily large values. We wish to relate the dependence 
of P" y (<7Pi;g,fj.) on \i to its dependence on momenta (i.e. on a\ This 
can be found by considering the dimensions of G (n) and r <n) . Since G (n) is 
the Fourier transform of the product of n fields <p (each having the 
dimension of mass M) with respect to (n — 1) variables, and r (n) corresponds 
to this n-field product divided by n single-particle propagators (each being 
the product of two fields $), we obtain the following dimensions 

G< n) = [M] 4 " 3 ", T (n) = [M] 4 "", (7.127) 

From this dimensional form it follows that 

0 — + IX— \r in) = (4 - n)r in \ (7.128) 
do dfij 

since, in T^crp,-; 9, /*), the coupling constant g is dimensionless. The form 
of (7.128) can be checked explicitly by setting Y {n) equal to some arbitrary 
function of o and /a. Eliminating from (7.125) (for the massless case) 
and (7.128), gives 



d d 

o-~ P(g) - + ny(g) + n-4 \P n \a Pi ; g y fi) = 0, 

do dg 



or 



8r (n) dr (n) 

-T- ~ Pi9) — [4-«- nyta)]r<"\ (7. 129) 

dt dg 

where t = In a. This is a first-order partial differential equation, which can 
be written in the form 

dT (n) dt dT {n) dg dr (n) ,_^ v 

+ - = , (7.130) 

dt ds dg ds ds 
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Comparison of (7.129) and (7.130) yields three differential equations, 
which must satisfy the appropriate boundary conditions. The first term 
yields dt/ds = 1, and hence, choosing the integration constant to be zero, 
we have s = t. The second term gives 

^ = -P(g) => 9 = g(g, 0 or g = §( g , o, (7.131) 

where # is the value of g at r = 0 (or a = 1 ). Integrating (7.131) gives 



* = 



(7.132) 



and, by differentiating, (7.132) can be recast as 

^ = /?(£), with 0(0) = ». (7.133) 
d£ 

The third term in the comparison of (7.129) and (7.130) gives 

^ = l*-n-ny{g)-]V n \ (7.134) 



At 

which has the solution 

P n \a Pi ; g, y) = ^-"JT^p,, 0, A*), (7-135) 

where 



= exp< —n 



o 



y[g(g.t')]dt' . (7.136) 



Equation (7.135) is a powerful result; it relates the value of T {n \ evaluated 
at a momentum scale ap-Xa > 1), to that at p it but with the latter computed 
using the effective coupling constant g. In addition, there is a factor 
approximately equal to a 4 ~ n . This factor would be obtained in a 'scaling' 
(e.g. parton) model. The additional term F violates the naive dimensional 
scaling, and gives rise to an 'anomalous' dimension ny(0). 

In QCD the situation is somewhat more complicated, because we have 
both quark and gluon fields, and these particles have spin. There are also 
the further problems of the choice of the gluon gauge and ghosts, as 
discussed previously. Nevertheless, features similar to those of the <f) 4 
theory emerge. A similar RGE is found, but it has two y-functions, y F and 
y A , for the quarks and gluons in the fundamental (F) and adjoint (A) 
representations respectively. There is also a similar formulation of the 
effective coupling constant. 
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Let us consider the effective qqg vertex coupling g which is, in lowest 
order, just the bare coupling g appearing in the Lagrangian. The diagrams 
(Fig. 7.21), contributing to the next order, all contain one loop over which 
integration must be performed. Hence, these are of order g 2 , and yield a 
result ~ln(C 2 /Q 2 ), where C is an ultraviolet cut-off and Q 2 = -q 2 y with 
q denoting the gluon momentum. Thus, in terms of these leading logs, we 
have 

g = g - Ag* \n(Q 2 /C 2 ) + 0[g 5 ln 2 (2 2 /C 2 )], (7.137) 

where A is calculable. The effective constant g is dependent on g 2 , but is 
infinite as C -+ oo. It can be renormalised by defining g to be g(fi 2 ) at 
Q 2 = fi 2 i giving 

g(Q 2 ) = 9(f) - Ag(f) 2 HQ 2 /fi 2 ) + 0(g s \n 2 (Q 2 /fi 2 )l (7.138) 

which is independent of C, and so finite. Applying the RGE (7.133) to 
(7.138), we obtain 



dlnQ 
which has the solution 

g 2 (Q 2 ) = 



= -2Ag* + 0(g 5 ), 



l+2Ag 2 (v 2 )\n(Q 2 /Li 2 



(7.139) 



(7.140) 



From (7.140), we can make an expansion of g(Q 2 ) as a series in 
g 2 (fi 2 ) In Q 2 //x 2 > and we obtain equation (7.138). Hence, equation (7.140), 
which dictates the Q 2 evolution of g, gives the coefficients term by term 
in the perturbation series in terms of gin 2 ). It represents a summation, to 
all orders, of these leading log terms. 

The evolution of the coupling constant ((7.131), (7.133)) depends 
critically on the nature of the theory, and hence on the form of /?. At the 



Fig. 7.21 Order g and g 3 diagrams contributing to the effective qqg 
coupling. 
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one-loop level, calculations give (e.g. Cheng and Li, 1984) the following 

QED: + 0(e\ (7.141) 

\2n z 



3 * 2 

v 

^3 



<t> 4 : )8 = T f^ + 0(^), (7.142) 

16tt 



QCD: P=~1T1 WC F (G) " + 0(# 5 ) 

167T 



^3 



[ll-f%] + O(0 5 ). (7.143) 



16tt 2 



For QED, the calculation of /? is that of the vacuum polarisation term 
for the photon propagator, and this was discussed in Section 4.9.2. In 
QCD there are additional propagator contributions from gluon (and 
ghost) loops. The term C F (G) depends on the colour group and T(R) 
depends on the gluon representation and on the number of quark flavours 
n f . For SU(3) co „ with the gluons in the octet representation, C F (G) = 
Sat fac* Ac* = 3, and T = S ab n ( tr(M b )/4 = nJ2 (see Section 2.5.5). Note 
that, at one-loop level, /? QCD does not depend on the gauge. 

The main difference between QCD and QED (or a 0 4 theory) is that fi(g) 
is negative (provided n { < 17), and so g decreases with increasing t> leading 
to asymptotic (t -> oo) freedom. In this limit we obtain (perturbatively) 
the zeroth order amplitude and, at finite £, there are corrections to this 
'free particle' amplitude of the form indicated by equation (7.135). The 
evolution of the coupling constant g with some large scale Q 2 (-o 2 fx 2 , 
with g = g for o = e x = 1) is given by (7.140). Comparison of (7.139) with 
(7.143) shows that 



h o 33 " 2 "< 

32tc 2 



A=^- 2 , /?o = — T — • (7.144) 



It is customary to quote the QCD coupling constant in terms of a s = g 2 /4n. 
From (7.140) and (7.144) we obtain 

as{Q 2) = *sfr 2 ) (? J45) 



l+a s (^)^ln 

Introducing a scale A, defined such that A = juexp{ -47i/[j9 0 a s (/2 2 )]}, we 
can eliminate Os(/z 2 ), giving the leading order expression 

An I2n 
^ (Q1) = p 0 ln(fi VA 2 ) = 03 - 2» f ) ln(Q 2 /A 2 ) ■ 
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The analogous variation of a QED with Q 2 is very small, since A QED = 
m e exp(37r/2a)~ 10 277 GeV. 

In next-to-leading order (i.e. two-loop level) of QCD, the renormalisation 
scheme must be specified. In the momentum-space (MOM) scheme, a vertex 
function (e.g. ggg) is defined, with the invariant masses of particles having 
the values — \i 2 (i.e. similar to the </> 4 example). However, calculations 
are difficult in this scheme. In t'Hooft's minimal subtraction (MS) scheme, 
loop integrals, etc. are calculated in n = 4 — e dimensions, and finite results 
are obtained by subtracting the divergent terms, which are poles in 1/e, 
etc. Cumbersome terms in (In An — y E ), where y E = Euler constant ~ 0.577, 
appear in this scheme. They are removed in the modified-minimal- 
subtraction (MS) scheme, which is, in practice, the most commonly used. 
The quantity A is not the same in the different schemes, and roughly 
A mom /Ars/A ms ^ 5.5/2.7/1.0. The MS scheme will be used here. The 
expansion of a s to next-to-leading order is (e.g. Buras, 1980) 



Po In(G 2 /A 2 ) 



{ _p x lnln(Q 2 /A 2 ) 



Pi ln(Q 2 /A 2 ) 



(7.147) 



where /? L = (306 — 38w f )/3. In addition to summing the leading logs 
(g 2 In Q 2 /fJ. 2 ) n , this also sums the next-to-leading logs (g 2 ) n (\n Q 2 /n 2 ) n ~\ 

It is of interest to compare the effective QED constant (4.196) with that 
of QCD. In QED p is positive, so that ot(Q 2 ) increase as Q 2 increases 
(or distance decreases). The reason why p QCD is negative is the presence 
of the term C F in (7.143), and this arises from the gluons. Indeed, this 
would happen even if there were no quarks. The QED form for ft 
corresponds to C F = 0 (no photon loops) and T(R) = 1. In the latter case, 
the virtual e + e" pairs effectively 'screen' the electron charge. In QCD, 
however, the gluons 'anti-screen' the charge, so that the effective coupling 
increases as the distance between two quarks increases. In Fig. 7.22 the 
colour flows corresponding to some of the lowest order corrections to the 
quark-gluon vertex are shown. In Fig. 1.22(a) there is a closed loop, and 
this gets counted three times (once for each colour). In the vertex diagram 
(Fig. 7.22(c)), the gluon does not k see' the colour of the intermediate quark 
c, so that the effective colour charge decreases as the distance probed gets 
smaller, due to the spreading out of the colour charge. The above ideas, 
although providing a simple intuitive picture, are somewhat over-simplified, 
since they depend, for example, on the gluon gauge. 

An alternative (but more cumbersome) approach to having an effective 
coupling constant, would be to have a fixed coupling constant, defined 
(say) for on-shell particles at q 2 = 0. Then, for q 2 ^ 0, all the vertex 
diagrams which 'shield' the colour charge would need to be specifically 
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calculated. If the effective coupling constant is used, however, then the 
vertices are simple. 

The expansion of a s in (7.146) is valid for <2 2 »A 2 . At low values of 
Q 2 , a s can become large, thus invalidating perturbative methods. The 
parameter A is not specified in perturbative QCD, and must be determined 
from experiment. If the strong rise in a s (g 2 ) as Q 2 -> A 2 is related to 
partion confinement, then we would roughly expect that A corresponds 
to a typical hadron size (~ 100-300 MeV). Experimental results are, at 
present, still somewhat imprecise, but are not incompatible with these 
values. 

7.7 QCD AND DEEP INELASTIC SCATTERING 
7.7.1 Operator product expansion 

The behaviour of the deep inelastic lepton-nucleon structure 
functions at large Q 2 can be derived from the RGE of QCD. The method 
used (Wilson, 1969) is to consider the light-cone behaviour of the products 
of currents of the type J^/2)J v (~^/2). These arise in the expression for 
the hadronic tensor (7.39) (and making a translation to a symmetric form). 
Such products contain singularities in their light-cone behaviour (£ 2 0), 
but can be expanded as 



Fig. 7.22 Corrections to the quark-gluon interaction. The upper 
graphs show the Feynman diagrams, and the corresponding colour 
flow is shown below. 




(a) (b) (c) 
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where the operators 0 k N are non-singular and are called spin N operators. 
The coefficient functions are singular as £ 2 -> 0. Their behaviour can 
be found from dimensional counting. If dj and d k N are the mass dimensions 
of J and O k,N respectively, then 

[Cn = [M] 2d ; + N - dh -"' (7.149) 

so that, up to log terms, 

c 2 ^o ( i y< 2 ^-^ 



C?(a^— . (7-150) 

where i fcJV = ^ fcJV - N is called the 'fvWsf of operator i.e. the twist is 
the mass dimension minus the spin N of O k N . Operators of low twist 
dominate the light-cone expansion. In the case of the structure functions, 
the lowest twist is 2, and higher twist terms (4, 6, etc.) become negligible 
for Q 2 -> oo. 

The Fourier transforms of C N (£ 2 ) can be related to the Nth moment of 
the structure functions. For F 2 , the Nth moment is defined as 



M*(6 2 ) = 



2 F 2 (x,(2 2 )dx, (7.151) 



and there are similar expressions for xF t and xF 3 . The simplest predictions 
are for flavour non-singlet structure function combinations. These contain 
only the valence quark distributions, in contrast to the singlet case where 
there are quark and antiquark sea terms. Using the RGE of QCD, it can 
be shown that a non-singlet (NS) moment satisfies 

Va 2 (t)l d fts 

M&(6 2 ) = [^J (M 0 )* s (^ 2 ), (7.152) 

where M 0 is the asymptotic free parton (i.e. QPM) result. If we divide 
A*ns«2 2 ) b y A*ns(Go)> th «n we obtain, using also (7.146), 



MfJ s ((2 2 ) = 



" ln(8 2 /A 2 ) ~ 
.ln(Q 2 /A 2 )J 



MM), (7.153) 



where Ql is a (large) value of Q 2 , from which the evolution of the moments 
is predicted. Note that there is no prediction for the moment itself, only 
for its Q 2 evolution. The constants d^ s are given directly by QCD. The 
moments of singlet structure function combinations have three such terms, 
corresponding essentially to valence, sea and gluon contributions. Thus, 
the non-singlet structure functions provide, in principle, the most direct 
tests of QCD. 
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Experimentally, at large values of Q 2 , the moments are difficult to 
measure. For example, in the measurements of the BCDMS and EMC 
collaborations at CERN, only values of F 2 up to x BJ ~0.8 have been 
measured reliably. Thus moments, which require measurements up to 
x BJ = 1, can be only partially constructed. Furthermore, the contributions 
to the observed scaling violations of the l/Q 2 twist-four terms are, 
a priori, unknown. However, such terms are expected to be most important 
for large x B} . 



7.7.2 The Altarelli-Parisi equations 

An alternative approach to the analysis of structure function 
measurements is to use the Altarelli-Parisi equations. These equations are 
built out of the leading order parton cross-sections for the processes 
q->q + g, g->q + q and g -» g 4- g. The first of these processes (q -► q + g) 
has, apart from the colour factor, the same form as e " -* e ~ + y. In Section 
4.4 the Compton cross-section y(k) 4- e"(p) -+ y(fc') + e~(p') was evaluated. 
Let us now consider this latter process for the case of an incident virtual 
photon having k 2 = —Q 1 . The matrix element has the form (cf. (4.89)) 



(7.154) 



Using the usual trace techniques, together with summing over the photon 
polarisation states (i.e. a factor — g aP ) and averaging over initial spins, 
we obtain 



= 2e 4 



— u 



(7.155) 



where s = (k + p) , u = (k — p') 2 and t = (k — k') . Similarly, 



f*\ = 4e* 



tQ 2 



SU 



(7.156) 



The presence of the interference term is the only change from the real 
photon case (Q 2 = 0). The sum of these three terms is 



'/J 2 - 32tt V 



(-u) s 2tQ 2 

- + " r + - ' 



( — u) su 



(7.157) 
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It is now a relatively simple matter to find the cross-section for 
?*(<?) + <l(p)->q(/> / ) + g(*) (Fig- 7.23(a) and (b)). Note that with these 
(conventional) assignments for the outgoing four-momenta (i.e. t = (q — p') 2 , 
u = (q — /c) 2 ), the roles of t and u are reversed compared to y*e -+ ye. A 
further, and more important, difference is that the product of the vertex 
coupling constants is C F £ 2 aa s instead of a 2 . The colour factor C F = f is 
obtained by summing over the eight octet states and averaging over the 
three quark colours. The additional factor { comes from the normalisation 
of the A-matrix which appears at the qg vertex (see Section 2.5.5 and 
Appendix C). Thus, the spin and colour-averaged matrix element squared 
is 

\j/ (i \ 2 = 32n 2 (C F e 2 q otcc s ) 

The differential cross-section for y*q -+ qg is, using (4.29), 

dg = C^aa s r(-Q 5 2»Q 2 1 (7 {59) 

d£l 2 5 I s (-t) st J K ' } 

In deriving equation (7.159), the Hand convention, namely that the flux 
factor corresponds to the momentum of a real photon giving the same 
value of s 1/2 , has been used. 



(-0 



(-0 



■ + 



2uQ 2 



st 



(7.158) 




346 



Deep inelastic scattering and quantum chromo dynamics 



In Section 7.3, we considered the modifications to the simple quark- 
parton model predictions arising from the intrinsic transverse momentum 
(/c T ). We will now investigate the transverse momentum arising from the 
gluon emission process described above. The kinematics of this process 
in the y*q cms are shown in Fig. 7.24. The variables t and u are related 
to the quark scattering angle 9 by 

(s + Q 2 ) (s + Q 2 ) 

t= - ~ ; (l-cosfl), u = - ~ } (\ + cosfl). (7.160) 

If p* is the cms momentum of the final state quark (assumed massless) 
or gluon, then the transverse momentum of the quark is p T = p* sin 0, 
and so dd = (4n/s) dp 2 - (for cos#~l). The differential cross-section 
(7.159) is largest for small values of 6 (i.e. t -> 0) and, in this limit, is 

2(s + Q)Q 2 ~ 



da 2n 7 1 



dp 2 s 2 (-0 



S + - 



(7.161; 



In deriving (7.161) the approximation ( — u)~s + Q 2 has been used, and 
the term in t 2 /s has been neglected. This neglected term corresponds to 
the graph shown in Fig. 7.23(6), in which the gluon is emitted after 
absorption of the y*. 

In analogy with the Bjorken variable x, we may define 

Q 2 Q 2 

z = -— = -^—, (7.162) 
2p-q s + Q 2 

using 5 = (p + qj 1 . Now, from (7.160), we have sin 2 6 = 4tu/(s + Q 2 ) 2 , so 
that p\ = stu/(s + g 2 ) 2 -5(- t)/(s + Q 2 \ for small 0. Therefore, (7.161) 
may be written as 

da /47r 2 ae 2 \ a s 1 

1 — — P qq (z), (7.163) 



d/7 2 V ^ /27T/7 2 ' 

or, in terms of r, 



da / 47r 2 ae 2 \ a* 1 



dt \ s J2n(-t) 



PaaW, (7-164) 



Fig. 7.24 Kinematics for y*q->qg in the y*q cms. 
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where 



1+z 2 
1 -z 



(7.165) 



Note that r is the virtual mass of the quark which absorbs the current, 
and that -t^pj/(\ - z). 

We are interested in the effect that the y*q -> qg interaction has on the 
longitudinal momentum fraction of the nucleon which is carried by the 
quark. Hence, we must integrate (7.163), and this gives 



d = * 0 -*P qq (z)ln(<2^ 2 
In 



d 0 = An 2 ae 2 /s. 



(7.166) 



The hat ( A ) indicates that this is really a subprocess in the y*-nucleon 
collision. The integral over p 2 (t) in (7.166) is from X 2 (an infrared cut-off) 
to the maximum allowed value, namely 5/4, which we take to be about Q 2 
for large Q 2 . The term in In Q 2 is an example of a leading logarithm. The 
neglected term becomes relatively unimportant at high Q 2 compared to 
the leading term. 

The quark in the above process must be considered as part of the target 
nucleon. Without gluon emission we have <? = (0, 0, 0, Q) and p = 
(<2/2, 0, 0, -Q/2), so that, from (7.162), z — 1. The cross-section <r(z) in 
this case can be found using (7.45) and recalling that <7 S = 0; hence, 
a(z) = 6 0 S(\ — z). In general, we may interpret z as the fraction by which 
the relative momentum of the quark is changed by gluon emission. This 
is illustrated in Fig. 7.23(a). A quark with momentum fraction y radiates 
a gluon, reducing its momentum fraction to x, i.e. z = x/y. The nucleon 
cross-section c(x, Q 2 ) is related to the parton cross-section &(z, Q 2 ) by 



o{x,Q*) = 



dz 



dyq(y)8(x-zy)&(z,Q 2 ) 



x y \y 



(7.167) 



Using the cross-sections for the naive QPM process and for y*q -► qg, we 
can see that the quark density distributions (i.e. F 2 /x) should obey 



<7(*,e 2 )= 



l dy 



4 



(7.168) 



Thus, the effect of gluon emission is to introduce an effective Q 2 dependence 
into the quark density functions, arising from the second term in (7.168). 
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The change or evolution of the quark density distribution (7.168) with 
In Q 2 is 



dq(x y Q 2 ) _a s 
dlnQ 2 



2n 



1 dy 



q{y, Q 2 )P, q (x/y). 



(7.169) 



Equation (7.169) is one of the Altarelli— Parisi equations (Altarelli and 
Parisi, 1977). The 'splitting' function P qq (x/y) gives the probability of 
finding a quark, with momentum fraction x, inside a quark with 
momentum fraction y. Thus, equation (7.168) gives the sum of all such 
contributions with y > x. The In Q 2 scaling violating term comes from 
integrating the £ _1 (pf 2 ) dependence of the cross-section. For large 5, the 
largest contribution to the cross-section comes from the region ( — £)-> 0 
(see (7.158)), i.e. the ^-channel exchange graph, Fig. 7.23(a), which leads 
to a strong forward peak in the cross-section. The pf 2 dependence comes 
from the £~ 2 ~pf 4 propagator, multiplied by a matrix element factor 
t ~ pj. This latter factor arises from helicity conservation at the q -> q + g 
vertex, since a quark cannot emit a gluon at 8 = 0 without flipping its 
helicity. 

The evolution of the quark density function with Q 2 also occurs because 
of the process g -> q + q. In order to calculate this process we can again 
start by considering the analogous electromagnetic process y*(q) + y(k) -> 
e~(p) + e + (p'). The matrix element is 

t u 



*fi= -^ 2 e a (q)e 0 (k)u 



Using the usual techniques, the spin-averaged contributions are 

0, U u \ 2 = 2e 4 (-t)/(-u), 



\ 2 = 2e*(-u)/( 
it \=-4e*sQ 2 /tu. 



Thus, 



| 2 = 327r 2 a 2 



(-u) ( H) 2sQ 7 
(-0 (-«) 



tu 



(7.170) 



(7.171) 



(7.172) 



To obtain the cross-section for y*(q) 4- g(k) -> q(p) + q(p'), we replace 
a 2 by ae 2 C F a s , where C F is the appropriate colour factor. The graphs 
corresponding to the matrix elements Ji t and M u are shown in Figs. 
7.23(c) and (d) respectively. Following similar steps to the y*q -► qg 
calculation, the differential cross-section is 



do 

~dt' 



4n 2 (xe 2 \ a s 



1 



2n (-0 



(7.173) 
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where 



= C F [z 2 + (l-z) 2 ]. 



(7.174) 



The colour factor is C F = (8 qq colour states)/(8 gluon states) x \ = \ (see 
(2.292)). The splitting function P qg (z) represents the probability of finding 
a quark, with relative momentum fraction z, inside a gluon. Equation 
(7.173) can also be expressed in terms of p 2 by using dp 2 /p 2 = dt/t. 

To complete the formulae for the Q 2 evolution we must also consider 
the gluon evolution. The required quantities are (e.g. Pennington, 1983) 



+ 



+ z(l -z) 



(7.175) 



(7.176) 



The probability of finding a gluon in a quark P gq can be found by noting 
that, from momentum conservation, P gq (z) = P qq (l - z), and using (7.165). 
The probability of finding a gluon in a gluon P gg (z) is found by evaluating 
the triple gluon vertex g -> gg. The evolution of the density functions, to 
leading order, is thus 



d qi (x,Q 2 ) a s (C 2 ) 



din Q 2 

dg(x, Q 2 ) 
ding 2 



2n 

, as(e 2 ) 

2ti 



x y 

1 dy 



5>. 

y lj 



qAy,Q 2 ) + Pj-\g(y, Q 2 ) 



c \j(y,Q 2 ) + pJ*)g(y,Q 2 ) 



(7.177) 



(7.178) 



where the sum j is over all q and q flavours (i.e. ;=!,..., 2n ( ). 



1.7.3 Singularities and higher orders 

There are several points which have been skipped over in the 
above discussion. Firstly the (1 - z) terms in the denominators of the P 
functions are singular in the limit z -> 1. Furthermore, we have considered 
only the first-order term in a s . From (7.166) it can be seen that this enters 
as a s In Q 2 , which is 0(1), since a s ~ 1/ln Q 2 . Hence, we should not stop 
the calculation at the first order and terms of the type aJKln Q 2 ) n , which 
appear as the leading logs in a calculation to order n y must be summed 
to all orders. 

The infrared singularity (z -* 1) in the 0(a s ) calculation of y*q -» qg is 
cancelled (in a similar way to that discussed for QED in Section 4.9) by 
adding the vertex correction graph and graphs with gluon loops on the 
external legs; these graphs contributing at z = 1. The form of the virtual 
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terms can be found by imposing the requirement, arising from flavour 
conservation, that jo ^ qq ( z )dz = 0. This latter formula can be shown by 
integrating (7.169), evaluated for the non-singlet g NS (x, Q 2 ) over all x, 
which yields zero, since the total number of quarks minus antiquaries is 
zero. In order to integrate (7.165) over all z, we need a prescription to 
regulate the z -> 1 divergence. This can be achieved by using (Altarelli, 
1982) 



dz 

o (!-*) + 
Thus, if we define 

4 (\ +z 2 



1 [0(2) -0(1)] 

dz . 



3 V 1 -z A 3 L(l 



1+z 2 



+ §<5(1 -z) 



(7.179) 



(7.180) 



then the desired result is achieved. Hence, the required form of the vertex 
correction term is proportional to 3(\ — z). 

In the calculation of the graphs shown in Fig. 7.23, the Feynman gauge 
for the gluon propagator was used. In this covariant gauge a sum is made 
over the helicity 0 states of the massless gluons. The leading log term has 
contributions from both the /-channel exchange (Fig. 1.23(a)) and from 
the interference term. However, if a physical gauge is used, in which a 
sum is made only over the helicity states X = ± 1, then only the r-channel 
graph contributes. This gauge is useful in obtaining some insight into the 
effects of higher order graphs. Using the optical theorem, the gluon 
emission graph may be drawn as shown in Fig. 7.25(a). The broken line 
signifies that all the particles which it cuts are external on-shell particles. 
Thus, the evaluation of the cross-section, and its contribution to F 2 , 
amounts to computing the imaginary part of the Compton scattering 
amplitude. The extension of this 'ladder' diagram to higher orders is shown 
(for the non-singlet case) in Fig. 7.25(6). Each rung i, with four-momentum 
squared t h involves an integral of the type 



tj+l 
ti — 1 



In the physical gauge we can interpret this diagram in a probabilistic way, 
with the dominant contribution coming from ordered momenta, so that 
the virtual photon sees successive layers of off-mass shell quarks, all of 
which contribute to the cross-section. The Altarelli— Parisi formalism 
corresponds to the sum to all orders of the ladder contributions, since 
repeated insertion of the lefthand-side in the righthand side generates the 
successive ladder diagrams. 
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The equivalence of the Altarelli-Parisi formalism with the operator 
product expansion and RGE method can be seen by taking moments of 
equation (7.169). This gives 



dM N (Q 2 ) _ a s 
dlnQ 2 2n 

= «s 

271 



dx x 



N- 1 



dy 



r i 



dy y N ~ l q(y,Q 2 ) 



dzz»- l P<z) 



= ^M N (Q 2 )A N . 
2n 



(7.181) 



In deriving (7.181) a change of variables has been made and the 
convolution property of the Mellin transform used. The term A" is 
(Altarelli, 1982) 



dz z N ~ l P qq (z) 



1 

— + - 



1 N f 

;-2 £ 



2 N(N+l) * = 2 fcJ 



(7.182) 



Fig. 7.25 Non-singlet ladder diagrams in deep inelastic scattering. 
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where the prescription outlined above for handling the (1 — z) singularity 
in equation (7.165) for P qq (z) has been used. 

The solution of (7.181) has the same form as (7.153). The anomalous 
dimension d N is given by d N = —2A N /(} 0 . Anomalous dimensions for the 
other splitting functions can be calculated in a similar way. Note that 
M g 2 + M£ = 1, where g and £ represent the gluon and the sum over all 
q, q flavours respectively. This is a statement of momentum conservation. 
In the calculation of the y*q -► qg process leading to equation (7.168), the 
coupling constant a s was taken as constant. However, in order to obtain 
equivalence between (7.181) and the OPE and RGE approach we should 
have used the effective coupling constant (i.e. renormalisation group 
improved). Using a s (py) in (7.163) (or a s (f) in (7.164)) leads to d ~ In In Q 2 , 
and (7.169) is obtained when the variation with respect to In Q 2 is found, 
since this gives 1/ln Q 2 y i.e. ~a s (Q 2 ). The scaling violations given by the 
rigorous QCD approach (equation (7.153)), correspond to a summation 
to all orders of the leading logarithms. In the Altarelli-Parisi approach 
these summed terms are re-absorbed into effective Q 2 dependent parton 
density functions. The Q 2 dependence to leading order is then given either 
by the moment equations or by the Altarelli-Parisi equations themselves. 
This latter approach has the advantage of being applicable to processes 
where the OPE and RGE method is inapplicable. To do this it is also 
necessary to show that effective parton densities can be defined, which 
are dependent only on the target, and not on the nature of the probe (see 
Altarelli, 1982). The infrared (or mass) singularities (see (7.166)) are also 
absorbed in the effective parton densities. These can be factored out, and 
predictions can be made which are independent of the infrared behaviour. 

In leading order (LO) QCD (i.e. that discussed above), the argument 
to be used for a s (i.e. Q 2 , p 2 , t 9 etc.) is not uniquely specified. For example, 
2Q 2 is clearly equally as good a scale in a problem as Q 2 . Such changes 
in the LO coupling constant introduce further log terms, which have the 
same form as higher order corrections. This can be seen simply by changing 
A to A' = cA in (7.146) and expanding the 'old' a s in terms of the new 
one. This arbitrariness is lessened by the inclusion of higher order terms 
in the calculation, since the coefficients of these terms are calculated with 
the same scale as a s (see, e.g., Buras, 1980). The actual value of A which 
fits a particular set of experimental data also depends on the renormalisation 
scheme used, and hence on the properties of the Green function used to 
define this scheme. This is in contrast to QED, where a can be defined 
from the Q 2 -> 0 limit of Compton scattering. Therefore A is not, as such, 
a fundamental constant. However, it is a stringent test of QCD that the 
same value of A is obtained in different processes, provided the same 
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renormalisation scheme is used and sufficient higher order terms are 
included. In addition to higher order QCD terms (which are in principle 
calculable), there are uncalculable higher twist terms (see, e.g., Fig. 7.26) 
which are important mainly at large x and fall-off as i/Q 2 (l/£> 4 , etc.) 
with respect to the leading-twist (2) term. Since practical calculations 
involve inserting measured (or parameterised) quark and gluon density 
distributions into the righthand side of (7.177) and (7.178), care must be 
taken that higher twist scale breaking terms are not attributed to leading 
twist QCD. 

7.7.4 Comparison with the data 

The analysis of non-singlet flavour combinations (e.g. g NS = q t — qj) 
greatly simplifies the theory, because both the gluon density (which must 
necessarily be found indirectly) and the gluon 'generated* sea-quark terms 
cancel in (7.177). Note, however, that this cancellation will not occur if 
part of the sea is generated by a non-charge symmetric source. The 
determination of the non-singlet structure function xF 3 requires a sub- 
traction of the differential cross-sections measured using neutrinos and 
antineutrinos (see (7.98)). Some measurements of xF 3 off calcium nuclei are 
shown in Fig. 7.27. In terms of quark densities, xF 3 = £ x(q — q) = u v + d„ 
(see (7.107)), and the pattern of scaling violations indicated by Fig. 7.15 
can clearly be seen in these data. The structure function combination 
F\ — F5> measured by charged leptons, is also a non-singlet. 

In order to extract the structure function F 2 (x y Q 2 ), the value of 
R = a s /a T (or alternatively, the function 2xF { ) must be measured (see 
equations (7.36) and (7.98)). Data on R at low Q 2 are shown in Fig. 7.11 
and at higher Q 2 in Fig. 7.28. Although the errors are rather large, R is 
smaller for the higher Q 2 data sets. A decrease is expected from the intrinsic 
k T of the struck quark (7.63), which fall as Q" 2 , and also from QCD 

Fig. 7.26 Example of a higher twist diagram in deep inelastic scattering. 
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effects, which fall as approximately (In Q 2 )" 1 . The QCD calculation for 
R as a function of x BJ , with A = 90 MeV, is also shown in Fig. 7.28. 

Analysis of the structure function F 2 is sensitive, not only to the value 
of R, but also to assumptions on the sea-quark and gluon distributions 
(i.e. flavour singlet terms). A detailed QCD analysis by the EMC (Aubert 
et al., 1986) shows reasonable agreement with the QCD expectations. 
These, and fits to other data, yield a value of A (in the commonly used 
modified minimal subtraction or MS scheme) of 50 ^ A^ ^ 300 MeV. 
Note that the value of A varies considerably with the renormalisation 
scheme (see, e.g. Pennington, 1983). 

A comparison of the F$ N structure function measured off iron and 
deuterium by the EMC (Aubert et al, 1983b), for the range 9<Q 2 < 
170 GeV 2 , showed that they had a strikingly different behaviour as a 



Fig. 7.27 Measurements of the structure function xF 3 , as a function 
of Q 2 y for different x values, obtained using a calcium target by the 
CHARM collaboration (Bergsma et al., 1984). 
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function of x. Prior to this observation it was assumed that, because of 
the high Q 2 nature of the y* probe, the interactions off quarks in a nucleon 
inside an iron nucleus would not be substantially different to those off 
quarks in the quasi-free deuterium nucleons. However, some differences 
were expected due to the Fermi motion of the nucleons, which can 
significantly change the event kinematics with respect to those of a free 
nucleon. This leads to an effective increase in F 2 for the nuclear target at 
large values of x BJ . If the whole nucleus acts as the target, then one should 
really define x BJ as x BJ = Q 2 /(2M A v), where M A is the mass of the nucleus. 
Thus, in principle, if the conventional definition of x BJ is used, then values 
up to x BJ ~ A are possible. In practice, the structure functions fall rapidly 
at large x BJ , so that the effects of Fermi motion are the only ones yet 
apparent. 

Some data on this effect, subsequently called the 'EMC effect', are 
shown in Fig. 7.29. The structure function data are corrected for higher 



Fig. 7.28 Measurements of R as a function of x from high energy 
//N scattering experiments. The errors shown are statistical, systematic 
errors are similar in size. O, EMC fiH 2 ; a, EMC /zFe; ■, BCDMS ^C. 
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order QED effects, so that they correspond to the single-photon exchange 
process. These corrections are most important for the low x BJ and high 
y regions. A clear fall of the ratio F 2 IF\ below unity is seen for x BJ >, 0.3, 
with a rise for x BJ >> 0.7, this rise being attributable to Fermi motion. In 
the low x BJ region the agreement between the different experiments is less 
good; however, they are reasonably compatible when the systematic errors 
(not shown) are taken into account. However, the ratio seems to rise 
above unity. Many theoretical models have been proposed to explain 
some, or all, of this effect (for a review see Berger and Coester, 1987). 
Two broad classes of models have emerged for the region x^O.10. In 
conventional nuclear physics models it is assumed that 



where the sum is over all possible nuclear constituents c (which are taken 
as N, 7i, A, etc., as well as the more exotic possibilities of 'bags' of 6 (9, 
12, etc.) quarks). The function f*(y) denotes the probability of finding 
constituent c in A y with momentum fraction y, and F c 2 (x) is the free particle 
structure function of c. That is, it is assumed that the structure functions 
of the constituents are not changed by the nuclear environment. The 
assumed convolution equation (7.183) has been questioned by Jaffe 
(1987b), who points out that specific calculations (made for light nuclei) 

Fig. 7.29 Measurements of the cross-section ratios a(A)/a(D 2 ) as 

a function of x BJ ; the errors shown are statistical only, a, EMC Cu/D; 

#, BCDMS Fe/D; O, SLAC Fe/D; □, SLAC Cu/D. 



F A 2 (x y Q 2 ) = £ dyf?{y)F c 2 (x y Q 2 \ 



(7.183) 
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of multiquark effects (from Fermi statistics) violate the convolution form, 
and give a sizeable contribution to the effect. 

A different interpretation of the data has been given by Jaffe et ai 
(1984). These authors noted that the EMC structure functions on iron 
and deuterium become compatible if the Q 2 value of iron is rescaled by 
some factor (~2). The QCD renormalisation scale fx 2 is taken to be larger 
for heavy nuclei than for deuterium. (This corresponds effectively to a 
swelling of the nucleons in a nucleus.) In this approach, the nuclear 
environment (in the sense of (7.183)) is assumed unaltered. Close et ai 
(1987) have argued that the two approaches outlined above may be 
equivalent, in that they are 'dual' statements of the same physics. Neither 
model reproduces the decrease in the ratio F2/F2 at l° w x (=€0.08). In 
this region the data are reasonably consistent with the model of Nicolaev 
and Zakarov (1975), in which, due to the long correlation lengths 
corresponding to the low x region, the partons from different nucleons 
'fuse' together, leading to a reduction in their density, and hence interaction 
probability. This reduction is referred to as shadowing, in that the 
cross-section depends on A more like o oc A 212 than c oc A, i.e. a surface 
effect shadowing the remaining nucleons. The Q 2 dependence of nuclear 
shadowing has been considered by Qiu (1987) using modified Altarelli- 
Parisi equations, which take into account parton recombination effects. 
Qiu concludes that shadowing will vanish only slowly with increasing Q 2 . 

Despite the theoretical uncertainties on the details of deep inelastic 
scattering in nuclear matter, and the possibly confusing experimental 
situation at low x BJ , there is nevertheless good evidence for accepting the 
basic ideas of the Quark Parton Model and the existence of the scaling 
violations predicted by QCD. 



7.8 TOTAL CROSS-SECTION FOR e + e ~ -> hadrons 

In this section we will sketch the methods by which a(e + e~ -► 
hadrons) is calculated using renormalisation group techniques. From the 
optical theorem (2.123), the total cross-section for e + e~, <7 t01 (e + e~), is 
linearly related to the imaginary part of the forward scattering amplitude 
for the elastic process e + e~ ->e + e~, averaged over spins. The relevant 
diagram is shown in Fig. 7.30. The blob in the propagator is one photon 
irreducible, and some of the lowest order contributing diagrams are shown. 
In general the photon propagator term can be written 




(7.184) 
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We are interested in calculating the ratio R h of the total cross-section 
for e + e" -> hadrons to the point-like cross-section e + e" -> ju + ju". In this 
ratio common factors, including the particle flux, cancel, so that, for 
Q 2 = —q 2 (and ignoring the subtleties of going from space-like to time-like 
q 2 ) we have 



Im Tl h (Q 2 ) 

imrye 2 )' 



(7.185) 



In (7.185), n h and are the parts of Tl(Q 2 ) with intermediate hadrons 
(i.e. all possible final state hadrons arising from the fragmentation of the 
final state partons) and with intermediate fi + \T states respectively. The 
method used to compute Yl(Q 2 ), is to solve the QCD renormalisation group 
equation (cf. (7.125)), with the y-factor computed using the graphs shown 
in Fig. 7.30, corresponding to n — 2. The solution is (e.g. Leader and 
Predazzi, 1982) 



(7.186) 



n(C 2 )^e 2 exp -2 ym')]dt'h 



where (as above) t = \ In Q 2 /ii 2 , and 



y(g)^Ke 2 0> 2 +2>, 



1 + 3C 2 (R) 



\6n 



(7.187) 



In (7.187), K is a constant which will cancel in the ratio R h , e t and e q are 
the charges of the leptons and quarks respectively and C 2 (R) = % is the 
colour factor for the gluon octet representation. Since y is of order e 2 (i.e. 
small), we can expand the exponential in (7.186), giving 



U(Q 2 )^Q 2 U-2Ke 



X-J»]-i 



(7.188) 



Fig. 7.30 Elastic scattering e + e ->e + e , used to evaluate a l01 (e + e ). 
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The remaining integral can be computed using equation (7.140), and is 
equal to (2//? 0 ) ln[g 2 (fi 2 )/g 2 (t)']. Using (7.140), we can express g 2 (fi 2 ) in 
terms of g 2 (t), then, expanding the log terms, get the result g 2 (t)t/4n 2 
for the integral. Hence, picking out the absorptive (imaginary) parts of 
(7.188), we obtain the ratio 



<r(e + e hadrons) _ v 
o(e e -> p ii ) q 



\ *s(Q 2 ) 



(7.189) 



The leading order term in (7.189) is that expected in the quark parton 
model, and has the same form as that found for e + e" -► fF in Section 4.3. 
The sum over quarks includes all possible flavors and colours. The colour 
factor of three is often written explicitly, leaving only the sum over flavours. 
Note that the simple parton model result is only expected asymptotically 
(Q 2 -► 00). At finite Q 2 , R h is modified by the effective coupling constant 
<*s(2 2 )« The reason that the effective coupling constant appears (rather 
than g 2 ) again stems from the RGE. Note also that the result for 
a(e + e~ ~» hadrons) does not contain any mass singularities. 

An alternative approach to the RGE method is to explicitly calculate 
the cross-section for the process e + + e~ — ► y*(q) q(Pi) + q(/>2) + g(/>3) 
(Fig. 1.10). We have already calculated a similar process (y* + q -> q + g), 
which led to (7.158). For the e + e" case we obtain the analogous matrix 
element squared 

\Jt\ 2 = 327r 2 C F ^aa s ^ + *- + (7.190) 

where the definitions of the kinematic invariant quantities now become 
5 = (Q — Pi) 2 ,* — (q ~ Pi) 2 , anc * u = (q — Pi) 2 - Note that the centre-of-mass 
energy of the e + e" system is Q {Q 2 = q 2 is positive). 

In order to calculate the differential cross-section for the q, q, g final 
state, we must also evaluate the three-body phase space factor (see 
Appendix C). 

d \ d l P f P > S>( q - P[ - P2 -p 3 ), (7.191) 



N 3 = 



where the final state particles are assumed massless. Integrating over d 3 p 3 , 
then using E 3 d£ 3 = p l p 2 d cos 0 12 (from p\ = p\ + p\ + 2p, p 2 cos 0 12 ), we 
obtain 

*4npj dp l 2np 2 dp 2 d cos 0 12 S(Q - E x - E 2 - £ 3 ) 
= &n 2 dE,dE 2 . (7.192) 
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It is useful to introduce the (Dalitz plot) variables 

xi = ^p '=1,2,3, (7.193) 

in which the parton energies are scaled by the maximum possible parton 
energy Q/2 (i.e. with qq only). The direction of the parton with the 
maximum energy in a given event (x l5 say) is called the thrust axis. 
Thus, in the y* cms we have 4 = 6(1,0,0,0), p y = Q/2{x^ 0, 0, x x \ 
Pi = 6/2(-x 2 » 0» x 2 s * n ~~ x 2 cos #)» anc l P3 = 6/2(^3, 0, — x 2 sin 0, — x, + 
x 2 cos 9), where the thrust axis is taken to be along Oz. The kinematic 
invariants can therefore be written 

5 = e 2 0-*i), t = Q 2 ([-x 2 ), u = Q 2 (\-x 3 ). (7.194) 

Energy conservation gives the relation x 1 + x 2 + x 3 = 2. In terms of these 
variables the matrix element squared (7.190) becomes 



| 2 = ?>2n 2 C ? e\cLa<, 



xj + xl 



.(l-x 1 )(l-x 2 )J 



(7.195) 



In order to find the differential cross-section for the entire e + e"->y*-» qqg 
process, we need to graft on the e + e~ -» y* vertex to the calculation. This 
can be achieved by comparing the e + e" -> qqg cross-section to that for 



e + e ->qq, i.e. o 0 = 4not 2 el/3Q 2 (4.62). The result is 



«s4f 



X? + X? 



dx y dx 2 27i 3 L(l — ^i)(l — ^2) 



(7.196) 



The reason for this form can be seen by making a change of variable 
from x 2 to t (7.194), under which we have t d/dt = -(1 -x 2 )d/dx 2 . In 
the limit x 2 ~ 1, equation (7.196) can thus be written 

62(7 «s 1 r (l+x?\ , 7107 x 
~ l(J o — - ;C F \ - — - , (7.197) 



dxj dt 2n( — t) \1 — x 

which has the form of (7.164) and consequently of an Altarelli-Parisi 
equation. This method of factorisation of the cross-section into the product 
of those of subprocesses is, in fact, rather general (Weizdcker-Williams 
formula). 

The differential cross-section (7.196) is singular if either (i) x t ~ 1 or 
x 2 ~ 1 (in which case the gluon is colinear with the quark or antiquark), 
or (ii) x { ~x 2 — 1 , x 3 ~ 0 (i.e. soft gluon limit). In QED these divergences 
can be handled by defining suitable physical quantities such as the number 
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of electrons with energies between E and E + d£, and angles between 0 
and 6 + d0. At the parton level such finite quantities can be defined 
following the approach due to Sterman and Weinberg (see, e.g., Pennington, 
1983). However, experimentally it is the hadrons, and not the partons, 
which are observed. The non-perturbative effects of the hadronisation of 
the partons must therefore be taken into account. Hence, at present, QCD 
predictions can only be tested in conjunction with some model for 
fragmentation. Ideally, these tests should be as independent as possible 
of the details of these models. The total cross-section, obtained by 
integrating (7.196) over x { and x 2 (over the range 0 to 1), clearly diverges. 
This divergence is exactly cancelled by that arising from the interference 
between the lowest order quark-antiquark diagram and the diagrams with 
a one gluon loop. This can be seen (e.g. Pennington, 1983) by giving the 
gluon a non-zero mass m g and summing the contributions of all the 
diagrams, which gives a result independent of m g . 

7.9 HADRONISATION 

As discussed above, the cross-section formulae for e + e" -► hadrons 
(or for deep inelastic scattering), refer to the production of quarks and 
gluons, and not to the production of hadrons directly. In order that the 
formulae are applicable for hadrons we must further assume that the 
parton to hadron process is decoupled from the initial parton production. 
This is plausible at high energies, where the time scales for the initial hard 
QCD processes are expected to be significantly shorter than those of the 
soft fragmentation processes. Hence a parton fragments into a jet of 
hadrons with essentially unit probability. 

Some experimental results on measurements of the total cross-section 
ratio R in e + e~, as a function of s 1/2 , are shown in Fig. 1.14. Near the 
threshold for the production of a new qq flavour, resonances are formed 
(J/i/j plus excited states for cc, T plus excited states for bB). These 
resonances can be considered as 'hidden 1 flavour production. At somewhat 
higher energies the production of mesons and baryons containing the new 
quarks occurs (open flavour production), these particles being slow in the 
cms. Only well above threshold do we expect the quark mass and bound 
state effects to become negligible and, hence, a comparison with QCD to 
be meaningful. As there is, as yet, no complete theory of hadronisation, 
the scale at which this should happen is not precisely known. However, 
from Fig. 1 .14 it can be seen that, at PETRA energies (12 ^ s 1/2 ^ 45 GeV), 
good agreement with equation (7.189), calculated for q = u, d, s, c, b (each 
with three colours) and a s (1000 GeV 2 ) ~ 0.2, is obtained. At larger values 
of 5 l/2 , Z° exchange becomes important and must be taken into account. 
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Similar considerations apply in deep inelastic scattering. At low values 
of W y nucleon resonances dominate the cross-section. However, in the 
continuum region at higher W 9 it is assumed that hadronisation effects 
are less significant. At what values they can be considered negligible is, 
however, a more difficult question. There is a further phenomenon which 
is important at low Q 2 (and W), namely the hadronic structure of the 
virtual photon. We have assumed above that the photon acts as a point-like 
probe. However, the virtual photon can make a temporary y* qq trans- 
formation, and the qq can form a virtual vector meson (p°, co, </>, J/t//, etc.), 
since these mesons have the same quantum numbers as the photon. This 
transition will occur (very roughly) during a fraction a(l/137) of the time, 
and the lifetime of the energy fluctuation is given by, using the uncertainty 
principle, 



At- 
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2v 
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2U/2 



e 2 + >*v 



(7.198) 



where m v is the vector meson mass. Hence, this effect (known as vector 
meson dominance of the cross-section) is expected to decrease rapidly for 
increasing Q 2 or m 2 . 

The vector meson dominance model can also lead to shadowing at low 
x of the cross-section (i.e. a oc A vz ) in nuclei. However, this contribution 
is again expected to fall off rapidly with g 2 , and so is unlikely to be the 
main cause of the shadowing at large Q 2 discussed in Section 7.7.4. 

The virtual vector meson, once formed, has a large cross-section and 
is expected to interact with the nucleon by mainly a diffractive-type process 
(Fig. 7.31) with 



^~exp(-b|;|), 



&~±(K£ + R V 2 ). 



(7.199) 



The parameter b depends on the sizes of the nucleon and vector meson, 
and the resulting value (b ~ 8 GeV" 2 ) leads to a rapid fall-off in f, charac- 



Fig. 7.31 Lepton-nucleon scattering by the vector meson dominance 
mechanism. 
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teristic of a diffractive process. At low Q 2 this picture predicts that the 
helicity of the scattered p° meson is the same as that of the photon (± 1), 
and this is confirmed experimentally. At high Q 2 (^5GeV 2 ), however, 
the slope b increases (i.e the collision becomes harder) and the scattered 
p° no longer has the helicity ±1 (Aubert et aL, 1985). Thus, reasonably 
large values of Q 2 and W are needed to ensure point-like deep inelastic 
scattering. 

It is an empirical observation that hadron jets are observed in hard 
collision processes, and that these jets seem to correspond to the energetic 
partons in the process in question. The experiments at PETRA (JADE, 
MARK-J, PLUTO, TASSO and later CELLO) and also those at PEP 
(DELCO, HRS, MAC, MARK2, TPC) have analysed a large number of 
high energy hadronic final states. The dominant feature is that of two 
collimated back-to-back jets, corresponding to the quark and antiquark 
directions. The hadrons from these jets have a mean transverse momentum 
with respect to the jet axis of about 0.35 GeV, roughly the momentum 
corresponding to a typical hadronic radius. 

The QCD diagrams in Fig. 1.10 can lead to a sizeable transverse 
momentum between the quark and antiquark. This can be seen by writing 
(7.197) in terms of p x , the transverse momentum of the antiquark with 
respect to the quark axis, that is 

d 2 a * s 1 /l+x?\ 

- ^ o — C F — [ . (7.200) 
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Keeping p\ fixed, and integrating over x u we obtain 
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3ti p 2 \4p 2 J 

where we have used (x { ) max = 1 — 4py/Q 2 , and retained only the leading 
log term (for the full expression see Pennington, 1983). Thus for a given 
value of pj, the relative three-jet cross-section is predicted to increase with 
increasing Q 2 . Some data on the p 2 distributions of final state hadrons 
(with respect to the jet or sphericity axis, defined as that minimising £ p 2 
of the hadrons), for different values of Q (= W), are shown in Fig. 7.32. 
The predicted increase is indeed observed. The above discussion is 
somewhat oversimplified as the process involves two large scales (Q 2 and 
p\) y so that a s must be defined with care (Dokshitzer et al., 1980, advocate 
<Xs(Pt))- A similar increase in p\ (defined with respect to the y* direction), 
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with increasing centre-of-mass energy (W), is expected (and observed) in 
deep inelastic scattering. In this case there are three large scales namely 
W, Q 1 and p^, in the problem. 

The order a s QCD corrections to e + e~ -> hadrons modify the QPM 
prediction of two jets (corresponding to the quark and antiquark) so that, 
in a significant fraction of the events at a cms energy >; 30 GeV, a third 
(gluon) jet is expected. Higher order diagrams should correspond to the 
production of four or more jets of hadrons. A detailed analysis of these 
events requires the use of a model for the fragmentation of the partons. 
The singularities due to soft and colinear gluons are handled by assuming 
that, below some cut-off, these configurations lead to two-jet topologies. 
The remaining part of the cross-section in equation (7.196) is assumed 
to produce three-jet topologies. A similar procedure can also be defined 



Fig. 7.32 Differential p\ distributions found by TASSO in e + e" annihila- 
tion for different values of the cms energy W: x , 14 GeV; #, 22 GeV; 
■> 34 GeV; 41.5 GeV. 
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for higher numbers of jets. The 'hadronised' QCD formulae fit the data 
reasonably well, but uncertainties in the cut-off parameters, the dependence 
on the fragmentation model and the influence of higher order terms all 
limit the precision with which the strong coupling constant a s can be 
extracted. Duke and Roberts (1985) derive a value Os(MS) = 0.19 ± 0.06 
from consideration of such studies. 

QCD-inspired models of hadrons have been developed to explain 
different aspects of the non-perturbative regimes. In the (MIT) 'bag' model, 
confinement is put in by hand by means of a spherical impenetrable bag 
and it is assumed that low order QCD calculations suffice, even though 
the effective coupling constant can be large. Some reasonable success in 
explaining the static properties of hadrons (e.g. mass spectra) is achieved. 
These ideas can be extended to explain some dynamic properties. If, due 
to a hard collision, a quark and antiquark are set in rapid relative motion, 
then a strong colour field will be formed between them. Because of the 
attractive force between the colour flux lines (due to gluons) the field is 
assumed to become confined into a tube-shaped bag. This narrow colour 
flux tube (or string) has constant energy density per unit length (k), and 
gives rise to a long distance linear potential ~/cr, for a separation r. The 
string can fission anywhere along its length (this becomes energetically 
more favourable with increasing separation), and this process is assumed 
to continue until the string pieces are about 1 fm (Fig. 7.33(a)), when 
hadrons are formed. The estimated string tension is /c~ 1 GeV/fm (or 14 
tonne weight in macroscopic units!). A detailed model based on the ideas 
of such massless relativistic strings has been formulated by the Lund group 
(Andersson et al., 1983). The emission of a hard gluon is treated by 

Fig. 7.33 {a) Break up of a 'string' colour field joining q and q into 
successively smaller segments, (b) Fragmentation scheme used in QCD 
branching models. 
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introducing a 'kink* in the string. The Lund model, which is based on 
semiclassical considerations, successfully reproduces a wide class of 
experimental data, but has a sizeable number of parameters which must 
be determined from the data. 

An alternative approach, and one perhaps more directly related to 
QCD, is to simulate the QCD cascade processes. Starting with, say, a 
highly virtual quark, the leading log formulae for the branching processes 
q -> q + g, g -> g + g, g->q + q, etc., are used (Fig. 7.33(6)). This process 
is continued until colourless clusters, of mass less than some cut-off Q 0 , 
are obtained. The value of the cut-off signifies the region below which 
perturbative methods are inapplicable. A value Q 0 ~ 1 GeV is typically 
used. In the Webber model (Webber, 1983), the effects of soft gluon 
interference are also taken into account. The colourless cluster is hadronised 
using phase space probabilities, calculated from the known spectrum of 
particles. The value of the cut-off and the method of hadronisation are, 
however, somewhat arbitrary. The model successfully accounts for a wide 
class of data in both e + e~ annihilation and in jet production in high 
energy pp interactions. 

Although phenomenological models, such as those outlined above, are 
important in that they provide a framework in which perturbative QCD 
can be tested, it is clearly desirable to solve the QCD Lagrangian by 
non-perturbative methods. Some progress in achieving this goal has been 
made by using lattice methods, which draw on experience obtained with 
statistical mechanics. Practical calculations require the use of large 
super-computers, or even purpose-built computers. The lattice spacing 
and the overall size of the lattice are important parameters in these 
calculations. At present, most calculations have concentrated on trying 
to compute static properties, such as the hadron mass spectrum. 

7.10 FRAGMENTATION FUNCTIONS 

Our ignorance of the fragmentation process can (like that of the 
quark distributions in nucleons) be parameterised. We define the fragmen- 
tation function D\(z) to be the probability to observe a hadron of type h 
from the fragmentation of a quark q, carrying a momentum fraction z of 
the quark (z = EJE q ). Thus, the production of a hadron h in deep inelastic 
jup (or ep) scattering is given by (for a sample of N ti events) 



The fragmentation function £>|J is shown schematically in Fig. 7.34. It 
refers to fragments from the quark, and these are predominantly forward 




1 d/V h 



li efx qi (x)D*(z) 



(7.202) 
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in the cms of the final state hadrons. A fragmentation function for the 
remnant diquark system, Dj| q , can be defined in a similar way. Note that 
the fragmentation functions satisfy 



z 
h j 



zD h Jz) dz=l, 



z 

h 



/>;(z)d2 = n h , 



(7.203) 



expressing momentum conservation and the total hadronic multiplicity 
respectively. 

The fragmentation functions D** and D* can be obtained from 
analysing the n + and n~ spectra in fiD 2 scattering. If we restrict ourselves 
to valence quarks only (x BJ ^0.15 for Q 2 ^ 10 GeV 2 ), then, using (7.202), 
we find that 

1 (&N n * 6N n ~ . 

~+ — \ = d: + D* 
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N„ V dz 



dz 



(7.204) 



In deriving equation (7.204) isospin invariance is assumed, so that 
Unix) = d p (x\ d n (x) = n p (x), D3 + = D n u ~ and DJ" = Djf . The fragmentation 
functions D** (z) and D|J"(z), determined in this way in 280 GeV fid 
scattering, are shown in Fig. 7.35. In deep inelastic scattering z is defined, 
in terms of the lab variables, as z = EJv, where v is the energy of the y* 
(and hence approximately that of the struck quark). 

It can be seen that D** is significantly harder than . This is expected, 
since the scattered u-quark can pick up a 3 from the colour field to form 
a leading n + meson, whereas a n~ can only be formed further down the 
fragmentation chain. For low values of z (^0.2) many of the observed n ± 
are not produced directly in the fragmentation process, but arise from 



Fig. 7.34 Schematic representation of the fragmentation function 
Dq for a quark q to fragment into a hadron h in deep inelastic scattering. 
Dq q represents the fragmentation function for the remnant diquark 
system to produce a hadron h'. 
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decays of resonances (e.g. p). It is found empirically that primary vector 
and pseudoscalar particles are produced in roughly equal numbers. 
Strange particles are suppressed by a factor of about 0.3 with respect to 
non-strange particles. In terms of the chain fragmentation ideas, the ratios 
of the probabilities of picking up an s or s quark, compared to a u or 0 
(or d, 3), is The values of the vector/pseudoscalar and yjy u 

ratios may also depend on the cms energy. The total hadronic multiplicity 
is found to increase with the cms energy W, such that <h> — In W 1 , with 
the increase coming from the low z region, indicating that D\(z)~ l/z at 
low z. In e + e"" annihilation a rise faster than In W 2 (for W >; 15 GeV) is 
found. Such an increase is expected from QCD considerations. 

Equations (7.202) and (7.204) were calculated using the simple QPM 
formulae. In QCD, the scattered quark can radiate a gluon, and the gluon 
can subsequently fragment into the observed hadron. Since D£ + = /)£ ~, 
and the gluon fragmentation appears to be softer than that of quarks, the 
net result will be a softening of, for example, the DJ + distribution. 



Fig. 7.35 Fragmentation functions for a u-quark obtained from fid 
scattering. The curves are zDj' (full circles) = 0.7(1 -z) 175 (full 
curve) and zD*~ (open circles) = (1 -z)/(l + z)zD*' (broken curve). 
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Divergences occur in a similar way to those in the quark distributions. 
These can be summed to all orders and reabsorbed into effective quark 
fragmentation functions £>jj(z, Q 2 ). In leading order QCD, equation (7.202) 
still holds, but with Q 2 dependent distributions q { {x, Q 2 ) and Df(z, Q 2 ). 
The fragmentation functions obey, to leading order, Altarelli-Parisi 
equations. Note that (unlike the quark scattering case) the gluon can 
contribute directly. In next-to-leading order QCD, the factorisation 
property of the cross-section (7.202) no longer holds, and the effective 
fragmentation function also depends on x (Altarelli et ah, 1979). The 
analysis of scaling violations for fragmentation functions has proven 
extremely difficult, because of the presence of (a priori unknown) non- 
perturbative hadronisation effects. However, it is established that the 
fragmentation functions soften at large z with increasing cms energy W. 

The hadron formation mechanism envisaged in most models of fragmen- 
tation is that the energetic quark Q picks up an antiquark q, from a qq 
pair formed from the colour field created by Q. This forms a leading 
meson M = Qq (or baryon if a qq system is picked up). In the case of a 
heavy quark (Q = c, b), it is kinematically favoured for M to retain a 
large fraction z ( = E M /E Q ) of the quark energy, because m Q »m q . The 
leading meson is thus harder for a c-quark «z c >~0.6) or a b-quark 
« z b> ~ 0.7-0.9) than for light quarks, as sketched in Fig. 7.36. (A 
commonly used parameterisation for heavy quarks is that of Peterson et al. 



Fig. 7.36 Sketch of the fragmentation functions for a quark Q (= u, 
c or b) to form a leading meson. 
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(1983)). This property of the leading hadron can be used as a convenient 
way to 'tag' the presence of a heavy quark. The gluon coupling to c-quarks 
is compatible to that to light quarks, as required by QCD. This has been 
shown by the TASSO collaboration (Althoff et ai y 1984), who find 
a|/a s = 1.00 ± 0.20 + 0.20, where a£ is found for a sample enriched with 
charmed quarks. 

7.11 HADRON-HADRON SCATTERING 

The bulk of the cross-section in hadron-hadron collisions arises 
from soft multiple collisions. Such processes are outside the scope of 
perturbative QCD, which requires the presence of at least one large 
momentum scale. A small fraction of the interactions, however, do involve 
hard collisions and we will now consider such processes. 

7.11.1 The Drell-Yan process 

If we apply time reversal to the reaction / + /~ -> y* -> qq, then we 
obtain the Drell-Yan (DY) process qq y* /*/". We assume below 
that the / + /~ pair is in the continuum region, well away from any heavy 
qq resonant states. The quark and antiquark 'beams' are obtained by 
firing high energy hadrons at each other. In pp interactions the q can only 
come from the sea. Hence, a study of pp or 71* p collisions should give a 
higher cross-section for this process, because the antiquarks are valence 
quarks for p and n ± . The lowest order diagram for hjh 2 ->Xy* ->X/ + /~, 
where X denotes all the remaining particles produced, is shown in Fig. 
7.37. In the h^ cms we have (neglecting hadron masses) the four 
momenta p { = (p, 0, 0, p) and p 2 = (p> 0, 0, — p), with 5 = 4p 2 . Neglecting 
parton masses and transverse momenta, we can write k l =x l p l and 
k 2 = x 2 p 2 , for the q and q respectively. Hence, the virtual photon (or l + 



Fig. 7.37 Lowest order diagram for the Drell-Yan process 
qq.^* _>rr in h,h 2 ^X/ + /~. 
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pair) has four momentum 

q = ((*! + x 2 )p, 0, 0, (x t - x 2 )p\ q 2 = 4x l x 2 p 2 = x { x 2 s. (7.205) 

The kinematics for the process can thus be fixed by measuring the 
lepton-pair mass q and the longitudinal momentum q z of the pair, noting 
that the Feynman variable x F = 2q 2 /s V2 — x l — x 2 . 
The cross-section for the parton subprocess is given by (see Section 4.3) 



2 



Pi Mi - ' + '") = e ? *(« 2 -x&s). (7.206) 
dq Sq* 

The region where this QPM calculation is expected to be applicable is 
s, q 2 -+oo, with t = q 2 /s = x { x 2 fixed. In order to obtain the overall 
cross-section for the process, we must weight (7.206) by the appropriate 
fluxes of quarks and antiquarks, giving 



da 
dq 



LiL( hl h 2 -Xrr) 



3T 



Anor 



d& 

dx t dx 2 [q(x l )q{x 2 ) + ^(x 1 )^f(x 2 )] — - 

dq 2 



9sq 2 



dx 4 dx 2 [^(x 1 )^(x 2 ) + ^(x 1 )^f(x 2 )] ^(XiX 2 - t), (7.207) 



where the factor j arises because there are three possible colourless qq 
pairings out of nine possible combinations. 

The QPM formula (7.207) predicts that q 4 da/dq 2 is a function, F(t), 
of t only, i.e. it scales. Further predictions are that, in the dilepton rest 
frame, the leptons have a 1 +cos 2 0 angular distribution, expected for 
spin \ quarks (4.61). The ratio of the Drell-Yan cross-sections of 7i + (ud) 
and 7i~(du) mesons, on an isoscalar nuclear target (e.g. 12 C), is a sensitive 
test of the model. Since t ~ x { x 2 , we expect the following ratios 

a(7r + A -* u + a~X) fl t small, 

(7.208) 



c(n-A -* Ai + Ai"X) l~(e a /*fl) 2 = i t - 1. 

This arises because, for small values of t, the interactions are mainly on 
sea-quarks, whereas for large x the d and u valence quarks in the tt + and 
7i ~ respectively should dominate. The cross-section for a target of atomic 
number A is expected to behave as a ~ A \ because the scattering process 
is hard (unlike o toi (nA) which varies approximately as A 2 ' 3 because the 
n 'sees' only the surface nucleons). These QPM predictions are reasonably 
well satisfied experimentally. Some deviations from the a oc A behaviour 
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might, however, be expected because the EMC effect suggests that the 
quark distributions are different in nuclei. Such deviations have been 
reported by the NA10 experiment at CERN (Bordalo et al. 9 1987), from 
a comparison of 7i~W and n~D 2 collisions. No effect is seen for the n~ 
(as expected ), but the x distribution for W compared to D 2 shows a 
similar shape to that expected from deep inelastic scattering (DIS). The 
data are in the range 18 < Q 2 < 225 GeV 2 (time-like). 

If we assume that the quark distributions in (7.207) are the same as 
those measured in deep inelastic scattering, then an absolute prediction 
of the cross-section for, say, pp /h + /.l~X can be made. Alternatively, the 
formula can be used to extract the quark distributions in mesons. For 
example, by measuring nA -> ^ + ^~X, and taking the quark distributions 
in the nucleus from DIS, Badier et ai (1983), using A = platinum, find 
that v n (x) ~ x 0,5 (l —x) and s n (x)~(\ - x) 8 give good fits for the pion 
valence (i.e. u and 3 in n + ) and sea-quarks respectively. It is further found 
that roughly half the pion momentum is carried by gluons, as is the case 
in DIS off nucleons. Experimentally it is also found that the measured 
cross-section for the Drell-Yan process is a factor of about 2.3 (K-factor) 
larger than the QPM prediction. This can be treated as an additional 
parameter, by normalising the valence quark distribution in the pion to 
unit probability. 

Theoretically, a value of K ~ 2 is, in fact, predicted. The leading log 
terms, which were re-absorbed into Q 2 dependent quark distributions in 
deep inelastic scattering, are process independent, and so (7.207) can be 
written in terms of such Q 2 dependent distributions. The /C-factor arises 
from next-to-leading and further log terms. To 0(a s ) it has the value 
K = 1 4- a s <5~2; that is to say that the perturbative correction is very 
large, and questions the validity of the convergence. Fig. 7.38 shows the 
lowest order diagram (a), together with some of the QCD corrections ((b) 
to (d)). Diagrams of the same type appear also in deep inelastic scattering, 
but there is an important difference: for DY the y* is time-like (q 2 > 0), 
whereas for DIS the y* is space-like (q < 0). The vertex correction graph, 

Fig. 7.38 {a) the basic Drell-Yan process, (b) to (d) show some QCD 
corrections. 
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Fig. 7.38(c), contributes to 0(a s ) through its interference with the diagram 
of Fig. 7.38(a). The vertex factor has the form, for space-like q 2 and with 

^D.s=-C F ^ln 2 (-4 2 )- (7-209) 
2n 

Hence, A Dls is real, and is cancelled by the 0(a s ) diagram for real gluon 
emission (Fig. 7.23(a) and (fr)), leaving the a s In Q 2 terms which give rise 
to scaling violations. For q 2 >0, we can put — q 2 = exp( — \n)q 2 y so that 
(7.209) can be written 

A DY = -C F ^-(ln<? 2 -in) 2 
2n 

= - C F — In 2 q 2 — tc 2 — 2i7r In q 2 . (7.210) 
2n 

The In 2 q 2 term is again cancelled by diagrams with real gluon emission 
(Fig. 7.38(b), etc.), and the imaginary term does not contribute to the 
cross-section (a oc A -f A*). However, the term in n 2 remains, and gives 
a contribution (ot, s /2n)4n 2 /3 to K. For a s ~ 0.2, this gives K = 1 + SK, with 
SK ~ 0.42. There are theoretical reasons to believe that higher order terms 
(e.g. Fig. 7.38(d)) give rise to an exponential series, i.e. exp(<5/C), which 
would explain the bulk of the K^2 factor needed. Of course, a full 
calculation is made in practice, and K is not a constant, but can depend 
on the relevant kinematic variables. These ideas are supported by a high 
statistics study of 194 GeV n~ on tungsten (Betev et ah, 1985), in which 
data are studied both above and below the T resonance. The data indicate 
that Q 2 dependent quark distributions are needed, and that the inclusion 
of next-to-leading log terms gives a reasonable representation of the data. 

In deriving equation (7.207) the transverse momenta of the quark and 
antiquark were neglected. Non-zero values can arise from the intrinsic 
transverse momentum (/c T ), as well as from perturbative QCD diagrams 
such as gq — ► y*q (Compton) and qq -» y*g (annihilation). The expected 
form (which can be obtained by dimensional analysis) for the transverse 
momentum of the lepton pair q T is given by 

(q T > = a + ct s s ll2 F(T>ct s \ (7.211) 

where a is related to /c T , and F can be calculated in QCD. The Compton 
and annihilation graphs are computed in a similar way to the calculations 
described in Section 7.7.2. The resulting formulae are then plugged into 
an expression of the type (7.207), and an integration over the quark, 
antiquark and also gluon distributions is made. The Compton diagram 
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dominates at large q T (Mew GeV). The prediction that (q r ) depends 
linearly on s 1/2 is compared with some data in Fig. 7.39. Although this 
prediction is well satisfied, there are theoretical uncertainties as to the 
choice of the argument of a s and again with the /C-factor. 

7.11.2 Parton-parton scattering 

Measurements of the properties of hadrons produced in high 
energy pp collisions at the CERN ISR (s 1/2 up to -60 GeV) in the 1970s 
showed that the transverse momentum (p T ), with respect to the incident 
beam direction, extended to very large values, and grew with increasing s. 
These results were contrary to the notion, based originally on cosmic 
ray measurements, that the transverse momentum was limited in hadron- 
hadron collisions. The ISR observations were compatible with the idea 
that hard parton-parton collisions (qq -► qq, qg -► qg, gg -> gg, etc.) were 
responsible for the high p T tails. However, because of the rapidly falling 
p r distributions, it proved difficult to establish clear jets of hadrons. At 
the much larger values of s 1/2 available at the CERN pp collider 
(s 1/2 ~ 600 GeV), clear jet structures have been observed by the UA1 and 
UA2 collaborations. 

Perturbative QCD can be used to calculate the parton-parton collisions, 
provided that at least one kinematic variable is asymptotically large. As 



Fig. 7.39 Data from various experiments on the mean transverse 
momentum of lepton pairs <^ T >, as a function ofs 1/2 ,for pN collisions. 
The line is (q T } = 0.45 + 0.025s 1/2 GeV. 
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an example, let us consider the process q^pj + q 2 (/>2) ^ ^1(^3) + QifpJ) 
with ^q 2 (Fig. 7.40). The matrix element is (from Appendix C) 



)2 n 

2 (x%(p kl ~ r (7212) 

|.y# fi | 2 is calculated in the usual way. Each of the vertices contributes a 
colour factor tr(X a X a )/4 = { to |y// fi | 2 . Summing over the eight possible 
terms a, and averaging over the nine initial colour states, gives the overall 
colour factor \. Thus, summing and averaging over both spins and colours 
gives 

1^41 -fg I— p— 1= 9 ( p i- ( 7 - 213) 

The differential cross-section (da/df = |^# fi | 2 /167rs 2 , from (4.29)) is 

Note that this formula is of order af, to be compared to that for 
e + e" -> qqg which is of order a 2 a s (7.196). Other 2 -> 2 parton scattering 
subprocesses involve more tedious calculations, and the results for \A\ 2 
are given in Table 7.1 (Combridge et aL, 1977). Some computational 
details can be found in Leader and Predazzi (1982), including the treatment 
of three and four gluon vertices. 

The cross-sections for these parton-parton subprocesses must be 
combined with the relevant quark, antiquark and gluon density distributions 
(in a way similar to that used for the Drell-Yan process in (7.207)), in 



Fig. 7.40 Lowest order QCD diagram for q y 4- q 2 -> q\ + q 2 - The colour 
indices are (/), (;'), {k) and (/). 
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Table 7.1. Values of \A\ for various 2 -+ 2 parton subprocesses; the 

differential cross-section is da/dt = (7ra s 2 /s 2 )|/4| 2 

The symbol a (denoting a subprocess) is understood for s, t and u 

Process \A\ 2 \a\ 2 (0 = rr/2) 

4 5 2 +u 2 

4 (s 2 + t/ 2 s 2 + ! 2 \ 8 6 2 
9 V t u / 27 u£ 

4f 2 + u 2 

qiQi ^ q 2 q 2 0,22 

9 5^ 

32u 2 + r 2 8u 2 + r 2 

qq-gg — ; — r- 1-04 

27 ut 3 

lu 2 + * 2 3u 2 + i 2 

gg-qq 7 — : — c — 0.15 

6 ut 8 5 Z 

4u 2 + 5 2 W 2 +5 2 

qg^qg + _ 6... 

^3-^-^1 30.4 



order to obtain their contribution to the total cross-section. The nucleon 
structure functions have been measured only up to Q 2 values of ^ 100 GeV 2 . 
Hence, they must be evolved using QCD up to the much higher Q 2 values 
(^10 4 GeV 2 ) achieved with the high energy pp colliders. A further 
complication is that, in leading order, there is ambiguity as to which 
kinematic quantity should be chosen as the 'Q 2 ' scale. The gluon density 
distribution G(x) is determined only indirectly in DIS, and so is rather 
poorly known; roughly G(x)~ (1 - x) 5 at Q 2 ~ 20 GeV 2 . The values of 
the momentum fractions x i and x 2 of the incident partons are of the order 
x T = 2p T /s 1/2 . For the CERN pp collider data (s 1/2 - 600 GeV) the p T 
values are typically 30-100 GeV, so that the nucleon structure functions 
are sampled in the range 0.1 ^x 1 (x 2 )^0.3. The relatively large gluon 
density in this x range, combined with the large gg cross-section due to 
the colour factors (Table 7.1), means that the gg gg process provides 
a substantial contribution at collider energies. In contrast, for the 
5 1/2 ^ 60 GeV range of the CERN ISR, qq processes dominate. 
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Jets of hadrons are generally detected experimentally using calorimetry 
methods (with as fine grain a resolution as can be afforded). In order to 
isolate a jet with any degree of confidence, it must be distinguishable from 
the jets coming from the beam fragments. The region around 0~9O° is 
therefore particularly clean. The p 2 of the parton (or jet), with respect to 
the beam axis, is given by p\ = tit/s; so that, from Table 7. 1 , we expect that 



Thus, at fixed x T , the cross-section should fall as pf 4 , with a logarithmic 
correction from a s . This dependence is achieved only at the large pp 
collider energies, and at smaller energies the jets (or individual hadrons 
from the jets) fall off with p\ with a power n > 4. The data on jets at large 
p r agree reasonably well with QCD expectations, but there are several 
problems in making a precise comparison. Experimentally the jet energy 
must be measured accurately and without bias (a 5% shift on p r can 
cause about a 50% change in the cross-section because it is steeply falling). 
Further, there is ambiguity in choosing which soft hadrons should be 
added to a particular jet. Uncertainties in the parton structure functions, 
and in the higher order QCD corrections (/C-factors), limit the precision 
of the theoretical calculations. Despite these problems the observation of 
jets with energies up to 250 GeV has provided a spectacular confirmation 
of the QPM and QCD description of the nucleon. 

Another interesting limit is that for small t (or 6). For fixed s, the limit 
f-»0 means that The diagrams dominating the cross-section in 

this limit are those involving r-channel gluon exchange, which behave as 
f~ 2 . From Table 7.1 it can be seen that, for small f, the cross-sections for 
gg anything, gq(or q) -> anything, and qq -» anything are in the ratio 
1 :f:(f) 2 . Hence, we can define the total cross-section in terms of a common 
subprocess cross-section and an effective structure function 



In fact, this approximation is good over a large part of the angular range. 
The measured values of F(x), assuming K — 2 y from the UA1 experiment 
(Arnison et ai, 1984a) are shown in Fig. 7.41 (similar results are found by 
the UA2 group). It can be seen that the data are well above the contribution 
from Q(x) + Q(x) alone in (7.216) (estimated by evolving the CDHS v 
structure function results to Q 2 ~ 2000 GeV 2 ), especially in the region 
x^0.3. This evidence that the gluon component of the nucleon plays an 
important role is supported by a study of the average charge of the hadrons 
in the jets, which is compatible with zero in the region where gluon jets 




(7.215) 



(7.216) 
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dominate, but is significantly positive (negative) for q(q) jets. Note that 
the gg -> gg process involves the triple and quartic gluon vertices, and 
that these are a consequence of the non-Abelian nature of QCD. 

The observed angular distribution of jets for small f (or 0) agrees roughly 
with the — cos 0) 2 ] behaviour, expected from gluon exchange. 

This confirms the vector nature of the gluon propagator (a scalar gluon 
would give a 1/f dependence for the gg and gq processes). A more detailed 
test of these ideas has been made by the UA1 collaboration. Fig. 7.42 
shows the distribution of the variable # = (1 + cos 6)/(l — cos 0), for a 
fixed bin of 3. The distribution of da/dx should be flat, for # ^ 2, if the 
data have a f~ 2 distribution. Deviations from these expectations can arise 
because of the dependence on Q 2 of both a s and the structure functions. 
As cos 6 -> 1 (x -» oo ), then Q 2 ~ p\ decreases. Hence, ot s (Q 2 ) increases 
and also the structure functions become harder, giving an increase in the 
effective parton flux; the full curve in Fig. 7.42 includes estimates of both 
these effects. 

Fig. 7.41 Measurements of the structure function F(x), as a function 
of x, by the UA 1 collaboration. The curves are derived from the CDHS 
vN structure functions. A : G(x) + |[g(jc) + g(x)], Q 2 = 20 GeV 2 ; 
B: G(x) + HQ(x) + Q(x)l Q 2 = 2000 GeV 2 ; C: tlQM + CM], 
Q 2 - 2000 GeV 2 . 
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Clear examples of three-jet events have also been found, at a rate of 
about 10-20% of the two-jet rate. Fig. 7.43 shows the jet energies measured 
in a typical three-jet event (in addition, there are jets corresponding to 
the p and p fragments). QCD tests are, however, again complicated by 
several factors. The non-leading contributions to the two and three-jet 
cross-section give rise to K-factors, for which as yet there is no complete 
calculation. A further consequence of the uncalculated higher order terms 
is that the choice of the variable to be used as the argument for a s is 
uncertain. Note also that there are two large scales in the problem. 

The properties of the individual hadrons within these high energy jets 
also conform to the expectations of QCD. The fragmentation function 
for charged hadrons D(z) = 1/N jet (d N/dz) 9 with z = p L /p jct the scaled longi- 
tudinal momentum, is softer than that observed in e + e~ at 5 1/2 ~ 34 GeV 
(e.g. Sass, 1985). This could arise from either scaling violations of the 
fragmentation functions or from the different parton content at the large 
Q 2 values probed by the collider. It is expected that the fragmentation of 
a gluon is softer than that of a quark. In order to try and distinguish 
between these possibilities the UA1 collaboration developed an algorithm 
in which a given jet was assigned a probability to be either a quark or 
gluon jet, based on the parton-parton scattering formulae. The fragmentation 
functions from jet samples rich in gluon jets, for two ranges of Q 2 > are 
shown in Fig. 7.44 (from Sass, 1985). It can be seen that the gluon 
fragmentation function, defined in this way, becomes softer as the scale 
of the interaction increases. 

Fig. 7.42 Distribution of the variable x for two-jet events with effective 
mass in the interval 150 to 250 GeV, as measured by the UA1 collabora- 
tion. The full (broken) curve is the expected distribution with (without) 
a Q 2 dependence in a s and the structure functions= 
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7.12 STRUCTURE FUNCTION OF THE PHOTON 

In Section 7.9 the possibility that, part of the time, the photon 
behaves as a hadron, was discussed. The hadronic structure of the photon 
arises through the y -> qq transition. As with other structure functions, the 
photon structure will depend on the Q 2 of the probe with which it is 
measured. Note that the photon also has a leptonic structure, which arises 
through the y -> l + T transition. The photon structure functions F\ and 
F\ can be measured using the reaction ey — ► eX, as shown in Fig. 7.45. This 
is a subprocess in the reaction e + e~ -►e + e~yy, yy -> X. Experimentally, 
a scattered e + (or e") is detected (tagged) at some large scattering angle 
9, and this defines the Q 2 of the 4 probe\ The other e~(e + ) will generally 
be lost down the beam pipe, and the second (target) photon is quasi-real 
(P 2 ~ 0). If W is the cms energy of the particles produced in the yy collision, 



Fig. 7.43 Example of a three-jet event from the UA2 collaboration 
from the CERN SppS collider at 5 1/2 = 540 GeV. The calorimeter 
energies are displayed with respect to the polar angle $ and pseudo- 
rapidity rf. 
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then the deep inelastic scaling variables are x = Q 2 /(Q 2 + W 2 ) and 
y = 1 — (E'/E) cos 2 (0/2). Thus, the structure of the target photon can be 
measured as a function of x and Q 1 . 

The differential cross-section for the reaction ey eX has the form (see 
Fig. 7.45) 



d 2 o \6na 2 EE v 



dx dy 



m-y) + ^2xF\ 



(7.217) 



Fig. 7.44 Measurements of the gluon fragmentation function by the 
UA1 collaboration, for two ranges of Q 2 . #, 1000 < Q 2 < 1600 GeV 2 ; 
O, 2600 <Q 2 < 4000 GeV 2 
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Fig. 7.45 The yy process in e + e interactions. 
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This is to be compared with (7.36) for the eN -> eX case. The variable y 9 
in practice, is small, so that only the F\ term contributes. Measurement 
of the variables W, and hence x, requires the detection of all the particles 
produced in the yy collision. In practice, corrections for missing hadrons 
must be applied, as well as radiative corrections and corrections for 
background processes (inelastic Compton scattering, t + t~ production, 
etc.). 

The lowest order yy process is the dissociation y 2 — > f F (f = /, q)> followed 
by the interaction of y l on f (orT). This process gives 



where the 'colour' factor n c = 1,3 for leptons and quarks respectively. 
Fig. 7.46 shows some results on as a function of x (from the reaction 
e + e" -» e + e">V~)> together with the predictions from (7.218) with 
different values of the fermion mass m M . Good agreement with the data 
is obtained with the standard muon mass. 

In leading order (LO) QCD, the hadronic structure function of the 
photon is given by 



F y 2 (x) = n c ~^ef x[x 2 + (1-x) 2 ] In 




(l-x)-x 



(7.218) 



F\°(x> Q 2 ) 



= -I<Ao(*)ln(e 2 /A 2 ), 



(7.219) 



n q 



Fig. 7.46 Leptonic structure function of the photon as a function 
of x, together with the QED calculation for different values of m^. 
The data are from PEP. 
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where f LO (x) is a known function (Witten, 1977). For low Q 2 this 
expression is no longer valid, and it is usual to compute F\ expected in 
the Vector Dominance Model (VDM). A commonly used (but not unique) 
parameterisation is 

/^ DM (x) = (0.2 ± 0.05)a(l - x). (7.220) 

The LO QCD form (7.219) contains no free parameters (except the 
scale A), and it thus might appear that an absolute QCD prediction of 
F\ is made (unlike F™, where only the Q 2 evolution is predicted). The 
photon structure function is free of confinement problems and, unlike the 
nucleon structure function, increases at large x as Q 2 increases. Higher 
order QCD calculations have also been made (Duke and Owens, 1980). 
However, there is a singularity in the second moment of F\, and a difficulty 
arises in attempts to accommodate the non-perturbative VDM piece in 
a consistent way, because F\ becomes negative at low x. Furthermore, 
the higher order corrections are large for large x. Gluck and Reya (1983) 
argue that only the Q 2 evolution is thus reliable, and in the central x 
region only. 



Fig. 7.47 F\/ol as a function of x for different Q 2 values. The broken 
line is the VDM estimate, whereas the full and dotted lines are estimates 
of the total Fl (VDM + QPM) for 5 and 100 GeV 2 respectively. 
», PLUTO Q 2 = 5 GeV 2 ; O, JADE Q 2 = 100 GeV 2 . 
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The experimental results (for a review see Alexander, 1985) are still 
rather imprecise, but are consistent with a logarithmic rise in Q 2 , at fixed 
x, as expected from the form of (7.219) (see Fig. 7.47). The results are 
potentially a very sensitive method to determine A, and reasonably 
consistent results are obtained, leading to an average (Alexander, 1985) of 
Ams = 210 + 45 MeV, in fair agreement with other determinations. Studies 
of the hadron final states give results consistent with the above picture. 
For example, the transverse momentum of the hadrons increases with Q 2 ) 
consistent with the increased importance of the point-like processes. 



7.13 DETERMINATION OF a s 

Much experimental effort has been spent in trying to extract 
reliable values of a s from the various reactions discussed in the previous 
sections. As mentioned earlier, the effects of higher twist terms, of 
hadronisation and of the uncertainty in the values of higher order terms, 
all limit the precision with which a s (or A) can be extracted. Systematic 
errors in the various experiments also play an important role. 

The expected variation of a s with Q 2 is given by (7.147). A further 
problem is in the interpretation of the number of flavours (« f ), which 
are 'active' for a particular Q 2 . For an s-channel process, such as 
e + e" -> hadrons, the quark composition of the final state, as a function 
of Q 2 = 5, is well known. For deep inelastic scattering, interactions off 
heavy sea-quarks are suppressed for low values of the hadronic cms energy 
W, by phase space effects. The strange sea, at Q 2 ~ 20 GeV 2 , is suppressed 
by a factor of about two compared to that for u and d quarks (Section 
8.6.2). The charm quark sea is suppressed by a much larger factor. One 
common method is to increment n f by one unit as Q 2 (W 2 ) passes the 
threshold for the production of a new quark flavour (possibly with a 
threshold behaviour factor), i.e. n { = 4 above c-threshold, n { = 5 above b- 
threshold, etc. An alternative procedure has been suggested by Engelbrecht 
(1986), which is to use 

*r(G 2 ) = E— (7-221) 

where the sum is over all quarks q. That is, a propagator-type form is 
assumed, so that the active number of flavours varies more smoothly with 

Q 2 - 

Fig. 7.48 shows a comparison of various determinations of a s , all using 
the MS scheme, compared with the expectations of (7.147) (with n { from 
(7.221)), for various values of A^. It can be that A^~0.2GeV is in 
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reasonable accord with the data. However, the errors on the data points 
are still rather large, and the 'running' of a s with £) 2 , although consistent 
with the data, remains to be convincingly established. 



Fig. 7.48 Measurements of in the MS renormalisation scheme. 
The data for time (space)-like four-momenta are shown as closed 
(open) circles. The curves show a s , as a function of Q 2 y for different 
values of Awe. 
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Weak hadronic currents, 
electroweak interference effects 



In contrast to the clean theoretical situation applying to purely leptonic 
processes, attempts to calculate the weak decays of hadrons are beset with 
all the problems of non-perturbative QCD. Nevertheless, much can be 
learnt by the use of invariance properties and the introduction of form 
factors to hide our ignorance. We start by considering the decays of 
hadrons composed of light quarks and consider the decay modes in the 
order of increasing complexity. For the heavy quarks the QPM ideas are 
more reliable, and some specific decay mechanisms are considered. The 
properties of the weak hadronic currents in r-lepton decay, and the results 
of electroweak interference effects in quark currents, are also discussed. 



8.1 DECAYS OF MESONS CONTAINING 
LIGHT QUARKS 

Historically, much work has been carried out on the study of the 
weak decays of n and K mesons and of the hyperons. We will not, in 
general, describe attempts made to calculate the probability of these decays 
in terms of quark interactions inside the hadrons, but merely indicate the 
most likely quark interactions responsible for the decay, and describe how 
the decays can be parameterised. 

8.1.1 7E -+ /v and K -> /v decays 

The simplest diagrams, at the quark level, for the decays of 
7t"(du) -> and K~(su)->/"v z are shown in Fig. SA(a) and {b) 
respectively. If the quarks were quasi-free, then we would have, for pion 
decay, the weak current j£ = uy M (\ —y 5 )d. However, because the quarks 
are bound in hadrons, we cannot reliably compute the quark density 
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functions. Instead, we write down the matrix element for n -> I v, 

^n = ^["i(Pi)/(l-y 5 K(P2)]<0|i>->. (8.1) 

This form assumes the standard model (or V — A theory) for the leptonic 
part. The hadronic current <0|iJ|7i"> is constructed out of the available 
four-momenta. Since the n has J p = 0~ (pseudoscalar), the only four- 
momentum available is q = p^ + p 2 . Hence 

<0| Jl\n~y = i cos Q c f*% = \fn cos 9 c (p lti + p 2/l ), (8.2) 

and this current is purely axial, since q is a polar vector. The relevant 
Cabibbo factor # is cos 0 C , since this is a AS = 0 current. The pion decay 
constant f n characterises the strong interaction probability of the du 
process. In principle, it should be calculable in QCD. 
The matrix element from (8.1) and (8.2) can be written 



i cos flcACMrty, + P2%)0 - y 5 M 



^i^cos^/^L^d -y s )v 2 -] f (8.3) 

where the Dirac equations u l ^ l = m l u x and j/> 2 (\ — y 5 )v 2 = (1 + y s )i/> 2 v 2 = ® 
have been used in the simplification. From (8.3) we can write down Ji* { , 
and thus 

G 2 

\Jt\ 2 =^ cos 2 6 c f 2 n mf tr[(j» 1 +m,)(l -y'Wl +y 5 )] 

= 4G 2 -cos 2 0 c /> 2 (p 1 p 2 ). (8.4) 



Fig. 8.1 Lowest order diagrams for the decay of (a) n ->/ v, and 
{b) K~-> /~v,. 

(a) W 

(p 2 ) ^ (p 2 ) ^ 

* The 'Cabibbo' Lagrangian form 5.191 is assumed here. The inclusion of 

further quarks is discussed in Sections 8.3.1 and 8.6 and results in the Cabibbo 
factor being replaced by the appropriate Kobayashi-Maskawa matrix element 
(5. 193). This, however, does not significantly affect the conclusions drawn in these 
sections. 



(<?) 
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The decay rate is given by (using (C.3)) 

Gl cos 2 6 c f 2 n mf( Pl ■ p 2 ) 5*{q - Pl -p 2 ) d 3 p { d*p 2 



dco = 



Sn 2 m r: E l E 2 

G 2 ¥ cos 2 6 c f 2 mf(E i E 2 + £ 2 )E 2 dE 2 S(m n -E x - E 2 ) 
2nm n E 1 E 2 



(8.5) 



where the cms system of the pion, in which p l = (E lt pj, p 2 = (£ 2 , ~ pj 
with |p 1 |=£ 2 » nas ^ een usec ** Putting y = m n - E { ~ E 2 , so that dy = 
d£ 2 (£ 1 + E 2 )/E {> then the total decay rate is 

G F cos 2 QjWi f r2 , . 

co = £f<5(y)dy 

2^ J 

cos* OS Mm wy 

since £ 2 = (m 2 - mf)/(2m n ). Decays to both electrons and muons are 
allowed kinematically. The ratio of the decay probabilities is 

A. = 5^LM = «? ( = , .28 x ID-. (8.7) 

Experimentally the measured value is (1.23 ± 0.02) x 10~ 4 . Radiative 
corrections (from n -> evy, etc.) are important. Inclusion of these changes 
the V-A prediction to R n = 1 .23 x 10" 4 (Berman, 1958; Kinoshita, 
1959), in good agreement with experiment. Care is needed in the evaluation 
of radiative corrections, because there are sizeable terms which are 
opposite in sign. They should be computed for the actual experimental 
set-up. As discussed in Chapter 4, a two-body decay involving a charged 
particle does not exist; it is always accompanied by soft photons. 

The agreement between the V — A theory calculation (8.7) and experiment 
is further evidence that the electron and muon behave in the same way, 
apart from differences due to their respective masses. The small value of 
the ratio R n can be understood from angular momentum considerations. 
In the decay n~ ->e~v e , the helicity of the v e (assumed massless) in the 
V-A theory is h(v c ) = 1. Since the pion has spin 0, angular momentum 
conservation implies that h(e~)=l. However, in V — A theory, the 
electron should have helicity —1 in the limit m t -► 0. Thus the decay 
n~ ->e"v c forces the e~ into the 'wrong' helicity state. This causes a 
suppression factor proportional to m 2 (see (8.3)), and so the e" rate is 
suppressed, relative to the \x~ rate, by a factor (m e /m M ) 2 , arising from the 
matrix element (squared). 
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If we consider the general case of all possible couplings, then there are 
possible contributions from both the pseudoscalar and axial currents. 
Before considering the pseudoscalar case it is instructive to compute the 
decay rate from the phase space part alone of dco. Starting with (C.3) in 
Appendix C, and following the steps leading to equation (8.6), we obtain 

fi> = M r fi \ ~C2 3— ( 8 " 8) 

For the pseudoscalar case, the most general matrix element is 

^f^i^cosflc/Sfi^l +ay s )v 2i (8.9) 
giving a decay rate 

r^f. ( ,,o, 

1071 V m *J 

Thus, for pure pseudoscalar coupling, we have 

R ,.^^_(^Y = , 49 . (8 ,„ 

Note that for phase space alone (i.e. \ Jf n \ 2 = constant), equation (8.8) gives 
the value R n = 2.34. Thus, the experimental value of R n gives a stringent 
limit on the possible amount of pseudoscalar coupling. 

The small value of R n is not, however, evidence for the V — A theory, 
as opposed to other mixtures of V and A couplings. If we start with the 
matrix element for pure V + A coupling (or, indeed, any admixture of V 
and A couplings), then we obtain the same result (i.e. equation (8.7)). The 
r is again forced into the 'wrong' helicity state; in this case h(t~) = — 1. 
In order to learn more about the nature of the interaction, the helicity of the 
decay lepton must be measured. This has been done to very good precision: 
n n+ ^ —0.9959 (90% c.l.), as discussed in Section 6.1.2, compatible with 
pure V — A coupling. 

The two-body leptonic decays of the K ± mesons can be treated in a 
way similar to n n decays. The axial current (assuming V — A theory) is 
written as J^ — \ sin O c f K q^ where f K is the kaon decay constant. This 
decay has |AS| = 1, and hence the Cabibbo factor is sin 0 C . The ratio 
R K = cD(K e2 )/o;(K^ 2 ) is measured to be (2.42 ± 0.1 1)10" 5 , compared to 
the lowest order theoretical value (R K in (8.7)) of 2.57 x 10" 5 . Pure 
pseudoscalar coupling gives R K = 1.098. Note that, since the muon is 
significantly lighter than the kaon, the muon mode is not suppressed 
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strongly by phase space, as is the case for pion decay. The helicity of the 
/i + in K; 2 decay is h /i = -0.970 ±0.047 (Yamanaka et al. } 1986). 

Next we consider the hadronic part of the matrix element. Using the 
measured value of the 7i + lifetime (t£ = l/co$ = 2.60 x 10~ 8 s), G F from 
muon decay and cos 0 C = 0.975 (see Section 8.3), we obtain from (8.6) 
that f n = 0.132 GeV = 0.95m,,. Similarly, using t£ = = 1.95 x 10~ 8 S , 
we find that f K = 0.160 GeV. The values of f n and f K depend on the quark 
distribution functions. If the quark distributions were the same for n ± 
and (i.e. SU(3) symmetry), then f n and f K would be equal. The ratio 
is computed to be 

A/A =1.22 ±0.01, (8.12) 

which agrees with SU(3) to within about 20%. In the above calculation, 
the value of sin 9 C = 0.221, derived from the pure vector K e3 -decay (Section 
8.1.2), is used. If SU(3) symmetry is assumed, then a value of sin 0 C from 
these pure axial decays can be found, namely sin 6 C = 0.257. The result 
(8.12) is thus compatible with the K ± being slightly smaller in size than 
the n 1 , as was also deduced from electron scattering (Section 7.1). 



8.1.2 n l3 and K /3 decays 

The possible semileptonic decays of charged pions and charged 
and neutral kaons are 

n + (Pi) - n°(p 2 ) + / + (p 3 ) + V/ (p 4 ). / - e 9 (8.13a) 

K + (p 1 )-7r°(p 2 )±/ + (p 3 ) + v / (p 4 ), / = (8.13b) 

K^(Pi) - n°(p 2 ) + l + (p 3 ) + V| (p 4 ), 1 = e, fi. (8.13c) 

Semileptonic decays of neutral kaons are discussed in more detail in 
Chapter 9. Some simple graphs for K + -yn°l + v l are shown in Fig. 8.2. 

The hadronic matrix element is constructed out of the available 
four-vectors; in this case p { and p 2 . Since the parity of the kaon and pion 
are the same then, amongst V and A, only a vector current can be made. The 
most general V, A hadronic current for a -> b + / + v i is 

<b|K«|a> = V^fitfW +/2(4V 2 ], (8.H) 

where K ab is the Cabibbo factor, which is cos 6 C for (8.13a) and sin d c for 
(8.13b) and (8.13c). The quantities f x and f 2 are form factors, which in 
general are functions of the available invariant quantities. The only 
non-trivial invariant is q 2 = (p A — p 2 ) 2 . It is usual to rewrite (8.14) in 
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terms of two further form factors f+{q 2 ) and f-(q 2 ), as follows 

<b| K-|a> = f ° OS f c ) [/ + + p- 2 ) + /- (^ 2 )( - P^)] ■ (8.15) 

Vsin e c j 

The ratio of these form factors is £(q 2 ) = f-{q 2 )/f + (q 2 )- 

Let us consider in more detail the simplest of these processes, namely 
n + _» 7r°e + v e . Since the energy release is small, we may take q 2 to be zero, 
and neglect the /_ term in (8.15). Thus, in the V - A theory, we have 



G F cos 6 C 

Ol/2 



/ + [«4y,(i-7 5 K][p? + PS] 



c 2 1/2 G F cos 9 c f + m n [u,y 0 (l - y> 3 ], (8.16) 

where the kinetic energy of the n° is small and has been neglected. Using 
the usual methods, and neglecting the electron mass, gives 



= 2G 2 cos 2 6 c f\ ml tr[jf 4 y 0 (l - y 5 )hy 0 {\ - y 5 )] 
= 16G 2 cos 2 6 c f 2 + m 2 [£ 3 £ 4 + p 3 pj. 



(8.17) 



The term in p 3 -p 4 gives zero contribution when we integrate over all 
angles. The total decay rate is (Appendix C) 



16G£ cos 2 6 c f 2 + m 2 n 



W2m n 
G 2 cos 2 0 c f\ 



£ 3 £ 4 d 3 p 2 d 3 p 3 ^ 3 P4 <5 4 (Pi - p 2 - Pa - PJ 



8w n £ 3 £ 4 



(2tt) 5 



d 3 p 3 d 3 p 4 <5(A-£ 3 -£ 4 ), 



(8.18) 



Fig. 8.2 Possible diagrams for the decay K + -> 7r°/ + v, (0) and (b), 
and K + ->7c + 7r° (c), (</) and (e). 
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where A = m n + — m n o is the energy of the lepton pair. Putting 
d 3 />4 = 4nEl d£ 4 in (8.18), and integrating over d£_ 4 , we obtain 



4nGj cos 2 8 c f 2 + 

co = 

(27T) 5 

_ Gp cos 2 6 c f\A s 
60tt 3 



A 



4nEj d£ 3 (A - £ 3 ) 

0 



(8.19) 



Experimentally the decay branching ratio to 7i e3 is (1.025 ± 0.034) x 10 8 . 
Inserting the appropriate constants in (8.19), yields the value 

|/ + (0)|= 1.37 ±0.02. (8.20) 

We return to the significance of this result in Section 8.2.1. 

For K /3 decays the above approximations are not valid, and both /+ (q 2 ) 
and £{q 2 ) contribute. The final state properties can be studied by a variety 
of methods (see, e.g., Chounet et al., 1 972). For example, the decay Dalitz 
plot density is given by 

p(E n , £,) oc sin 2 0 c fl(q 2 )[A + B£(q 2 ) + C?(q 2 )] 9 (8.21) 

where A, B and C are kinematic factors. A further combination of form 
factors is often used, in particular in studying their q 2 variation. These are 

f + (q 2 )=fAm+Kq 2 /™ 2 l (8.22a) 
foiq 2 ) =f + (q 2 ) + f-(q 2 ) =/o(0)[l + (8.22b) 

If f-(q 2 ) does not diverge as q 2 -> 0, then / 0 (0) = /+(0) and there are 
three parameters /+(0), A + and A 0 (assuming a linear expansion is 
adequate). The form factors /+ and f 0 correspond to vector and scalar 
meson amplitudes in the Kn system respectively. For example, the measured 
value of a + =0.029 + 0.004 is compatible with a K*(892) vector meson 
contribution (i.e. f + {q 2 )/f + {0) = w K -/(^- - q 2 ), so that X+ ~ mj/m^). The 
terms B and C are proportional to mf, and are negligible for K e3 decay. 
Thus, measurement of the total K e3 rate gives a value of / + (0) sin 6 C . For 
K c + 3 the value found is A +) (0) sin 9 C = (0.216 ± 0.002)/2 1/2 , whereas for 
Kl / ( + 0) (0) sin 0 C = (0.210 ± 0.002). The parameter X 0 (or 0 can be found 
from analysing either the K^ 3 Dalitz plot, the K c3 /K /i3 branching ratio 
or the muon polarisation in K^ 3 decay. However, X 0 is, at present, still 
rather poorly known. Any component of the ja + polarisation perpendicular 
to the decay plane changes sign under time reversal, and so must vanish 
if T is a good symmetry of the decay. Such a component would give £ 
an imaginary part; experimentally, Im £ = —0.017 ± 0.025. This value is 
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compatible with T being conserved. The physics of this limit requires a 
model for interpretation. A more detailed discussion of the theoretical 
interest in K n decays is given by Bailin (1982). 



8.2 SEMILEPTONIC DECAYS OF LIGHT BARYONS 

Baryon decays introduce a further degree of complexity, since the 
initial and final state baryons in the decay B^pJ -> B 2 (p 2 ) + l(p 2 ) -f V/(p 4 ) 
both have spin. Note that a purely leptonic decay would violate baryon 
number conservation. The most general hadronic V — A matrix element 
which can be constructed in terms of the available four-momenta is 



(8.23) 



where 



cos 6 C 
sin 0 C 



/ cos tf ( 
\sin 0 C 



2M 



9<fy 5 + 



2M R 



(8.24) 



The form factors are all functions of q 1 , where q = p { — p 2 . The vector 
current form factors f u f 2 and f 3 are known as the vector, the weak 
magnetism and the induced scalar form factors respectively; whereas the 
axial vector counterparts g ly g 2 and # 3 are called the axial-vector, the 
pseudotensor and the induced pseudoscalar form factors respectively. The 
actual decay rates of the semileptonic hyperon decays are rather small 
(^ 10" 3 ). This is because the two-body weak hadronic decays are favoured 
by phase space. 

8.2.1 Conserved vector current hypothesis 

The form of the vector part of (8.24) is similar to that of the electro- 
magnetic current (4.188), except for the additional weak term / 3 (g 2 ). If 
we write the matrix element for the electromagnetic current of a baryon 
B as 



'6 = <BVS m |B> 

= exp( — iqx)u B - 



F»(q 2 )y» + 



iF*(q 2 ) 



2M B 



(8.25) 



where the plane wave part has been included, then current conservation 
(V?m = 0) gives 



u B = 0. 



(8.26) 
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From the Dirac equation, u b 4 u b = ~ "b'(/ - 0) u b = ~~ (M B ~~ M B )u B ,u B = 0> 
and the term (fq^q^ also gives zero contribution. Therefore, since 
R^Qu = ^ 2 ^ 0, we obtain from current conservation that 

F B 2 (q 2 ) = 0. (8.27) 

Invariance under T implies that Fj and F\ are relatively real. 

In Section 4.9.4, we found that F?(0) and F\(0) correspond to the charge 
and anomalous magnetic moment respectively of the baryon B (e.g. 
F?(0)= 1, FJ(0)= 1.79, F?(0) = 0, F n 2 (0) = - 1 .91). 

For the electromagnetic current, the initial and final state nucleons are 
the same, whereas the weak current involves a transition between the 
neutron and proton. In order to try and relate these currents, we introduce 
a two-component nucleon spinor u, with the following isospin projections 



i(l +T 3 ) W = i(l +T 3 ) 
iO-T>=i(l-T 3 ) 









vo 











(8.28) 



The electromagnetic current between two nucleons must have the form 

f a 0\/V 



<NV em |N> = (u p u n ) 



= u\ 

L 2 



I + 1 T, 



(8.29) 



That is, the electromagnetic current has both isoscalar and isovector parts. 
Identifying a and b from (8.25) (with F 3 =0), these isospin parts can be 
written 

(F\ + F\) 



Jt 0 = u^(F\ 
Jl Y = u\^F\-F\ 



2M 



)y" + i - 



(FS- 



2M 





/ 






2"' 




— U 


2 



(8.30) 
(8.31) 



The vector part of the weak n-p current can be written (the SU(3) 
notation is explained below) 



<p|^|n>=cosfl c <p|j? + y5|n>. 



(8.32) 



Then -» p transition requires the isospin operator t + = + ir 2 )/2. Hence, 
in terms of the nucleon spinor w, we find from (8.24) and (8.32) that 

2^ 



<P|j? + VS|n> = u'\ Ml 2 )?' + i °"*q, +Uq 2 )q" 

2M 



(8.33) 
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In the limit q 2 -> 0, the isovector electromagnetic current (8.31) becomes 

<N|jf v |N> = fi'|[F?(0) - F?(0)]y" y}" = y (8-34) 

The form of the matrix element found for nucleon beta decay (5.44) implies 
that f { (0)~ 1, since g 2 is small for this decay. Hence the weak vector 
current in the q 2 -►O limit becomes, from (8.33), 

<p|7?+i/S|n>^wyT + u. (8.35) 

Thus, — i/3 (i.e. p n), jfv an d J? + U2 are the members of an isotriplet 
vector of current operators. 

With the further assumption (Feynman and Gell-Mann, 1958) that, 
since the electromagnetic current is conserved, the weak vector current is 
also conserved (Conserved Vector Current, or CVC, hypothesis), we obtain 
relationships between the electromagnetic and weak form factors, namely 

f i (q 2 ) = F> l (q 2 )-Fl(q 2 )^ 1, 

fiiq 2 ) = F\{q 2 ) ~ F\{q 2 ) — ^ - rt,, (8-36) 
/ 3 (<7 2 ) = 0. 

The electromagnetic charge of the proton is, to good precision, equal to 
that of the electron. In the proton, the charge is spread out in space (giving 
rise to /x p ), but the strong interaction effects do not 'renormalise' its total 
charge. The experimental observation that /\(0) ~ 1, in line with the CVC 
prediction, indicates that the 'weak' charge is also not renormalised by 
the effects of strong interactions. 

At the quark level, the electromagnetic and vector weak currents for u 
and d quarks are 

^em = - Wd = Wl<\ + qr y q> (837) 

J% = Xy»u = qy^-q> (8.38) 

where q represents the (u, d) isospin doublet. Isospin symmetry is 
equivalent to the approximate degeneracy in mass of u and d quarks. The 
currents qy^x _ q, qy u {^z/2)q and qy^x + q form an isotriplet of vector currents 
(the current qy^Iq is isoscalar). CVC thus implies that d u J* m = ^ J v = 0- 
For a weak transition involving a hadron of isospin /, from states / 3 to 
/ 3 + 1, we can define a weak isospin raising charge 



2w k = 



uHx) d(x)dx = [/(/ + I) -/ 3 (/ 3 +l)] 1/2 . 



(8.39) 
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Thus, for the decay n -> pe " v e , which has I = ^ 7 3 = — we have Q wk = 1 . 
As discussed above, the experimental data support this idea that the weak 
charge is not renormaiised. For the decay n~ 7c°e"v e , which has 7=1, 
7 3 = 0, we find Q wk = 2 1/2 . This is just the quantity /+ in expression (8.19), 
and the experimental result (8.20) is compatible with the CVC prediction. 

A further test of CVC comes from measurements of the weak magnetism 
term (f 2 ) of the A =12 isotriplet nuclei 12 B, 12 N and 12 C*, all having 
J p =l + . These states decay to the J p = 0 + ground state 12 C by the 
/J-decays 12 B -> 12 Ce~ v c , l2 N-> l2 Ce + v e and by the magnetic dipole 
transition 12 C* 12 C -h y respectively. The energy release is large 
(~ 15 MeV), and the electron energy (E) spectrum has the form 

dN(e ± ) ~ F(Z, E)pE(A - E) 2 {\ + \aE) d£. (8.40) 

The additional term with respect to the beta-decay formula (5.17) comes 
from f 2 . This term is completely specified from the 12 C* decay by CVC, 
and depends on pL p ~fi n . Experimentally, both the expected sign and 
magnitude are confirmed (Lee et a/., 1963). 

8.2.2 Partially conserved axial current 

The axial-vector current has no electromagnetic analogue. It is, 
however, clearly not conserved. The coefficient of the axial term for 
beta-decay is 1.26 (equation (5.44)), and not about one as for the vector 
term. Furthermore, the n ± would not decay if the axial current was 
conserved. This decay is purely axial, so that the axial current and its 
derivative are 

<0\A tl \ny = if n q^xp(-iq-x) i (8.41) 

<0|<3M» =/> 2 exp(-i^x) (q 2 - ml). (8.42) 

The divergence is non-zero but, since the pion is light on the hadronic 
mass scale, can be considered small. Gell-Mann and Levy (1960) introduced 
the concept of a partially conserved axial current (PCAC), with conservation 
applying in the soft pion limit m 2 -> 0. 

The divergence dM^ appears to be related to the creation operator 4> n 
for the Ti-meson. It can be explicitly assumed that 

aM, = cW4 (8.43) 

Now we have 

<0|^(x)|7r(^)> = exp(-i^-x), (8.44) 

so that 

<0|3M» = c exp( - \q ■ x) => c = f n m\ . (8.45) 
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A further dynamical assumption can be made that the p-n matrix element 
is dominated by the pion pole giving, for 0 < q 2 < m\ y 

<p|aMjnWX^* (8-46) 

K - r) 

At q 2 = 0 we have, from (8.24), 

<p|3M» = -i gi (0)u p 4y s u n = i(M p + M n ) gi (0)u p y s u n , (8.47) 
and we can write 

< P 7r|n> = i0 pnit M p y 5 Mn , (8.48) 

where g pnn is the coupling constant obtained from pion-nucleon scattering 
(<W = 2 1/2 (13.6±0.3)). From (8.46), (8.47) and (8.48) we obtain 

g.{0)= ^ n9pnn - 1.31 +0.03. (8.49) 
M p + M n 

This is the Goldberger-Trieman relation, and it can be seen that ^(O), 
calculated in this way, is reasonably close to the value 1.26 obtained from 
beta decay. 



8.2.3 Second-class currents 

In the hypothetical limit that we could slowly turn off strong 
interactions, then we would expect M% and in (8.24) to reduce to the 
currents for 'bare' particles, namely 

^v(O) = fi 2 /«i» ^a(O) = " 2 yV"i. (8-50) 

Thus, it appears plausible that the terms / 2 , / 3 , g 2 and g 2 arise because 
of strong interaction (QCD) effects. If this is so, they should satisfy the 
known symmetry laws of strong interactions. In particular, G-parity 
(G = CR y , where C = charge conjugation and R y a rotation by an angle 
n around the isospin axis I y ) should be conserved. All six terms in (8.24) 
transform as isovectors under R y , so we need only consider application 
of C. The transformation properties of Dirac spinors and matrices were 
discussed in Section 3.2.7. For the vector current, f 2 transforms with the 
same sign as f l9 whereas f 3 has the opposite sign. For the axial current, 
g 3 transforms with the same sign as g ly whereas g 2 has the opposite sign. 
The currents with coefficients / 3 and g 2 are known as second-class currents, 
whereas the others are first-class currents (Weinberg, 1958). The above 
arguments would imply the absence of second-class currents, so that / 3 
and g 2 are expected to be small. Note that CVC also implies that f 2 = 0. 
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Experimentally, there is no compelling evidence for the existence of 
second-class currents. The possible effects are small and require careful 
correction for nuclear physics and radiative phenomena, thus making 
experiments extremely difficult. 

8.2.4 n° -> yy decay 

In contrast to the weak interaction decays of the charged pion, 
the neutral pion decays electromagnetically. The simplest quark graph 
for n°->yy decay is similar to that shown in Fig. 10.24 (but with H° 
replaced by n° and with a quark (u or d) running around the internal 
triangle). Such graphs involve two vector and one axial-vector currents 
(n is a pseudoscalar) and are anomalous in the sense that the associated 
three-point functions F <3) do not satisfy the expected Ward identities 
(Adler-Bell-Jackiw anomaly; Adler (1969), Bell and Jackiw (1969)). This 
results effectively in an additional term in the divergence of the axial 
current.* In the soft pion limit (m n -> 0) it can be shown, by current 
algebra techniques (see, e.g., Cheng and Li, 1984), that the decay rate is 
given entirely by the anomalous term. The result is r(n°) = 0.84^ eV, 
where n c is the number of colours. Comparison with the experimental 
decay rate (7.6 ± 0.4 eV) gives n c = 3.01 ± 0.08 colours. Hence, this result 
supports the hypothesis that there are three colours and also the existence 
of the anomaly. The basic theoretical problem is in understanding the 
chiral symmetry properties of the Lagrangian (see also Section 10.7), which 
affect the renormalisability of the theory. In the standard model, cancellation 
of the anomaly occurs if there are equal numbers of quark and lepton 
doublets. 

8.3 CABIBBO THEORY 

We have seen that the weak hadronic current is approximately 
invariant under the SU(2) isospin transformations of u and d quarks. In 
particular, CVC implies that A/ 3 = ± 1 for non-strangeness changing 
currents. The lightest meson and baryon multiplets contain u, d and s 
quarks, so that the question arises as to whether the weak current is 
invariant (or approximately invariant) under the group SU(3) of flavour 
transformations. 

Empirically, it is observed that, for AS^O semileptonic decays, 
(i) decays with |AS] > 1 are absent; 

* The divergence of the gauge invariant axial chiral current j% = i^/'y V * s 
dJ A = 2im^y 5 l // + (<? 2 /87T 2 )f where F» v = ie^ Xp F lp (F„ is the electro- 
magnetic field tensor). Thus j A is not conserved in the massless limit due to the 
presence of the second (anomalous) term. 
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(ii) the strangeness-changing amplitude is strongly suppressed com- 
pared to that which is strangeness non-changing; 

(iii) If AQ = Qi — Q ( and AS = Sj — S f , where i and [represent the initial 
and final state hadrons, then observed decays have AS = AQ. For 
example, the limits on possible decay modes violating this rule are 

r(z+-nrv,) <004 (90%c]) 



HZ" -nrv,) 

T(K + ->7T + 7C + e"V e 

T(K + ^7i + 7c-e + v e 



< 0.0003 (90% c.J.). (8.51) 



That is, the experimental results are consistent with there being only the 
weak transitions u^±d (AS = 0) and u^±s (|AS| = 1). 

In the Cabibbo theory (Cabibbo, 1963) it is assumed that the vector 
currents V j ^ j = 1 to 8, are members of an SU(3) octet of currents. A 
similar octet exists for the axial-vector currents. The vector part is in 
the same octet as the electromagnetic current, so that d^Vj, = 0, j = 1 to 8. 
The currents V^A^) can be written in terms of the SU(3) matrices 
j = 1 to 8 (Section 2.5.3) and the three-component (u, d, s) quark field q. 
Thus the vector part of the d -► u transition, which is a AS - 0 isospin 
raising current, can be written 

'0 1 0^ 

M^{uls)\ o o o|( d | = *v ( * 1+U2) 



,0 0 0, 



= V\^\ (8.52) 



The inverse transformation u -> d is given by the current ll . Similarly 
the s -► u, AS = 1 vector current, can be written 

Ms = ^ ( -^V^^Vt + i5 - (8-53) 



In the same notation the electromagnetic current is 

which is equivalent to Q = I 3 + Y/2 (Y = 2/3 1/2 V s , equation (2.257)). 
The total hadronic current is 

Ji„ = cos e c {V\ +i2 - A], +i2 ) + sin d c (V* + i5 - A*/' 5 ). (8.55) 
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In terms of and the leptonic current the effective (charged curren 
weak Lagrangian is 



(8.5< 



which covers all possible combinations of leptonic (e and n when envisage 
by Cabibbo) and hadronic (AS = 0, ±1) currents. The AQ = AS rule 
satisfied automatically (for the lowest order graphs), from the form < 
(8.56). 

The theory gives relationships for the various transitions between t\ 
J p = 2* baryon states. The most general matrix element between t\ 
baryon octet states B k and B iy of an octet 0 } of currents, can be writtei 



<B t \Oj\B k y = if iJk F + d tJk D 9 



(8.5' 



where f ijk and d ijk are given in Table 2.2. That is, the coupling of tw 
octets to form a third has two reduced matrix elements and the terms 
and D are thus antisymmetric and symmetric respectively. In terms of t\ 
baryon octet states, we identify 



P = ^< B * + iB 5)> n = r^( B 6 + iB 7 ), 



_ _ 1 

~ ~~ 2 1/2 



(B 4 -iB 5 ), 
A° = B 8 . 



1 



^(B 6 -iB 7 ), 



Z±-2 i (B 1 ±iB 2 ) > 



(8.5! 



These assignments can be found by comparing (2.269) and (2.274). 

The electromagnetic current between B k and B, has thus both F and J 
parts, i.e. there are corresponding form factors F F ly F? , F\ and F£, whic 
are the same for all members of the octet. Inserting J cm from (8.54) (whic 
has 7 = 3 and 8 contributions only) for Oj in (8.57) we obtain 



<B,|J em |B Jk >=i 



1 



fi3k ^ 1/2 



F + 



^/3fc + ^772" ^'8fe 



D. (8.5< 



For example, the current for the X°(B 3 ) is 



<llJ cm |l> = i 



^333 + 



F + 



^333 + ^383 



D = 



D 



since / 333 =/ 383 = d 333 = 0, and d 3S3 = 1/3 1/2 . Similarly, 



<n|J cm |n> = - 



2D 



<p|J cm |p> = F- 



D 



(8.6( 



(8.61 
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Hence, for the neutron, there is no contribution from F F { or F £. For the 
neutron and proton we have seen that (for small q 2 ) we have FJ = 0, 
f \ = fx n and F\=\, F% = n p respectively. Therefore, equating the two 
forms, we find 



(8.62) 



F? = 


-§Ff = 0, 


i.e. 


F? = 


0, 


F? = 


F D 


i.e. 


Ff = 


1, 


F" 2 = 




i.e. 


F? = 




F5 = 




i.e. 


F^ = 


/*p + 



For large q 2 values we have, more generally, F 2 = - 2 F2, F 2 = F$ + F 2 /2. 
The weak V — A current between B; and B f can be written as 



<B f |^|B i > = u ( 



: f F 2 D 



2M 



(8.63) 



In addition, there is the cos 6 C or sin 6 C Cabibbo factor, as appropriate. 
The terms in / 3 , g 2 and g 2 have been neglected in (8.63). The vector part 
of (8.63) is entirely specified by CVC, which gives (from (8.36) and (8.62)) 



(8.64) 



The full hadronic matrix element can now be written down. For example, 
for the E + (uus) -> A(uds), i.e. u -> d, transition we have 



<A|j 1 -i/ 2 |I + > = (B 



h -y 2 



2 l/2 



(d 8ll + d 822 )D = ay 2 D, 



(8.65) 



since all the F terms are zero and, from Table 2.2, d 8ll = d 811 = 1/3 1/2 . 
The only non-zero vector term is thus f\. Hence, including the Cabibbo 
factor, we have 



<A|;!-i/S|£ + >=(i) 1/2 cos0 c ii A! 

= cos0 c « A 



1\2M) 



3\ l/2 LL 

2M Rv 



1/2 



(8.66) 



Note that CVC alone predicts that the decay is purely axial. 
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Table 8.1. Hadronic matrix elements for J p = 2 + semileptonic decays 









Weak 






Cabibbo 


Vector 


magnetism 


Axial 


Decay 


factor 


A(0) 


fi(0) 


ffi(0) 


n — ► p 
S±-»A 
I" -» E° 


cos 6 C 
cos 0 C 


0 

2 1/2 


(2)" 2 (^ p + /Jn /2) 


Fx A 
' T 


A -> p 


sm a c 


/3\ 1/2 

- w 


-(2) /* P 


-(2) ( r + 


I" ->n 


sin 0 C 


- 1 


-(// p + 2/i n ) 


-(F-D) 
(i) ,/2 (^-y 




sin 0 C 


(1)1/2 


(i) ,/2 (/jp + /0 


E~ -> L° 
H° - I + 


sin # c 
sin 0 C 
cos 0 C 


(i)* /2 

1 

1 


(i) ,/2 (^p-Mn) 
/<p + 2 /<n 


(i) 1/2 (F + D) 
F + D 
F-D 



Table 8.1 shows some of the matrix elements for the transitions between 
the J P = Y baryons. These can be derived in a way similar to that for 
the X ^ A transition described above. The vector and axial-vector terms 
correspond to f Y (0) and g^O) in (8.24). 

8.3.1 Experimental tests of the Cabibbo theory 

For the semileptonic decay B 1 -> B 2 + / + v lf the measurements 
which can be made are as follows (Gaillard and Sauvage, 1984). 

(i) Total decay rate 

r = G'f COs ; fl M^l(/? + ^)(l-3*), (8.67) 
\sin 2 6 C J 60n 6 

where Am = Mj - M 2 and S = (M y - M 2 )/(M l + M 2 ). 

(ii) Lepton-neutrino correlation 

^(cos0 /v ) = ^(l + a /v cos0 /v ), (8.68) 

where 

(iii) Measurements sensitive to the sign of gJf Y . These include measuring 
the polarisation of B 2 with B y unpolarised, the lepton-decay asymmetry 
with B Y polarised or the shape of the lepton spectrum with B t unpolarised. 
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The experiments can be broadly categorised into two types. In the old 
experiments (^1975), the momenta of the decaying hyperons were 
^ 1 GeV, with consequently small decay lengths, but with large polarisation 
values. The bubble chamber techniques used, however, resulted in rather 
low statistics. More recently, high energy and intensity hyperon beams 
at FNAL and CERN have been developed. For p B ~ 100 GeV, the mean 
decay lengths in the lab frame (~ycx — IOOct) are thus the order of metres, 
allowing the use of purely electronic experiments, with consequently higher 
statistics. 

From Table 8.1 it can be seen that, in the Cabibbo theory, there are 
three unknown parameters 0 C , F and D. It is assumed that G F can be 
taken from muon decay. The relative sign of F and D is found to be 
positive and, by convention, gJf^=F + D is taken to be positive for 
neutron decay. Therefore, measurements of the types (i) and (ii) each give 
a relationship between F and Z). Fig. 8.3 shows a compilation of the results 
of such measurements. The q 2 dependence of the form factors is taken into 
account by expanding the dipole form of the elastic nucleon form factors 
linearly in q 2 y and assuming this form holds for the time-like decays. Thus, 

Fig. 8.3 Results from hyperon and neutron decay expressed in terms 
of F and D. The full lines are from branching ratio measurements 
and the broken lines from measurements of gjf x . The constraint 
from the neutron lifetime is also shown. 




0.4 0.6 0.8 1.0 1.2 

D 
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for AS = 0, 

fx{Q 2 )=fdm+2q 2 /mi) 9 g x {q 2 ) = ^(0)0 + 2q 2 /m 2 A \ (8.70) 

where m v = 0.84 GeV and m A = 1 .08 GeV. More details on these assump- 
tions, radiative corrections and a discussion of the data can be found in 
Gaillard and Sauvage (1984). The result of a three-parameter fit to the 
available data, which gives a good chi-squared probability, is 

sin 6 C = 0.231 ±0.003, F = 0.477 ± 0.012, D = 0.756 ± 0.01 1. (8.71) 

Assuming the baryons are in the 56 representation of SU(6), one finds 
that F 4- D = § , and that a = D/(F 4- D) = j, these values being in tolerable 
agreement with the data, and thus with this simple quark interpretation. 

The Cabibbo theory might be expected to be valid in the limit of exact 
flavour SU(3). We know that the hadron masses in the lightest octet and 
decuplet of baryons violate this symmetry by about 15%. It is thus perhaps 
surprising that the Cabibbo theory works so well for hyperon decays. 
Theoretically, the SU(3) breaking effects are expected to vanish to first 
order in the symmetry-breaking for the vector terms (theorem of Ademollo 
and Gatto, 1964). However, there is no similar statement for the axial 
terms, and recourse must be made to hadronic (e.g. bag) models to estimate 
the size of the corrections. It is noteworthy that the value of sin 9 C in 
(8.71) differs from that found from the total K c + 3 decay rate (i.e. vector 
current), namely sin 6 C = 0.221 ±0.002. This latter analysis (Leutwyler 
and Roos, 1984) attempts to take into account the effects of SU(3) breaking 
for K e + 3 decay. The SU(3) predictions for K e + 3 and K° 3 form factors are 
A +, (0)= 1/2 1/2 , f { P(0) = 1 and /_(0) = 0; the latter prediction can be 
deduced by taking the derivative of the vector current (8.15) (including 
its plane-wave part), and equating this to zero in the limit w b = m a . The 
value f ( + y (0) = 1 is found from the V-spin analogue of (8.39) (i.e. the overlap 
integral u*s) and / ( + +) (0)// ( ^(0) = l/2 l/2 is from the |A/| = ± rule (Section 
8.5). The SU(3) corrections are small, so K e3 measurements give the most 
reliable value of sin 6 C . 

We can conclude that the Cabibbo theory is consistent with the data 
to a precision of about 5%. Sizeable SU(3) breaking effects are predicted 
in some theoretical models but are not needed by the data, although 5% 
effects can be accommodated. An important further point is that the above 
discussion includes only three quarks (or four via the GIM mechanism). 
In the KM matrix for six quarks (5.193), the u -» d transition is given by 
c v = cos 6 C (i.e. as for the simple Cabibbo theory), but the u -> s transition 
term is s : c 3 (rather than s,). In order to fit the four parameters {F , D, 6 X 
and 0 3 ), the additional input of the results of the ft values (Section 5. 1 .2. 1 ) 
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from 0 + ->0 + superallowed Fermi transitions (e.g. l4 0, 26 A1, 34 C1, 38 K, 
etc.) is needed. This gives, after appropriate radiative corrections (Sirlin 
and Zucchini, 1986), c v = 0.9747 ± 0.001 1. Imposing this constraint from 
beta decay, Gaillard and Sauvage (1984) obtain F and D values compatible 
with (8.71). From the above results we have 

s x = 0.224 ± 0.005, 5^3 = 0.221 ± 0.002. (8.72) 

Thus, 9 3 is small, and at the 90% c.l. c 2 > 0.95 or |s 3 | < 0.32. 

The semileptonic decays of the J p = j*Q~ have also been detected. 
Bourquin et al (1984) find 

1 (12 — ► 3.11 ) 

a value which is roughly an order of magnitude larger than that for other 
]AS| = 1 semileptonic hyperon decays. A relatively higher rate is expected 
from phase space considerations. The Cabibbo theory makes no predictions 
for this decuplet to octet decay. However, using the O" lifetime, and 
relating this decay to v + N / + A by SU(3), an estimated value of 
R n ~ 10" 2 is obtained. 



8.4 FURTHER PROPERTIES OF THE CURRENTS 

OF LIGHT QUARKS 
8.4.1 Quasi-elastic neutrino scattering 

The range of four-momentum transfer squared which can be 
studied from meson and hyperon decays is small (q 2 ^ (350 MeV) 2 and 
is time-like). The study of the quasi-elastic reactions 

v,n-Wp, v,p-+/ + n (/ = e,/i), (8.74) 

extends this range to the GeV region. Denoting the four-momenta as 
v(p 1 ) + N(p 2 )^l(p 3 )4-N / (p 4 ), then q 2 = ( Pi - p 3 ) 2 = (p 2 - p 4 ) 2 is the 
space-like four-momentum transfer squared. The hadronic part of the 
matrix element for the reactions in (8.74) has the same form as that in 
equation (8.24). That is, there are in general six form factors, all of which 
can be q 2 dependent. The contributions from f 3 and g 2 are proportional to 
m„ and hence can be neglected. 

Using the CVC relations, (8.36), together with the expressions for the 
electric (G|, Gg) and magnetic (Gft, Gm) form factors from elastic electron- 
nucleon scattering given by (7.14), and thedipole parameterisation (7.18) 

^(6 2 ) _ Gg 1 (Q 2 ) _ G n M (Q 2 ) _ l 

G!(0) Gft(0) GH(O) (l+G 2 /m 2 ) 25 
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with m v = Go = 0-84 GeV, then we obtain 

Q 2 



/.(<7 2 ) = 



(Gl - Gg) + 

4M 2 



(G6-Ga)J 



/(l+Q 2 /4M 2 



and 



[l-f6 2 /4M 2 (l+^ p -/Q] 
(l+g 2 /4M 2 )(l + Q 2 /m 2 ) 2> 

{f*p-Hn) 

(i + e 2 /4M 2 Ki + G> 2 ) 2 " 



(8.76) 



(8.77) 



In calculating (8.76) and (8.77) equation (7.15) has been used, and G£ is 
taken to be zero. 
The axial form factor g { (q 2 ) is parameterised in a similar way, namely 



gi (q 2 )= 1.25/(1 +6> 2 ) 2 



(8.78) 



The value at q 2 = 0 is that determined from beta decay and m A is a mass 
specifying the q 2 dependence of the axial form factor. 
The differential cross-section for E v » m h averaging over nucleon spins, 

is 



d<7(5) _ Gl cos 2 6 C 
dG 2 " " 8tt£ v 2 

where 



/i(e 2 )±B(e 2 ) 



s — u 



C(Q 2 ) 



mi 



(8.79) 



fl 



M 2 



4 )+fJ 2 



4& 
M 2 



+f 



Q2 



M 2 AM* 



B(Q 2 ) = (f l +f 2 )g i Q 2 , 



C(Q 2 ) = 



2 2 Q 2 

Ji+j2 4W 2 



The signs + and — refer to v and v respectively. In the high energy limit 
(£ v oo ), this simplifies to 



d<7 G| cos 2 d c 
dQ 2 " Tn 



4M 2J 



f\(Q 2 ) + ~f\(Q 2 ) + g 2 



HQ 2 )]- 



(8.80) 



With the above assumptions on the form factors there is just one parameter 
m A . Experimentally it is found that m A 1 .0 GeV. Studies of A production 
in, e.g., v (1 p->/i~A + + can also be used to study m A , yielding a roughly 
similar value. 
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8.4.2 Current algebra and the masses of light quarks 

We have assumed throughout the discussion on quarks that Tree* 
quark fields obey the Dirac equation and hence their creation and 
annihilation operators satisfy anticommutation relations of the type 
(3.169). In terms of the column vector q(x) for the u, d, s quark fields and 
the SU(3) matrices X (2.25 1 ), the vector and axial currents can be written 



V } M) = q(x)y, \ q(x), Ai(x) = q(x)y,y 5 ^ q(x). 



Starting with (3.169), it can be shown that, for equal times, 

q fi {t> x 2 )} = y* fi S{x : - x 2 ), 
{la(t> Ifa x 2 )} = x x ) 9 q fi (t 9 x 2 )} = 0. (8.82) 

Corresponding to these currents, 16- vector and axial-vector charges can 
be defined as follows 



Q J (t) = 



d 3 xK J 0 (f,x), Qi(t) = 



d 3 x A J 0 (t, x). (8.83) 



These charges are independent of time if the corresponding current is 
conserved. Using the properties (8.82), this leads to the equal time 
commutation relations 

lQ j (t\ Q*(0] = i/ A "G"(0, 

KmeS(0]=i/^W, (8.84) 

IQiU), Q k s(tn = if jkm Q m (t). 

Further, defining Q j ± = (Q J ± Q j 5 )/2, then we obtain the commutation rules 
lQ J + ,Q h +] = if Jkm Qr + , 

LQ J -,Q k -] = if jkm Q m -, (8.85) 

The charges Q ± correspond to right and lefthanded charges, and the 
(current) algebra generated is chiral SU(3) ® SU(3). A mass term in the 
Lagrangian mixes left and righthanded helicity states, therefore chiral 
symmetry would be expected to be exact for massless quarks. 

The axial current is not conserved, but its divergence is proportional 
to ml (8.42), and thus small on the hadronic scale. Comparing the hadronic 
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decays involving u<->d and u<->s transitions we have (crudely) 



Now, if the chiral symmetry of the Lagrangian is broken by the quark 
mass terms (represented by a 3 x 3 diagonal matrix), then 

d»V„(S = 0) = (m 6 ~m u )ud 1 

d-A^S = 0) = K + m u )uy 5 d, (g 

d"V M {S= \) = (m s -m u )us y 

d"A^(S= l) = (m, + m u )uy*s. 

Taking f n ~f Ki and assuming <0|wy 5 ^|7r~> = <0|wy 5 s|K~> i.e. SU(3) 
invariance, we obtain from (8.86) and (8.87) 

»!^±^"tJM. (8 88) 

m u + m s m\ 0.25 

For w u ~ w d (isospin invariance), this gives w s ~ 25m d . Detailed consider* 
ation of the masses of the lightest pseudoscalar mesons gives mJm A ^ 0.55. 
This ratio, together with a QCD estimate (Kremer et a/., 1983) that 
m u + m d ~ 20 MeV at g 2 = 1 GeV 2 , gives m u ~ 7 MeV, m d - 13 MeV, and 
m s ~ 240 MeV. Alternatively, using (8.88) together with m d — m u ~ 3 MeV 
(from the n — p and other mass differences in isospin multiplets), we find 
m u ~ 4, w d ~ 7 and w s ~ 125 MeV. Note that these (current) quark masses 
are somewhat different to those obtained from the non-relativistic quark 
model, namely m u c^m d ^ M/3 ^ 300 MeV and m s = M A — 2m u ~ 500 MeV. 
Such a constituent quark mass may represent some effective mass, which 
includes the effects of a gluon (and qq) cloud surrounding the quark. For 
a detailed discussion see Gasser and Leutwyler (1982). 

The hadronic tensor for deep inelastic scattering can be expressed 
in terms of current commutators (see (7.39)). The non-linear relationships 
(8.85) define the current normalisation, and can be used to relate the 
cross-sections (quadratic in the matrix element) to the current matrix 
elements. An example of a relationship derived in this way is the Adler 
sum rule (Adler, 1966), namely 



<7r°|^^(5^0)|7r->^2 l/2 K 2 - 
<0|3M ai (S = 0)|tc> *f n ml 
<tt[3%(S=1)|K> ^ml-ml 
<0|^(S=1)|K> ^/X 



m 2 0 )-2 l/2 (0.001 GeV 2 ), 
^(0.02 GeV 2 ), 
-0.22 GeV 2 , 
-/ K (0.25GeV 2 ). 



(8.86) 
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where T is any target. That is, the difference in the cross-section for v and 
v is independent of Q 2 , and depends only on the target isospin. This rule 
was derived using the QPM in Section 7.5. 



8.5 HADRONIC WEAK DECAYS 

The simplest purely hadronic weak decays are of the form 
Mj -► M 2 + ti or B 2 + tt, where the mesons M t and M 2 and the 
baryons B x and B 2 have different flavour quantum numbers. The main 
weak hadronic decay modes for hadrons composed of light quarks (with 
respective branching ratios) are 



K + -*7r + 7r°(21.2%), 

A->jm-(64.2%), 
I + ^Ptc°(51.6%), 
S°- Att 0 (-100%), 
(T ->Etc(32%), 



K + ^(3^(7.3%), 

A-*n7r°(35.8%), 
I + -+n7r + (48.4%), 
S" -> Atc"(-100%), 
Q" -> AK"(68%). 



K 8 °^(2t0(~100%), 
K£^3ti(34%), 

I" -^n7r-(-100%), 



Thus the dominant decays of strange baryons are to two-body hadronic 
final states. 

Possibly decay schemes at the quark level for Z + -► pn° are shown in 
Fig. 8.4. Note that only quark colour configurations which lead to 
colourless hadrons are allowed. In terms of the Lagrangian (8.56), the 
currents involved are hji\ and h\h^ At the quark level the possible 
transitions are (us)(3u) and (su)(ud). The applicability of this Lagrangian, 
or of the underlying quark picture in this and other decays, implies that 
|AS| ^ 2 decays are forbidden. Experimentally this expectation is compatible 



Fig. 8.4 Possible diagrams for the decay X + ->pn°. 



w 




(a) 



(b) 
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with the data. For example, the Particle Data Group (1986) quote (at 
90% cl) 

r(E" ->mr-)/r(E- -> Atc-)< 1.9 x 10" 5 , 

T(H 0 - p7i-)/r(H° - A°7i°) < 3.6 x 10" 5 , (8.90) 

r(Q" — > An~)/r(Q- - all) < 1.9 x 10" 4 . 

A further limit comes from the K£ - K s ° mass difference (Chapter 9). 
Experimentally it is found that Am ~ 0.5T S , where T s is the K s ° decay width. 
The mass difference corresponds to a |AS| = 2 transition, and the observed 
value is ~10~ 5 of that expected if this was a first-order transition, i.e. 
the value V ~ Gl is a second-order effect. 

The main difficulty in the theoretical analysis of purely hadronic decays 
is that the matrix element (at the hadron level) cannot, in general, be 
factorised into the product of two currents which match what happens at 
the quark level. Hence, we must construct the decay matrix element from 
the available quantities. The most general decay amplitude for the hyperon 
decay Bj -> B 2 + n> where B Y and B 2 both have spin ^, is 

Jt fi = u 2 (A~By 5 )u u (8.91) 

where A and B are constants, predictable, in principle, from the standard 
model plus QCD. Other potential terms such as w 2 ^* M i anc * "2^n7 5w i can 
be reduced to the form of (8.91) by application of the Dirac equation. 
Since the pion is pseudoscalar, the term A is also pseudoscalar, whereas 
B (which has an extra y 5 factor) is scalar. The terms A and B thus represent 
/ = 0 (s-wave) and / = 1 ( p-wave) angular momentum states respectively. 
In the rest frame of Bj we can write the baryon spinors as 

B i=(o)' B 2 = (E 2 +rn 2 Y f2 l g. ?2 |, (8.92) 

\ E 2 + m 2 

where X\ and Xi are two-component spinors. Putting u 2 = u\y°, (8.91) can 
be written 



E 2 + m 2 



cc xUs + po-H) Xl , (8.93) 
where A is a unit vector along particle 2, 5 = A and p = S|p 2 |/(£ 2 + m 2 ). 
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Table 8.2. Values of decay parameters for the hadronic decays of hyperons 



Decay a 4> (deg) 



A-prc" 0.642 ±0.013 -6.5 + 3.5 0.76 

A-nrr 0 0.646 ±0.044 

X + ^p7i° -0.980 ±0.015 36 ± 34 0.16 

I + -*n7z + 0.068 ±0.013 167 ±20 -0.97 

£" - n7r" -0.068 ± 0.008 10 ±15 0.98 

E° -> An 0 -0.413 ± 0.022 21 ± 12 0.85 

H'^Att" -0.455 ±0.015 4±5 0.89 



If § t and § 2 are urnt vectors along the baryon spins, then the transition 
probability (i.e. |-# fi | 2 ) can be reduced in the usual way to 

R= i +a (^ +S 2 )-ft + ^(8 2 + + (1 -y)(S 2 -A)(vA), (8.94) 

where a = 2 Re(sp*)/N, /? = 2 lm(sp*)/N and y = (|^| 2 — |^| 2 )/^V with 
N = \s\ 2 + | p| 2 so that a 2 + /? 2 + y 2 = 1 . Hence two parameters suffice, and 
these are generally chosen to be a and the angle 0, where ft = (1 — a 2 ) 1/2 sin </> 
and y = (1 — a 2 ) 1/2 cos </>. Invariance under time reversal implies = 0, i.e. 
0 = 0 or 7r. Simplifying cases of (8.94) are (i) with unpolarised, so that 

R~\ +a$ 2 .A, (8.95) 

or (ii) with B x polarised and summing over polarisation states of B 2 , giving 

R~ 1 +aS 1 -A. (8.96) 

The experimental values of the parameters a, (p and y are given in Table 
8.2. Note that the observation of values of a different from zero means 
that both s-wave (5) and p-wave (p) amplitudes are present, so that parity 
is not conserved in these decays. For A decay, |p]/|s| — 0.4. The values of 
a may give some insight into which quark mechanisms are dominant. A 
useful aspect of the hyperon polarisation is that it can be used as a tool 
to study the production mechanisms in the strong, electromagnetic or 
weak interactions in which the hyperon is produced. For example, in the 
reaction n~p -* AK°, the A particles are strongly polarised perpendicular 
to the reaction plane. At higher energies the measurement of the A 
polarisation is one of the few handles available in studying the role of 
quark spin effects in the hadronisation process. 

At the quark level, the Lagrangian contains the currents (su)(ud). Thus, 
in terms of isospin, the interaction has |A/ 3 | = \ and |A/| = j or §. It is 
empirically observed that the |A/| = \ transitions dominate (|A/| = \ rule). 
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The predictions of the |A/| = j rule can be conveniently calculated by 
adding a fictitious / = 7 3 = — \ particle so as to make the decay isospin 
invariant. Then the relevant decay amplitudes are just the ratios of 
Clebsch-Gordan coefficients. For example, 

pO_<U;l,-l|W> (89?) 



M (A — » n7r°) <i-i;l,0|i 

predicting a decay branching ratio 

R = T(A -+ p7c-)/r(A -> r\7i°) = 2. (8.98) 

Experimentally, this ratio is R = 1.8, showing that the rule is not exact. 
Since perturbative QCD is not strictly valid at the momentum scales 
involved in hyperon decay, the understanding of the suppression of |A/| = § 
transitions is clearly difficult. However, QCD colour considerations 
suggest that |A/| = \ transitions are suppressed (Shifman et a/., 1977). 

The |A/| = j rule also holds to a good approximation for the hadronic 
decays of K mesons. Since the K has spin zero, the relative angular 
momentum of the two pions in the decay K -> nn will be / = 0. Pions are 
bosons so, in order to have overall symmetrisation, the possible isospin 
states are / = 0 or 2. The |A/| = \ rule would then imply that only 7 = 0 
is possible. In this case, we would expect the decay branching ratio 

R = r(K s ° - 7i + tt- )/r(K 5 ° - n°n 0 ) = 2. (8.99) 

Experimentally, this branching ratio is 2.19. 

The decay K + -> n + n° (which accounts for 21% of all K + decays) has 
7 3 = 1, and hence 7 = 2, and so violates the |A7| = \ rule. However, the 
decay K + ->7r + 7r° is slow compared to K s °->7c + 7£". Defining decay 
amplitudes corresponding to 7 = 0 and 7 = 2 as 

A 0 = <27r / = 0 |/7 wk |K°>, A 2 = <27i / = 2 |// wk |K°>, (8.100) 

then, from the measured value of 

T(K + 7r + 7r°)/[r(K s ° -> n + n~) + r(K s ° -ttV)], 

we find 

-0.04. (8.101) 

The simplest quark graphs for K + ->7r + 7c° are shown in Fig. 8.2. The 
annihilation graphs ((c) and (d)) have n° mesons produced with amplitudes 
of opposite sign (dd in (c), and uu in (d)). The annihilation graphs are 
thus expected to play essentially no role, leaving the spectator graph (e) as 
the simplest quark picture. 
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8.6 DECAYS OF HADRONS CONTAINING 
HEAVY QUARKS 

The study of the short-lived (t~ 10" 13 s) decays of charm and 
bottom/beauty flavoured hadrons has been one of great experimental 
ingenuity. From the weak interaction point of view, the main parameters 
to be extracted are the KM terms K cd , K cs , F cb , K ub and V lb . The couplings 
to a possible top quark must, at present, be found by indirect means. 

8.6.1 Decays of charmed particles 

The particles of interest in the study of the weak decays of charmed 
hadrons are the C = 1, J p = 0~ mesons D + (cd)> D°(cu), and D s + [or F + ] 
(cs) and their C = — 1 antiparticles D~(cd), D°(cu) and D~ [or F~] (cs). 
Some properties of these mesons, and of the J p = \ + baryon A c (udc), are 
given in Table 8.3. These particles have a large number of possible decay 
modes, with branching ratios to individual channels of typically only a 
few per cent. Because of their short lifetimes, detectors with good vertex 
resolution (e.g. emulsion, bubble chambers, silicon strip detectors) are 
needed for direct study. Most experiments have used hadron beams 
(<Wn>tot~°- 10/ <>) or photon beams {a ehar Ja tot ~ 1%). Neutrino beams 
offer a high charm content (0" charm /<T lol ~ 5%), but have a large spatial 
spread, making practical experiments more difficult. 

An intermediate technique in determining lifetimes is to use the so-called 
impact parameter method (see Fig. 8.5). This method does not necessarily 
require observation of the decay point, but relies on the fact that, on 
average, the absolute value of the impact parameter S is non-zero for finite 
decay lengths. The method is not strongly dependent on the momentum 
of the decaying particle, but requires very good spatial resolution (e.g. 
10-30 /zm). This method has been used extensively in e + e~ annihilation, 
in which there is a high cross-section (~40%) for charm production, and 
from which many of the measurements of decay branching ratios have 
come. A further technique which has proven useful in the selection of 
c-quark jets is to identify the D* -+ Dn decay sequence, which has a large 
branching ratio. By forming all appropriate invariant mass combinations, 
the constraint that the D* — D mass difference is unique (146 MeV) can 
be used to efficiently 'tag' c-quarks. 

In the standard model the basic diagram leading to c-quark decay is 
simple, and is shown in Fig. 8.6. In terms of the Cabibbo theory we have 





sin 



6< 



us. 



(e + v e , n + v^x + v x ), 



(8.102) 
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Table 8.3. Some properties of the lightest charmed particles: X represents 
any other particles produced and cc means charge conjugate 



Particle 


Decay mode 


% 


D + (D") 


e + X D + or 


18.2 ± 1.7 




K ~ X D -> cc 


16 + 4 


in — i ooy.j x u.o ivic v 


rv a. 


6.0 + 3.3 




K°X and K°X 

rv /\ diiu rv /v 


48 + 15 




'/ A 


< 13 




e + v 


< 2.5 




// V 


< 0.084 




77 + 77° 


< 0.5 




n + n + 7i° 


0.5 + 0.2 




e + X D°or 


7.0+ 1.1 


K"X D°->cc 


44+ 10 


m= 1864.6 ±0.6 MeV 


K + X 


8 + 3 




K°X and K°X 


33+ 10 


t = (4.35 ±0.32) x 10~ l3 s 


>?x 


<13 






0.18 ±0.05 






1.1 +0.4 




n + n + n " n ~ 


1.5 + 0.6 


D s + (Df) (formerly F±) 


(f>n D s + or 


seen 




</>7T + 7r + 7T~ D s ~ -> CC 


seen 



m = 1970.5 ± 2.5 MeV 

T-(2.8±i:?)x 10" 13 s 

A c + e + X 4.5 ±1.7 

AX 33 ±29 

m - 2281 .2 ± 3.0 MeV pK _ 7r + 2.2 ±1.0 

pK° 1.1 ±0.7 

t=(2.3±8:I)x 10" 13 s 



Fig. 8.5 Impact parameter 5 used to estimate the lifetime ofshort-lived 
particles. 



Primary 
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Possible leptonic and non-leptonic decay modes are given in Table 8.4. 
At the quark level, the (leading order) decay spectra and total rate have 
the same form as those of muon decay (Section 6.1). Neglecting the 
Cabibbo unfavoured modes (i.e. in limit sin 2 6 C ~0, cos 2 6 C ~ 1) and, in 
a cavalier fashion, any QCD corrections to Fig. 8.6, then we find that 

co(c -* su3)/w(c - se + v e )/co(c - sju + vJ/cd(c -* st + v t ) = 3/1/1/1, (8.103) 

where the factor of 3 comes from colour. The decay modes involving t + 
will, however, be suppressed by phase space (see (6.25)). For D + , the e + X 
branching ratio (Table 8.3) is about the magnitude expected from (8.103), 
but D°-*e" H X is considerably smaller. In the discussion below, we 
concentrate on D° and D + decays because of the paucity of data for other 
charmed particles. 

The simplest D decay modes can be calculated in a similar way to those 
for 71 and K decay. The decay rate for D + -> / + v, is (see (8.6)) 

Gj sin 8 c f lmfm D f m 2X 2 



coiD^rv^ —^ u»-i»-d m (gJ04) 
87c V 



Table 8*4. Classification of c-quark decays 



Decay 


Cabibbo factor 


Examples 


Leptonic 








c-*s/ + V/ 


cos 2 0 C 


D + 


^K°/ + V/ , D 0 -+K-/ + v„ 


(AC = AS) 
c-+d/ + v, 








sin 2 9 C 


D + 


^/ + v„ d; ->k 0 / + v, 


(AS = 0) 








Non-leptonic 








c sud 


cos 4 0 C 


D + 


- K°(n7r) + , D° -* K"(n7i)\ 


(AC = AS) 




K°(n7c)°, D s + -+ n n + 


c -+ dud, sus 


sin 2 6 C cos 2 6 C 


D - 




(AS = 0) 








c dus 


sin 4 0 C 


D + 


- K + (n7c)°, K°(n7c) + , D° -> K + (n7r)~, 


(AC = AS) 




K°(n7r)°, D s + -> K + K° 











Fig. 8.6 Lowest order diagram for c-quark decay. 
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From (8.104), it follows that the leptonic decay rates are in the ratio 
t/fi/T = 10" 70.44/1. Using the 90% c.l. upper limit of 8.4 x 10" 4 for the 
D + -> fx + v^ decay mode, and comparing (8.104) with (8.6), we find (putting 
in values for the appropriate constants) that f D < 340 MeV. This is not 
yet, however, a very stringent limit, since most models have f D ~ f n . 

The decay D S + (F + ) -> / + v, is Cabibbo-favoured, with a resulting decay 
rate 

w(D; ^ /+V() = ^cos^^^_^ (8]o5) 

At the quark level, the simplest diagram is the annihilation of c and s (i.e. 
similar to Fig. 8.1). From (8.105), the relative branching ratios are 
e/^/i = 2.5 x 10" 6 /0.1 1/1. Hence, the decay D s + -► rv r is strongly favoured 
and this mode offers a possible source by which direct observation of v t 
might be made. Using the measured D s + lifetime and (8.105), we find that 
the expected decay branching ratio is 

co(D s + ^z + v x )/o)(D? -+ all) ~ 0.45/ ^ (8.106) 

where / Ds is in GeV. The decay constant f Ds is related to the overlap 
integral of c and s and, hence, to the size of the hadron. If the D s is similar 
in size to the n, then f Ds —f n > and the branching ratio is rather small 
(~0.8%). A value f D ~ 0.5 GeV, however, would give a branching ratio 
of 11%. 

A crude estimate of the magnitude of the lifetimes of charmed particles 
can be made using equation (6.24), yielding 

r iol ^(5-6)^M=> r = -Uvx 10- 13 s. (8.107) 
1927T 1 

Here the quark mass is taken to be m c = 1.5 GeV. The factor 5-6 is the 
number of possible decay modes at the quark level (8.103), the i-mode 
being suppressed due to phase space (see 6.25). This crude calculation 
gives roughly the correct lifetimes, as can be seen from Table 8.3. Note 
that the and D° lifetimes seem, however, to be substantially different, 
with t(D ± )/t(D°) ~ 2.1. However, the leptonic decay rates, namely 
r(D + -+ e + v e X) = (2.0 ± 0.2) x 10 1 1 s ~ 1 and r(D° -> e + v e X) = (1 .6 ± 0.3) x 
10 n s~\ are almost equal. Hence the difference must arise from the 
hadronic decay modes. Some possible diagrams for the decay of a Qq 
meson, where Q is a heavy quark and q a light antiquark, are shown in 
Fig. 8.7. In the spectator diagrams ((a) and (6)), the light q plays no direct 
role. In (6), the colours of the W decay products are the same as those 
of the initial Q, hence the spectator can combine with them. Naively, this 
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diagram is suppressed by a factor 3 (i.e. 9 in the rate). The W exchange 
diagram (Fig. 8.7(c)) is possible for a neutral heavy meson (e.g. D°), but 
forbidden for a charged heavy meson (e.g. D + ). The annihilation diagram 
is possible if the initial heavy meson can fluctuate directly to a virtual W, 
which subsequently decays (e.g. D s + = cs, D + = cd (Cabibbo-suppressed)). 

The spectator diagrams correspond to the 'decay' of the heavy quark 
(i.e. analogous to muon decay), and this occurs at a rate proportional to 
ttiQ. The hadronisation effects might be expected to become negligible if 
m Q is much larger than a typical hadron mass. The non-spectator diagrams 
involve a factor t//(0) (which is related to / Q ), corresponding to the 
amplitude for finding a Q and q at the same point. If the hadronic radius 
is not strongly dependent on the quark mass then |4 / (0)| 2 «^q so that 
the spectator diagrams should dominate for heavy quarks. 

If the only diagram operative was the spectator diagram, and there was 
no colour mixing, then equality of the hadronic decay widths of D + and 
D° would be expected. However, the hadronic width of the D° exceeds 
that of the D + by a factor of about 2.7. Furthermore, the D° decays 
K° + 7t°(4.0 ± 1.8)%, K° + n,p° y oj(63 ± 2.1)% and K*° + tc°(2.3 ± 2.1)% 
cannot occur by the simple quark picture of Fig. 8.7(a) (although they 
clearly can occur by a more complex rearrangement of quark and gluon 
lines). The decay mode D° K°</> (1.5 ±0.4)% is most easily explained 
by the existence of an exchange diagram of the type shown in Fig. 8.7(c). 
Indeed, any mode without a u in the final state (e.g. K°K°) would be best 
explained by this diagram. Hence, this gives some evidence for the existence 
of the W exchange graph. 



Fig. 8.7 Possible diagrams for the decay of a heavy Qq meson: (a) 
spectator, (6) spectator with colour mixing, (c) W exchange and (d) 
annihilation. 




(c) (d) 
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Two mechanisms have been proposed to explain the hadronic D width 
inequality. The first explanation relies on the observation that, for D° 
decay, Figs. 8.7(a) and (b) lead to different quark final states (and hence 
incoherence), whereas they lead to the same quark states for D + decay. 
If there is destructive interference, then the mode could be suppressed. 
Thorndike (1985) considers that this mechanism is probably not significant, 
although the apparently large branching ratio for D + 07t + (l.O ± 0.3%), 
for which the simplest mechanism is graph (6), but is also Cabibbo- 
suppressed, indicates perhaps that colour suppression is not operative. In 
the second explanation, the difference in widths is attributed to the 
contribution of the exchange diagrams for D° decay. However, this 
diagram is expected to be suppressed from helicity considerations. This 
supression can be overcome by invoking gluons, either in the meson wave 
function or radiated by one of the quarks, so that the Qq system is no 
longer in a 0" state. Hence, no clear explanation emerges for the observed 
width inequality. Perhaps the safest conclusion is that, for a quark mass 
~ 1.5 GeV, these simple quark diagrams are too naive and that the 
multitude of higher order QCD graphs cannot be ignored. 

The branching ratios for some of the Cabibbo-suppressed modes 
(e.g. D° - K + K-(0.64±0.11)%, D° -> n + n~ (0.18 ± 0.05)%, D° -> 
7c + 7c"7r°(l.l ± 0.4)%, and D° -► tt + tt + tt "tc " (1 .5 ± 0.6)%) are again rather 
large in terms of the naive expectations. Note that D° -► n + n~ is smaller 
than D° -► K + K~, although phase space {ccp*) favours the pion mode 
by a factor of 1.17. However, this does not necessarily violate SU(3) 
symmetry at the quark level, because the extra phase space available in 
the pion mode could enhance the production of extra qq pairs, giving 
additional final state particles. Indeed, the 3n and 4n modes are significant. 
More details on the discussion of charm decays can be found in the review 
of Thorndike (1985). 

8.6.2 Determination of V cs and V cd 

In principle, K cs can be obtained from a study of the semileptonic 
decay D + K°e + v e (or D° -> K ~ e + v e ), in a similar way to the extraction 
of K us from K e3 decay. However, the range of q 2 is much larger, so the 
q 2 dependence of the form factor / + must be taken into account. Assuming 
that the form factor is dominated by the 2.1 GeV D* resonance, then 

r(D+ -K°e + v e ) = (1.5 x 10 11 s" 1 ) x \V CS \ 2 x |/°(0)| 2 . (8.108) 

Experimentally, the Mark III collaboration (Schindler, 1985) measured a 
branching ratio of (9.3 ± 2.2)% for this mode, and found that the form 
factor is compatible with f + (q 2 )/f + (0) = M 2 /(M 2 - q 2 \ with M - 2.1 GeV. 
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Using this, together with the D + lifetime, gives 

/°(0)|K CS | = 0.83 ±0.12. (8.109) 

Thus, if SU(4) were exact, then | V cs \ = 0.83 ± 0. 1 2. However, a calculation 
taking SU(4) breaking into account (Aliev et a/., 1984) gives / + (0) = 
0.6 ±0.1, leading to a value of | V cs \ larger than, but consistent with, unity. 

Both of the elements \ V CS \ and |K cd | can be obtained from an analysis 
of dimuon events in v/v deep inelastic scattering off nucleons. The general 
formulae for the production of charm in v/vN scattering are those given 
by (7.109), with sin 2 6 C and cos 2 6 C replaced by |K cd | 2 and | V cs \ 2 respectively. 
The relevant decay channels for dimuon studies are c-*d(s)/i + v /i for vN 
and c ->d(s)/i~v^ for vN. Thus, the final state in each case is a pair of 
oppositely charged muons. The observed yield thus depends on the 
weighted average of the branching ratios (B) of the produced charmed 
hadrons (known to be mainly D mesons, with D + ~32±ll%, 
D° 68 ± 11%, together with some A c (from the results of emulsion and 
bubble chamber experiments)), and on the muon detection efficiency for 
the decay. 

Integrating over x and y, we obtain the following equations for the 
production of dimuons (a\ _ and <j\ _ ) and for all charged currents events 
(<r v and a") 

g\ _ = KB\_\V C ,\\\] + D) + |K CS | 2 2S], (8.1 10a) 

al _ - KB\:\V cd \ 2 (\j + D) + |K CS | 2 2S], (8.1 10b) 

a v = K[(U + D + 2S) + $(0 + D)], (8.1 10c) 

a' = Kt±(U + D) + (0 ± D + 25)], (8. 1 lOd) 

where equations (7.107), (7.108) and (7.109) have been used, and where 
K = G 2 ME/n. The quantities U, D, S ( = S) represent the integrals (over 
all x) of xu(x), xd(x) and xs(x) respectively. Defining r cc = o v lc*, we can 
solve equations (8.110) for |^ cd | 2 , giving 



(8.111) 



The CDHS experiment at CERN (Abramowicz et al. y 1982) has measured 
the dimuon rates and, using the measured value of r cc = 0.48 ± 0.02, they 
extract B\V cd \ 2 = (0.41 ±0.07) x 10" 2 . The D + /D° admixture mentioned 
above leads to an effective value of B = (10.6 ± 2.1)%, and hence 

|K cd |=0.20±0.03. (8.112) 
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A similar experiment at FNAL, by the CCFRR collaboration (see Nash, 
1983), finds |K cd | = 0.25 ± 0.07. 

The value of |K CS | can be extracted from measurements of the x- 
distribution of v and v dimuon events. Since | K cd | is small, the x-distribution 
of juV~ events in vN gives xs(x). The x-distribution x[u(x) + d(x)] is 
obtained from a study of single muon charged current events. Thus, the 
x-distribution of pt + pt~ events in vN interactions can be fitted as a linear 
sum of these components (see (8.1 10a)). The result of the fit, shown in 
Fig. 8.8, is 

- 1.19 ±0.09. (8.113) 

From this value, and the measured ratio of valence to sea quarks, they find 
WJ 2 2S 







2 2S 




| 2 (U + £) 



|^ cd | 2 (0 + D) 



-9.3 ± 1.6. (8.114) 



Since the s-quark is heavier than u or d, it is must likely that 2S/(U + D) 
is less than unity. Taking the SU(3) limit 0 = D = S as the maximum 
possible strange sea, then (8.112) and (8.114) give the lower limit 

|K CS |>0.48 (90%c.l.). (8.115) 

Turning the argument around, if the KM angles 6 2 and 0 3 are small (so 
that VJV CS = tan0 c ), then using sin 0 C = 0.221 ±0.002, (8.114) gives 

25/(0 ±D) = 0.48 ±0.08. (8.116) 
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Table 8.5. Some properties of hadrons containing b-quarks 



Do rt irlf 


Decay mode 


% 


B + (B ) 

m = 5271.2 ±3.0 MeV 


D°7I + 

D*(20lO)7T + 7T 


1.1 +0.6 
2.7 ± 1.7 


B°(B°) 

m = 5275.2 ± 2.8 MeV 


D°7T + 7T- 

D*(2010p7r + 


7 + 5 
1.7 ±0.7 




D*(2010)-p + 


8±I 


B 1 , B°, B° (unseparated) 
t = (14.2 ± 2.7) x 10" 1 3 s 


v hadrons 
iu ± v hadrons 
D°X 

D*(2010) ± X 

(J/iA)X 


12.3 ±0.8 
1 1.0 ±0.9 
80 + 28 
23 ±9 
1.2 + 0.3 



That is, the strange sea is suppressed to roughly half its SU(3) value at 
Q 2 ~ lOGeV 2 . 

8.6.3 Decays of b-quark hadrons and the measurement of 
and V cb 

The established weakly decaying particles containing b-quarks 
are the J p = 0~ mesons B"(bu) and B°(b3) and their antiparticles B + (Bu) 
and B°(Bd). Some properties of these decays are given in Table 8.5. The 
mass difference of B° and B + is 4 ± 4 MeV, giving a further constraint 
on the u and d quark mass difference. Much of the data comes from the 
e + e~ storage rings CESR (Cornell) and DORIS (DESY), taken at the 
T(4S) resonance, at which the branching fractions to B + B" and B°B° are 
(60 ±2)% and (40 ± 2)% respectively (Behrends et al, 1983). The mean 
charged multiplicity for B decays is <n ch > = 5.8 ± 0.2. For semileptonic 
decays (n ch ) = 4.1 ± 0.4, and for non-leptonic decays (n ch ) = 6.3 ± 0.3 
(Jaros, 1983). There is a substantial production of charmed particles in 
B decays. The CLEO collaboration (see Jarlskog, 1983) find 0.8 ±0.3 
D° per B decay. The inclusive baryon branching ratios, namely 
BR(B -+ p + X) and BR(B A + X), are about 6% and 4% respectively, 
and are consistent with the expectations of the model of Bigi (1981) and 
of arising from charmed baryon decay. A branching ratio B -+ A c — 7 ± 3% 
is estimated. 

The experimental study of B mesons at e + e~ machines operating 
in the continuum is more difficult than for charm, because of the smaller 
production rate. However, since the decay multiplicity is not large, a useful 
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experimental signature is the large p T of the decay products with respect 
to the quark direction (p T ^ 2.3 GeV). A crude calculation of the magnitude 
of the lifetime, using (8.107) (with nine possible decay channels and 
w b = 4.5GeV), gives t^2x10" 15 s. This value would mean that a 
10 GeV B meson had an average decay length of only about 1 /im. 
Experimentally a typical measured impact parameter for B-decay is 
<|<5|> ~ 100 fjxn. In fact, the measured lifetime (Table 8.5) is almost three 
orders of magnitude longer than this simple expectation. Although these 
B lifetime studies are still in their infancy, one can conclude that the decay 
is heavily suppressed by some mechanism. The KM matrix terms involved 
in the decay are K ub and K cb , and so, in this picture, both must be small. 
By unitarity (| V uh \ 2 + |K cb | 2 + |K lb | 2 = 1), the value of V lb must be nearly 
unity. This suggests that the b quark is strongly coupled to the t-quark 
but, since that is not a possible decay option, it is quasi-stable. In terms 
of the KM angles (assuming 9 { is small), the long b-lifetime implies that 
both 8 2 and 0 2 are small. 

As we have seen in the study of both s and c quark decays, the analysis 
of semileptonic interactions is important, both in extracting the weak 
couplings and in the understanding of the decay mechanisms. The possible 
quark transitions (in the spectator model) are b->u/~v, and b->c/~v,. 
In the latter case, the charmed particle produced will also decay semi- 
leptonically in about 12% of the cases. Hadronic decays, such as b cud, 
followed by c -> s/v, will also lead to a semileptonic final state configuration. 
As we shall see below, the ratio |K ub [/|K cb ) is small, so that the bulk of the 
decays are b -► cW". At the quark level, the leptonic branching fraction 
is that expected from [W" -*e~v e ]/[W" (ud, cs, e" v e , \i~ v^, T~v r )], i.e. 
about 11%. This estimate ignores phase space effects. However, these are 
important, since, in addition to the c-quark spectator, there can be a 
second c-quark or a i-lepton produced, and these modes will be suppressed. 
Stone (1983) calculates that this effect changes the semileptonic branching 
ratio to about 17%. 

Let us consider the decay b -> cud in more detail (the same arguments 
apply also to b -> u decays). At the quark level, the effective Lagrangian 
is, using the notation cb = 5/(1 — y 5 )b, etc., 

^ff^^^dW (8.117) 

From Fig. 8.7(a) it can be seen that the b and c quarks have the same 
colour, and also that the u and d quarks have the same colour (since the 
W is colourless). In QCD there are gluonic corrections to this basic graph. 
For example, one of the quarks can radiate a gluon. This is rather like 
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the QED radiative correction to muon decay, and is expected to be fairly 
small (^15%). Gluons can also be exchanged between the various quarks, 
changing the colour flow in the diagram. These corrections can be summed, 
and give a contribution which, in the leading log approximation, is of the 
form [a s ln(M w /m 5 )]' 1 . The net effect is to give an additional term to the 
Lagrangian, so that 



a» — ^ F u V 

eff ~ ^ 1 /2 cb uc 



'(/ + +/- 



(cb)(3u) + 



(A-/-) 



2 2 
where the QCD coefficients /+ and /_ are given by 



(cu)(Sb) 



f-4r- 



<* S (™b) 



12 



33-2n f 



(8.118) 



(8.119) 



The first term in (8.1 18) is the original current, modified by the coefficient 
(/+ + f-)/2. In the second term, the b and u quarks have been interchanged. 
This reflects the colour flow since, for this graph, the b and d quarks, and 
also the u and c quarks, have the same colour. The amplitude for this 
colour configuration is proportional to (f + — f-)/2. In the limit a s 0, 
we have /+ = /_ = 1, and we regain (8.117). For m b = 4.5 GeV, (8.119) 
gives (using A = 0.5 GeV) 



/+ 0.80, 



/- ^ 1.56. 



That is, the first and second terms in (8.118) have coefficients 1.18 and 
0.38 respectively. 

Note that for charm decays these corrections are substantially larger 
(f + ^0.7 and /_ ~ 2.1 for m c = 1.5 GeV). These calculations, of course, 
refer to quarks and not hadrons. That is to say, that neither the effects 
of hadronisation, nor of the hadron phase space, are taken into account. 
One cannot, therefore, expect the calculation to be exact, but rather a 
guide as to the possible magnitude of the QCD corrections. 

QCD calculations of the above type, for all the spectator diagrams for 
b quark decays, have been made by Pham (1982), who finds, in units of 
(G 2 F m 5 J\92n 3 ) 



T(B -> evX) : 
T(B -+ hadrons) = 



0-38|F cb | 2 



1.9|Kj 2 + 5.l|Kj 2 , 



+ 6.92|K ub | 2 . 



T(B all) = 2.72|K cb 
Thus the semileptonic branching ratio is 
r(B-+evX) 0.38 + 0.77r 



+ 0.77|K ub 



B = 



T(B - all) 2.72 + 6.92r 



r = 



(8.120a) 
(8.120b) 
(8.120c) 

(8.121) 
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Note that, irrespective of the value of r, B is bounded to be between 0.1 1 
and 0.14. Thus, within the context of this QCD model, a value outside 
this range would violate the validity of the spectator model, independently 
of the weak interaction parameters. The combined electron and muon 
branching ratio for B-mesons is B t = 0.1 17 ± 0.006, which can be used to 
set an upper limit of 30% on non-spectator diagrams. For a value r — 0 
(see below), a non-spectator contribution of (20 ± 6)% is needed. It should be 
stressed, however, that these deductions are valid only in the context of 
this QCD model, and that it is difficult to assess its reliability. 

The extraction of reliable values of V ub and V ch is important, because 
they indicate the amount of quark generation mixing and, indirectly, give 
the coupling of t to b quarks. Further, a non-zero value of V ub is important 
for the explanation of CP violation using the KM matrix (Section 9.1.7). 
Using the expression (8.120c) for T(B -> all), calculated using m b = 4.95 + 
0.20 GeV (see below), together with the measured B-decay widths, gives 
the limits (from positivity) 

|K ub | 0.04, |K cb | <0.06, (90% c.l.). (8.122) 

If we include also the measured semileptonic branching ratio for B — ► /vX, 
then (8.120a) and (8.120c) can be solved to yield values for |K ub | and |K cb |. 
These values are compatible with zero within errors, and give the following 
upper limits 

l^ubl <0.04, |K cb | ^0.05, (90% c.l.). (8.123) 

Clearly there is some model dependence in these limits, but both terms 
are, however, small (i.e. ^0.1). 

Measurement of the lepton energy spectrum in B -> /vX has yielded the 
most precise limit. The decays b -> u/v and b -> c/v differ because the c 
quark has a much larger mass than the u quark. In particular, the 
maximum lepton momentum is significantly larger for the b -+ u transition. 
A measurement of the electron spectra from the CLEO collaboration 
(Thorndike, 1985) is shown in Fig. 8.9. The curves come from a model 
by Altarelli et al. (1982), which includes the effects of first-order soft gluon 
corrections, and ascribes a Gaussian Fermi motion to the initial quarks 
in the B-meson. The ratio (b -> u)/(b -+ c) can be extracted by fitting the 
lepton energy shape to the components, or by measuring the fraction of 
decays which are kinematically forbidden for a c-quark. Both methods 
are, to some extent, model-dependent, but the latter requires the model 
only for b -> u. Thorndike (1985), using the most recent CLEO data and, 
using a rather conservative approach, concludes that (b u)/(b -> c) is 
less than 0.08 (90% c.l.). However, with additional plausible assumptions, 
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a more stringent limit (b u)/(b -► c) < 0.04 (90% c.l.) is obtained. The 
rnore conservative limit gives 



One of the most sensitive parameters in the extraction of the weak 
couplings from heavy quark decays is the heavy quark mass (which enters 
as the fifth power). There is no theoretical consensus as to the 'correct' 
value, and a conservative approach is to allow a reasonable range of 
values. A possible picture is as follows: The B-meson is considered to be 
a dressed b-quark, loosely bound to a light quark by gluon exchange. In 
turn, the dressed b-quark is composed of a bare point-like b-quark, 
surrounded by gluons. In the decay process, the relevant wavelengths are 
large compared to the size of the B-meson, so that the B-meson mass is 
the appropiate mass. At shorter wavelengths the dressed b-quark will be 
the relevant structure, and at progressively shorter wavelengths, the gluon 
cloud becomes resolved and the appropriate mass becomes smaller. Fig. 
8.10(a) shows the b-quark 'running' mass (Gasser and Leutwyler, 1982), 
together with the corresponding /v invariant mass distributions for b -> c/v 
and b -> u/v in Fig. 8.10(b) (from Thorndike, 1985). The 'measured' 

Fig. 8.9 Electron momentum spectrum from the decay B -> Xev (CLEO 
experiment). The curves are spectator model calculations for (a) b -> cev, 
(b) b->uev (normalised by (b->u)/(b->c) = 0.2) and (c) b-+c->sev. 
The full line is the result of a fit with V ub = 0. 




(8.124) 




2 
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b-quark mass of m b = 4.99 + 0.20 GeV comes from a fit by the CLEO 
collaboration, using the Altarelli et al. model with m c = 1.7 GeV. The 
corresponding Gaussian width of the Fermi model is P F = 0.15 + 0.10 GeV. 
It can be seen that, using the lv invariant mass as the energy scale for the 
b-quark mass, gives a plausible picture. One may take a value m B = 4.95 ± 
0.20 GeV as a reasonable estimate. 

A value of |K cb | can now be evaluated. Using (8.120c), together with 
the limit (8.124), and the measured B lifetime, gives 

| V cb \ = 0.050 ±0.007. (8.125) 

This value is rather insensitive to |K ub |, within the limit (8.124), but is 
sensitive to m B . For example, if m B = 4.5 GeV were used, the value of | K cb | 
changes to 0.064. Using the value of | K cb | from (8.125), the limit (8.124) 
can be expressed as an upper limit on |K ub |, namely 

|K ub |<0.011, (90%c.l.). (8.126) 

To conclude this section on b-quark decays, we discuss one specific 
mode, namely B -+ (J/i/0 + X, in the context of colour suppression. This 
decay proceeds, in the spectator picture, by a colour mixed diagram (Fig. 



Fig. 8.10 (a) Running b-quark mass as a function of the scale /j. The 
'measured' mass is described in the text, (b) The lv effective mass 
distribution from b -» X/v decays. 
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8.1 1). The observed branching ratio is (1.1 ± 0.3)%, and the ij/ momentum 
spectrum (Alam et a/., 1986) is shown in Fig. 8.12, together with spectator 
model curves. The calculated spectrum is in reasonable agreement with 
the data. Differences could arise from gluon emission (which is not in the 
model) and from the relative importance of B or x) + X -> ^, as well 
as from the validity of the spectator model. QCD calculations contain 
the colour suppression factor of and the predicted branching ratio is 
compatible with the data. This gives support for the existence of this 
mechanism; however, there remains some model dependence in the 
interpretation. 



Fig. 8.11 Possible decay mechanism for B-^TX. 
b 




Fig. 8.12 Measured 4* momentum distribution in the decay B-^X. 
The full line shows the result of a spectator model calculation, the 
individual contribution of B ~* (*F or X)X -* is shown as a broken line. 




0 1.0 2.0 3.0 
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8.6.4 The Kobayashi-Maskawa (KM) matrix elements 

The various KM matrix elements, the determination of which 
has been described in this and preceding chapters, are as follows (see 
(5.193)) 

| K ud | = 0.9747 ± 0.001 1 nuclear beta decay, 

\VJ = 0.221 ±0.002 K-^Tiev, 

|K ub | < 0.011 B->Xev, 

| K cd | = 0.20 ± 0.03 v(v)N -+ /i + /i"X, 

|K CS |>0.67 D-+Kev, 

| K cb | = 0.050 ± 0.007 B-+Xtv + x(B\ (8.127) 

where the limits correspond to 90% c.l. 

If the six-quark model were correct, then the moduli of the matrix 
elements squared would equal unity for each row and column. Since the 
t-quark couplings (if it exists) are unknown, the only test of unitarity so 
far possible is for the coupling of u to d-type quarks, that is 

| K ud | 2 + |K US | 2 + |j/ b | 2 - 0.9988 ± 0.0023. (8.128) 

This value is close to unity, although it still leaves some room for a further 
heavy d-type quark. The coupling to the u-quark of such a quark (d h ) can 
be found using unitarity from (8.128), and satisfies | V uAh \ < 0.07 (90% c.l.). 
A careful analysis (Marciano and Sirlin, 1986) of the value of |K ud |, derived 
from a comparison of 0 + ->0 + beta decays and muon-decay, together 
with the value of |K US |, shows that unitarity is not satisfied unless 
SU(2)® U(l) corrections are included. The reasonably good agreement 
of (8.128) with unity can be regarded as a success for the standard model. 

The couplings for the c-quark are less well determined, with the main 
term (K cs ) dependent on SU(4) correction factors, which are difficult to 
determine. If unitarity is assumed, then a more precise value of V cs can 
be computed, namely 

| y cs \ = 0.979 ±0.006. (8.129) 

This value is compatible with that of |K ud |. Since |K cd | is compatible with 
|K US |, the deductions made using the GIM mechanism still hold to good 
approximation. The couplings to a possible t-quark can also be estimated 
by unitarity. Using this property, the KM matrix (5.193) can be written 
(in terms of the moduli of the elements) as 
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d s b 

u /0.9747 + 0.0011 0.221 +0.002 < 0.011 \ 

/ V ( 8 - 13 °) 

V=c\ 0.20 + 0.03 0.979 + 0.006 0.050 + 0.007 
t\ <0.17 <0.13 0.9987 ± 0.0004 / 

The t-quark couplings V ld and V ls are roughly compatible with zero, so 
are expressed as upper limits. Note that only five of the nine elements are 
measured directly, the remaining four are obtained from unitarity. Hence, 
the values of the deduced couplings are very sensitive to those which are 
measured. In addition, the measurement of all the quark couplings depend, 
to a greater or lesser extent, on the quark hadronisation process. It is 
difficult to ascribe a realistic error to this uncertainty. Although no clear 
pattern amongst the various KM matrix elements has yet emerged, it 
appears that transitions involving a change of two generations are 
suppressed compared to those involving a single generation change. 



8.7 HADRONIC DECAYS OF T-LEPTONS 

As we have seen in Section 6. 1 .3, the leptonic decays of the t-lepton 
are well described by the standard model, which for the q 2 values involved 
is synonymous with the V — A theory. However, in contrast to muon 
decay, hadronic decays are possible for the r-lepton. The principle decay 
modes are listed in Table 6.2. The decay mechanism is illustrated in Fig. 
8.13. There are five possible basic decay modes open for the W", namely 
e" v e , \T and d'u (in each of three colours), where d' = d cos 0 C + s sin 0 C . 
Thus, a value of the leptonic branching ratios (B e , B^) in the region of 
20% is expected and observed. A study of the hadronic modes is of interest 
because it yields information on the fragmentation of the du and su 
systems, without the complication of other quarks (which make the 
interpretation of heavy quark decays more difficult). 



Fig. 8.13 Lowest order diagram for the decay x -> v r W (W ->aB). 
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Many of the exclusive decay mode branching ratios can be calculated 
using the ideas previously formulated. The simplest are 



(i) t~ -> \\n~ . The method here is very similar to that used for n -> h in 
Section 8.1.1, with the hadronic current taking the form of (8.2). The 
usual methods yield (assuming m Vt = 0) 

x G 2 cos 2 B c flmU miy 

co(t~ -*v t *-) = — cJn M l «-) . (8.131) 

Ion \ m;J 

Relative to the z~ -»v t e~v c rate (co e \ which can be calculated exactly 
using (6.24), this predicts a branching ratio (using the values of the 
constants discussed previously) of oy(x~ -> v x n~)/co c = 0.61. Experimentally 
this ratio is 0.58 ±0.07. 

(ii) t" v r K~. The hadronic current here contains f K sin fl c , giving 

G* ti n 2 0 c f*m* / m 
16tc V m 



Q )(t--v,J»:-) = " fs '" ; CJK, "' (l-l) ■ (8.132) 



The expected value of a>{x ~ -> v r K " )/a> e = 0.0397, compared to the experi- 
mental value of 0.039 ± 0.010. The ratios of the decay rates of x~ -► v r K~ 
to t" -> v T 7r and of K" /*~v M to 7i" -+ //"v^, give (ignoring the effects 
of radiative corrections) 

(fiJfn) tan °c = 0.26 ± 0.04 i-decay, 

(ftJfn) tan 0 C = 0.2754 ± 0.0004 n- y K-decay. (8.133) 

These values are clearly consistent and, using sin 6 C = 0.221 + 0.002, give 
ftJfn~ 1-22. This provides further evidence for the consistency of the 
Cabibbo theory. 

(iii) t" v r 7r"7r°. Before calculating this decay mode we consider the more 
general decay t" -^h", where h is any hadronic system with total 
four-momentum k. The matrix element can be written (see Fig. 8.13) 

= "27,(1 -y 5 )",<h|/|0>. (8.134) 

The matrix element squared has the usual leptonic part L^ v and a hadronic 
tensor H"" (or spectral function), which can be written in the general form 

k»k v ...A k^k v 
T 2 
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Contracting this tensor with L^ v we obtain 



= G> r 2 [(l + 2x)p(x) + p'(x)](l - x)/x, 



(8.136) 



where x = k 2 /m 2 y and the evaluation of the vector products is most easily 
carried out in the x rest frame. 

Using the decay rate formula (C.3), we obtain the following expression 
for the decay width 



o)(x -> v t h ) = 



1671 



(1-x) 



dx 

o x 



[(l+2x)p(x) + p'(x)]. 



(8.137) 



For a stable particle p(x) has a simple form. For example, in the decay' 
T"->v r 7r" we have h = 7i~, and inspection of the previous methods 
shows that p(x) = Oand that p'(x) =f\ cos 2 9 c xm 2 S(x — m 2 /mf). Inserting 
these values in (8. 1 37) gives (8.131). Next we consider the decay x~ -> v t p ~ 
(this dominates the x~ -> v r 7r~7r° channel) and treat, first of all, the p as 
stable. The hadronic current for the p is of the form J* = where £ is 
the p~ polarisation vector. Thus, considering the polarisation sums for a 
massive vector particle, we can see that the hadronic tensor for the p~ 
has p'(x) = 0 and p(x) =/ 2 cos 2 9 C <5(x - m 2 /m t 2 ). From (8.137), this gives 
the decay rate 



co(x -v r p )-- 



G 2 cos 2 9 c f 2 p m? 



16ttw 2 



m 



m 



m; 



(8.138) 



The magnitude of the p coupling to the weak vector current is given by 
CVC, which can be used to relate the W -> p vector current to that in 
e + e~ — ► y* — ► p. 

A more sophisticated treatment includes the finite p width. In fact, a 
more general approach is to use the measured e + e~ -+n*n~ cross-section, 
cr(k 2 ) y over the appropriate range of /c 2 . This gives 



co(t" 



V r 7T 7t ) = - 



Gp cos 2 9 c m1 
1287r 4 a 2 



x(l -x) 2 (l +2x)<r(/c 2 )dx. (8.139) 



Putting in the measured e + e" -^iCn' cross-section, and integrating over k 2 , 
gives (Gilman and Rhie, 1985) a branching ratio a)(x~ v T n~n°)/a) c = 1.23, 
in good agreement with the experimental value of 1.27 + 0.12. The x~ 
decay mode to n~n° is dominated by x~ -> v r p" (21.8 ± 2.0%), with an 
additional non-resonant contribution of 0.3 ±0.3%. 
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(iv) t" -* v t (K7t)~. Since the nn mode is dominated by the this 
Cabibbo-suppressed mode is expected, and indeed observed, to be 
dominated by the K*(892). The expected rate is obtained by multiplying 
the nn rate by tan 2 9 Ci and by the phase space factor 

ml(\ -mllm 2 x )\\ + 2<> 2 ) 

m^(l-m>?)*(l+2m>?)" (8 - U0) 

With these corrections, the predicted ratio is co(z~ v r K*~)/eo e = 0.047. 
Incorporating SU(3) breaking effects, by setting the relative strengths of 
the vector currents as g^/gj = m^/mj, then co(t~ -+ v r K*~)/co e = 0.064 
(Gilman and Rhie, 1985). The experimental value of 0.10 ±0.04 is 
consistent with both these values. 



(v) t~ -> v t (47i)". The hadronic current is vector, and (as for (iii)) can be 
related to e + e~ -* An using CVC. The possible An states for e + e~~ are 
In + 2k~ and n + n~2n° and, for i~-decay, are 2n~n + n° and n~?>n°. The 
decay rate for t" v z n~3n° is given by (8.139), where cr(k 2 ) is replaced 
by ^(e + e~ ->2n + 2n~). Similarly, for the decay rate z~ -> v z 2n~n + n°, 
o{k 2 ) is replaced by [a(e + e~ -> n + n~2n°) + ^r(e + e~ -* 2n + 2n~)~]. The 
e + e~->47i cross-section is dominated by the broad p' resonance 
(M~1.55GeV, T^0.3GeV). Using the measured e + e~ cross-section 
data Gilman and Rhie (1985) give the predictions 

co(z~ -> v z n-3n°)/co c = 0.055, co(r~ -> v T 2n~n + n°)/a) c = 0.275. (8.141) 

The 2n~n + n° prediction has an uncertainty of about ±0.06, due to 
imprecision in the e + e" 4n data. The measured t" branching ratios 
are co(z~ -> v t n~2n°)/to c = 0.17 ±0.16 and co(z~ v x 2n" n + n°)/co e = 
0.30 ± 0.05, and are consistent with these predictions. 

(vi) t" v t (3tc)~. The hadronic current is axial, and can have either 
J p = 0~ or 1 + . There is no accurate theoretical prediction, but estimates 
using the properties of the weak axial current and the A, meson are 
consistent with the data. 

One can conclude that the specific hadronic decays of the t-lepton 
discussed above are reasonably well described theoretically. This gives 
further support to the use of these ideas in the description of heavy quark 
decays. However, the experimental errors are still rather large, and the 
breakdown of the one and three prong decays into specific decay channels 
is not yet complete. 

The existence of the decay z~ -><x>n~v„ with the con having J p = 1 + 
(either the resonance 5(1235) or non-resonant), would be evidence for a 
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second-class current. The measured decay rate is (1.5 ±0.4)% (Albrecht 
e t aU 1987a), but a spin-parity analysis of the con system shows no 
evidence for a second-class current contribution. The decay x~ -+nn~v z 
would also proceed by a second-class current (the rjn has J p = 0 + or 1 " 
but odd G-parity). Derrick a/. (1987) measured a branching ratio of 
(5.1 ± 1.0 ± 1.2)%. However Gan et al (1987) and Behrend et al (1988) 
find no evidence for this mode, and give upper limits of 1% (95% c.l.) 
and 1.4% (90% c.l.) respectively, compatible with the absence of second- 
class currents. In the standard model a branching ratio approximately 
equal to a 2 is expected from isospin violating contributions. 



8.8 NEUTRAL CURRENTS IN DEEP INELASTIC 
SCATTERING 

The discovery and subsequent study of neutral current (NC) 
events in deep inelastic v(v)-nucleon scattering have played an important 
role in the development of the standard electroweak model. The observation 
of the interactions (Hasert et al, 1973b) 

v/v( Pl ) + N(p 2 ) - v/v(p 3 ) + X(p 4 ), (8.142) 

constituted some of the first evidence, albeit indirect, for the existence of 
the Z° boson. These events are envisaged to occur through the exchange 
of a Z° (see Fig. 1.7(6)) between the v (in practice a in high energy 
experiments) and the struck quark in the nucleon. 

The theoretical description of these NC events is a straightforward 
development of that for CC events, discussed in Section 7.5, and that for 
ve NC events, discussed in Section 6.2. The matrix element for the NC 
scattering, v(pj 4- q(p 2 ) v(p 3 ) 4- q(p 4 ), in the limit q 2 « M|, and assuming 
the incident neutrino is lefthanded, is, using the rules of Appendix C plus 
(5.99), 

= **,2 lg2 in "3/(1 - V>i ■ u,y,LC L (l - y 5 ) + C R (1 + y 5 )> 2 
8Mz cos z 0 W 

= "3/(1 - y 5 )«i ■ « 4 y,[C L (l - y 5 ) + C R (1 + y 5 )> 2> (8.143) 

where (5.63) has been used and where 

p = Mw /(M| cos 2 0 W ). (8. 144) 

The quantity p = 1 in the standard model for the simplest choice of Higgs 
representation, as can be seen from (5.168). A deviation from p = 1 would 
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also result if the v L coupling to the Z° is different to the assignment C L = ^ 
assumed here. 

In order to simplify the discussion, we consider the case of an isoscalar 
target containing only u and d quarks and antiquarks (the expressions 
for additional quarks and for p and n targets separately can be written 
down in a similar way). The CC and NC differential cross-sections are 



dx dy n 

d V N (NC) _ G 2 F p 2 MEx 
dx dy 7i 



{[|Ql 2 + |c d L | 2 ;i[^(x) + ^(x)(i-y) 2 ] 

+ [|Q| 2 + |C d R | 2 ][^(x) + ^(x)(l- } ;) 2 ]}. 

(8.146) 

The expressions (8.145) and (8.146) follow in a straightforward way from 
the results derived in Section 7.5. 

Experimentally, the quantity which can be measured most easily is the 
ratio of neutral to charged current cross-sections. From (8.145) and 
(8.146), this is 

* v = = P 2 {lK\ 2 + |C d L | 2 ] + r cc [|Q| 2 + |C R | 2 ]}, (8. 147) 

o (CC) 

and similarly for antineutrinos 

r * = -S^ = p 2 W^ + ^ + — + ( 8 - i48) 

<y (ccj i f C c J 

where r cc is the ratio of v to v CC cross-sections, that is 

'ccM = lxq(x) + axq(x)~]/[xq(x) + axq(x)'] . (8.149) 

The term a is the integral of (1 — y) 2 over y, and a = \ if the whole range 
of y is detected. In practice, experiments detect NC and CC events with 
a hadronic energy (£ H ) above a certain value (e.g. 5 GeV). This is because 
the only experimental signature of an NC event is the hadronic shower. 
The lower limit arises because of problems with resolution and backgrounds 
from (particularly for bubble chamber experiments) n and K£ interactions 
or from cosmic-ray interactions. Since the neutrino energy has a spread 
in values, this cut does not correspond to a unique value of y y so that in 
practice the v/v energy spectrum, plus the detector response and acceptance, 
all enter the calculation. 
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In the standard model p = 1, and the Z°-quark couplings are given in 
Appendix (C.3.2). Inserting these in (8.147) and (8.148) gives 

R v = $- sin 2 0 W + |(1 + r cc ) sin 4 0 W , 

£ w = i - sin 2 0 W + $(1 + ^c 1 ) sin 4 0 W . (8. 1 50) 

Since r cc is less than unity (typically r cc ~0.5), it can be seen by comparing 
(8.147) and (8.148), or from (8.150), that R v is expected to be larger than 
R v . The dependence of the ratios on the quark distributions can be removed 
by considering the combinations (Paschos and Wolfenstein, 1973) 



<r vN (CC)± a v_N (CC) 



^-sin 2 0 w + ^sin 4 0. 



t — sin 



(8.151) 



where the latter expression is for the standard model. Note that the effects 
of other sea-quarks will cancel in the combination R~ . 

Experimentally, the most precise results on measurements of the NC 
to CC ratio have been made on isoscalar (or approximately isoscalar) 
targets), and using 1 narrow-band' neutrino beams. This type of beam is 
produced from a parent beam of pions and kaons having a small 
momentum spread. For a meson of mass m M and energy £ M> decaying via 
M -» fx + to a neutrino, of energy £ v , subtending an angle 0 with respect 
to the incident meson direction, then the two-body kinematics give a 
unique relationship between E v and 6, namely 

E v ^E M (l~mt/m 2 M )(l+y 2 6 2 )-\ (8.152) 

where y = E^jm^ In practice (e.g. CERN neutrino beam), the detector is 
at a distance L~ 10 3 m from the decay, and has a radius of about 1.5 m. 
The energy of the parent mesons (n 1 and K 1 ) has a spread of about 5%, 
and the central value is typically 160 GeV. This gives good separation of 
neutrinos from n and K decay as a function of the radial position in the 
detector. The neutrino flux and energy spectrum from such a beam can 
be determined more accurately than for the alternative wide (or broad) 
band beam, but at the expense of reduced statistics. Using the 160 GeV 
parent meson beam at CERN, the CDHS (Abramowicz el aL, 1986) and 
CHARM (Allaby et al. y 1986) collaborations obtained the following ratios 

# v = 0.3072 ± 0.0025 ± 0.0020 (E H > 10 GeV) CDHS, 

= 0.3093 ±0.0031 (£ H >4GeV) CHARM. (8.153) 
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In addition, the CDHS collaboration (Abramowicz et al, 1985), using 
the 200 GeV narrow band beam, have measured R v = 0.363 + 0.015, for 
£ H > 10 GeV. Fig. 8.14 shows these results, together with the expected 
values of R v and R v as a function of sin 2 0 W . For sin 2 0 W ~ 0.22 the value 
of R v is more sensitive to sin 2 0 W than that of jR v . In the derivation of 
equations (8.150), only leading order electroweak terms were included. 
Further, the effects of strange and charm quarks (these are important 
since they are produced in CC events) were neglected. Including these 
effects, the values of sin 2 0 W deduced are 

sin 2 0 W = 0.225 ± 0.005 (expt) ± 0.003 (theor.) + 0.013 (m c — 1.5) CDHS, 
sin 2 0 W = 0.236 + 0.005 (expt) ± 0.003 (theor.) + 0.012 (m c - 1.5) CHARM, 

(8.154) 

where m c is the charm quark mass in GeV. The theoretical 'error* excludes 
the uncertainty as to the value of the c-quark mass which should be used. 
The effects of uncertainties in the QPM/QCD model used, together with 
uncertainties in the radiative corrections are, however, contained in this 
error. The radiative corrections were calculated using the prescription of 



Fig. 8.14 The NC/CC ratios as a function of sin 2 0 W for vN and vN. 
The horizontal bands correspond to the experimental results. 
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Wheater and Llewellyn Smith (1982), and sin 2 0 W is expressed in the 
on-shell renormalisation scheme (Sirlin, 1980). The effect of radiative 
corrections is to reduce the value of sin 2 6 W extracted by about 0.010. This 
shift is significant compared to the experimental errors and the corrected 
value is in good agreement with other determinations; giving some support 
to the correction procedure. 

The impressive precision achieved by the above experiments raises the 
question as to whether the uncertainty in our understanding of structure 
function data (i.e. the role of higher twist, the EMC effect, nuclear 
shadowing, etc.), limit the precision to which sin 2 # w can be extracted in 
DIS. Llewellyn Smith (1983) has pointed out that such effects do not 
significantly change the extracted value of sin 2 0 W > at the level of current 
(and planned) experimental accuracy. This stems, essentially, from the 
mainly isovector nature of the weak neutral current. 

Although measurements of the inclusive NC/CC ratio on isoscalar 
targets provide the most accurate determinations of sin 2 (9 W (using neutrino 
beams), they do not allow the extraction of the individual couplings C£> 
Ct Q and Cg in (8.147) and (8.148). Extraction of these couplings 
requires, in addition, measurements on a target with a different ratio of 
u and d quarks. The BEBC deuterium collaboration (Allasia et ai y 1983) 
have measured R v and R v (with E H > 5 GeV) on both proton and neutrino 
targets and extract 

|Q| 2 = 0.133 ± 0.026 ± 0.01 5, |Cg| 2 = 0.020 ± 0.019 ± 0.004, 

\C*\ 2 = 0.192 ± 0.026 ± 0.015, |c£| 2 = 0.002 ± 0.019 ± 0.004. 

(8.155) 

In terms of a two-parameter fit (p and sin 2 0 W ) these values give 
P = 1 -01 ±0.06 and sin 2 0 W = 0.202 ± 0.054. A similar analysis, using 
and beams on a hydrogen target, gives compatible values for the chiral 
couplings, and also p = 0.989 ± 0.029 and sin 2 0 W = 0.23 1 ± 0.028 (Jones 
et a/., 1986). Combining the available data gives a value of p = 1.01 ± 0.01, 
which is compatible with the simplest Higgs assignment. 

A more accurate determination of the righthanded couplings has been 
made using the semi-inclusive scattering data on v^vJN -> v fl (v u )n ± X. 
In the current quark fragmentation region, the 7c + to n~ ratio for v u 
interactions is (see Section 7.10) 



(|C£| 2 + fl 


eg 


W + (\ct 


2 + a 


r d 


2 )DT 


(\Cl\ 2 + a 




2 )d« u - + (\C d L 


2 + a 


r d 


2 )DT 



(8.156) 



where a = % for the full y range, and the fragmentation functions satisfy 
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= D n u and D n A = D* from isospin invariance. The fragmentation 
functions can be measured in the corresponding and CC events. 
Including the effects of sea-quarks, Sehgal (1977), using the Gargamelle 
heavy liquid bubble chamber data of Kluttig et al. (1977), finds 

|C£| = 0.17 ± 0.04, \Ci\ = 0.00 ± 0.12, (8.157) 

indicating that Q is non-zero. The constraints from the above results are 
sketched in Fig. 8.15. 

In order to ascertain the signs of the chiral coupling constants Q, Q, 
Cl and CjJ, it is convenient to rewrite the u 4 - ■ *u 2 part of the matrix 
element as (Hung and Sakurai, 1981) 

^nc = ocqy" q + pqy'y 5 q + yqf ~ 9 + <%V ^ (8.158) 

where q is the u, d quark doublet, t 3 the Pauli spin matrix, and / the 
2x2 unit matrix. The terms in t 3 and / correspond to isovector (IV) and 
isoscalar (IS) currents, as discussed in Section 8.2.1. Thus, the coefficients 
correspond to the terms a(IV - V), jS(IV-A), y(IS - V) and <5(IS-A). 
The correspondence with the chiral couplings is 

a = Q-C d L + Q-C£, /?=_(Q-C d L ) + Q-C£, 

y = C" L + C* + CJ + C d R , <$= + CD + Q + C d . (8.159) 

Hence, in the standard model a = 1 — 2z, /? = — 1 , y = — § z and £ = 0, where 
z = sin 2 0 W . 

Information on the signs of the couplings comes from the analysis of 
single pion production in the reactions vp(n) -> vNtt and vp(n) -* vNrc. 
The Nti system is dominated by A production, showing the mainly 
isovector nature of the weak neutral current. An analysis by Fogli (1982) 
gives 

a = 0.68 ± g jt P = -0.99 ±g;& 

y = -0.20 ±8:?!, (5 = o.oi±8;!8. (8.160) 

Comparison with (8.155) and (8.159) shows that this requires Q and C A L 
to be positive and negative respectively. Analysis of elastic v(v)N -> v(v)N 
scattering (see, e.g., Barbiellini and Santoni, 1986) shows that Q is 
negative. Inspection of Fig. 8.15 shows that the u and d quark chiral 
couplings are in agreement with the standard model. 

Vector and axial-vector couplings give a ^-dependence which is a 
mixture of flat and (1 — y) 2 components. The presence of S or P couplings 
would give an additional y 2 dependence, with an equal contribution to v 
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Fig. 8.15 Allowed regions of (a) C£, C£ and (b) C£, C£. The circles 
are limits from measurements of R v and R v on an isoscalar target. 
The boxes are from R v and R y on p and n targets in (a) and from 
semi-inclusive hadron studies in (b). 
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and v. The CHARM collaboration (Jonker et ai, 1981) find an upper 
limit gip/gvA <0.03 (95% c.l.) for such couplings. Thus, the weak neutral 
current is mainly V — A in nature, with a small V + A component. In 
terms of isospin components, it is mainly isovector in nature. The x BJ 
distributions in NC events (which are difficult to measure because the 
outgoing v is not detected) are compatible with the expectations of the 
QPM and the standard model couplings. 

In the standard model flavour-changing neutral currents do not 
appear. The Gargamelle collaboration (Blietschau et al. y 1977) find no 
evidence for strangeness-changing NC events, and give at 90% c.l. 
<r(v vA(E)X)/a(v - vX) < 5.4 x 10" 3 . A 90% c.l. <r(charm-changing NC)/ 
cr(NC) < 0.026 limit has been given by the CDHS experiment (Holder et a/., 
1978). Such events would show up as 'wrong-sign' muons by the sequence 
v„N-» v^cX, c->/z + v " ■■ 

8.9 ELECTROWEAK INTERFERENCE EFFECTS 
FOR QUARKS 

For the currently accessible kinematic range in charged 
lepton-nucleon scattering (Q 2 ^ 200 GeV 2 ), and in e + e" annihilation 
(s 1/2 ^ 45 GeV), the dominant interaction is the electromagnetic interaction. 
However, in both cases, the effect of the weak interaction has been observed 
through its interference with the electromagnetic interaction. For e + e~, 
this interference effect in final states containing only leptons, was discussed 
in Section 6.3. In this section the electroweak interference effects of quarks 
are considered. 

8.9.1 Electroweak interference effects in deep inelastic scattering 

If M(y) and Jf(Z°) are the electromagnetic and weak amplitudes 
for deep inelastic scattering, corresponding to y and Z° exchange respectively 
then, for Q 2 « M|, the order of magnitude of the electroweak interference is 

GO 2 

A ~ Jl{y)> Jf(Z°)/\jf(y)\ 2 ~ Jt(Z°)/Jt(y) ^ -p- ^ 10~ A Q\ (8.161 ) 

where Q 2 is in units of GeV 2 . Thus, the effect is small for Q 2 ^ 100 GeV 2 , 
and the measurement requires very accurate experiments. 

The leading diagrams contributing to the electroweak interference are 
shown in Fig. 8.16. Experimentally, the quantity which was measured in 
the original SLAC experiment on electroweak effects (Prescott et ai, 1979) 
was 



A = (<J R - cr L )/K + <?l)> 



(8.162) 
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where a R and cr L are the cross-sections for right and lefthanded incident 
polarised electrons respectively. The experiment took advantage of the 
change in precession of the electron spin about the beam transport system 
due to its anomalous magnetic moment. The amplitude for the case of a 
lefthanded e" is (using Appendix C) 

Jt = Jt(y) + M0) 

V 

w 2 



4 cos 2 6 w (q 2 - Ml) 
x fi 3 /CL(l - y 5 )u x - w 4 ^[Q(l - y 5 ) + Q(l + y 5 )> 2 . (8.163) 
Using the usual trace techniques, we obtain 
16e 4 0 2 0 2 

2 = ^[(p 1 .p 2 )(p 3 .p 4 )+(p 1 .p 4 )(p 2 .p3)] > 

1 cos 4 0 W (<7 2 ~ M 2 ) 2 

x[(Q) 2 (p 1 -p 2 )(p 3 -P4)+(Q) 2 (p 1 -p 4 )(p 2 -p 3 )], (8.164) 

, M , 32, 2 e e e q ^ 2 Q 



cos 2 6 w q 2 (q 2 - M 2 ) 



[Q(/V/> 2 )(/V/>4) + Cl(p r P4)(p 2 'P 3 )]. 



For a righthanded e beam, we replace Cf. by C R and Q by Q (and vice 
versa) in (8.163) and (8.164). 

The above expressions are for yq and Z°q scattering. To obtain the 
cross-section for a nucleon, these must be weighted with the quark 
momentum distribution xq(x, Q 2 ). For an isoscalar target consisting only 

Fig. 8.16 Lowest order diagrams giving rise to electroweak interference 
in deep inelastic scattering. 
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of u and d quarks (this is a reasonable approximation for the £ e = 20 GeV, 
Q 1 ^5 GeV 2 SLAC experiment), the denominator of (8.162) is proportional 
to 5/18x(n + d). The numerator is also proportional to x(u + d). After 
some manipulation, (8.162) and (8.164) give, for Q 2 « M\, 

^ = a x +a 2 g(y) 9 (8.165) 

where 

g(y) = \_\-(\-y) 2 y[l + (l~y) 2 l (8-166) 

and 

a, = -B(C| - Q)[(C{| + CD - i(C d R 4- C-)] = B^Qft - kv], 

a 2 = -B(Cr 4- Q)[(C R - CI) - i(CS - C d L )] = B^Qft - Ml (8-167) 

The correspondence between the chiral couplings and the V and A 
couplings is # v = Q. + Q and g A =C t — C R . The constant factor is 
B = 6G F /(5(2 1/2 )7ra) = 4.3 x 10 _4 GeV- 2 . In the standard model (see 
Appendix C) we obtain 

*i = " *(t - fsin 2 M> a 2 = -B(l - § sin 2 0 W ). (8.168) 

The results of the SLAC experiment using a deuterium target are shown 
in Fig. 8.17, The result of a two-parameter fit gives a l = ( — 9.7 ± 2.6) x 
1CT 5 GeV" 2 and a 2 = (4.9 ± 8.1) x 10" 5 GeV" 2 . Note that, if the right- 
handed electron formed a doublet with a possible neutral heavy lepton 
E°, symmetric with the usual lefthanded doublet, then a value a { =0 
would result. Hence, this is excluded in a model independent way. Using 
(8.167), the result for a x gives g\{g\ - g%/2) = -0.23 ±0.06 and hence 
G\ — 9% 12 = 0-45 ± 0.12 (using the standard model value g\ = — \). Hence 
this ingenious experiment lends good support for the standard model, and 
gives a value sin 2 0 W = 0.224 ± 0.020. 

Electroweak interference effects have also been measured at the much 
higher Q 2 values obtainable at the CERN muon beam, by the BCDMS 
collaboration (Argento et aL, 1 983). In this case the quantity measured was 

A = K + -^r)/K + +^r), (8.169) 

where + and — refer to the charge of the incident muon, and L and R 
to its polarisation. The target used was again an isoscalar (carbon). The 
method of calculation follows that for the electron case, and the interference 
terms are 

\*Ut)\ = ?f g f f 2C L, CQ(Pi P2XP3 p.) + Q( Pl - p 4 )(p 2 - p 3 )], 

cos 2 6^q 2 (q 2 - Ml) 

(8.170) 
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and 

32£ 2 0 O a 2 C^ 

Mu.nl = 2a 2l2 L 2x ici(p l -p 2 )(p 3 P4)+ci( Pl pt)( P2 p i )i 

cos 2 6 w q 2 {q 2 -Ml) 

(8.171) 

Using these expressions, and incorporating the u and d quark densities 
(for large x the restriction to u and d is still reasonable), we obtain for 
(8.169) 

= - B(^ - - \g^g{y). (8.172) 

Note that, in practice, the beam does not have helicity h = 1 as assumed 
above, but \h\ =0.66 and 0.81 for = 120 and 200 GeV respectively. In 
general, we must replace (g$ - g^) by (\h\g$ — g%). Since g% is small, the 
main contribution to A is (in contrast to the SLAC method) from the 
parity conserving axial terms. In the standard model (for h = 1 ) we obtain 

£- 2 = -±Bsm 2 e w g(y). (8.173) 



Fig. 8.17 Measurements of the asymmetry parameter A, as a function 
of Q 2 , for ed scattering (SLAC, 16.2-22.2 GeV). 

0 I 1 



-0.5 



-1.0 - 



-1.5 



n 2 0 W =0.224 



0.1 0.2 0.3 0.4 

y 



444 



Weak hadronic currents, electroweak interference effects 



The experimental result using the 200 GeV beam is shown in Fig. 8.18. 
It can be seen that the result is compatible with (8.172). The measured 
slope is (-1.47 + 0.37 ±0.24)10" 4 GeV" 2 , compared to -1.51 x 10~ 4 
for the standard model with sin 2 0 W = 0.23. The results, including 
the effects of radiative corrections (from the interference of one photon 
and two photon diagrams), give a value sin 2 # w = 0.23 ± 0.07 ± 0.04. 
Alternatively, if we assume C£ = sin 2 # w is known from other sources, 
then (from (8.172)) the results give a powerful constraint on [2(Q - C") - 
(Cr — Cl)]> which is consistent with the standard model assignments. 

At very large values of Q 2 (>,M\) the |^ 2 | 2 term should become 
important. The cross-section can be deduced in the same way as for the 
electromagnetic interaction alone, using \ Jf\ 2 from (8.163) for left-handed 
electrons or the equivalent expression for righthanded electrons. For 
unpolarised e~ beams, the weighted average of these two terms is required. 
The resulting differential cross-section for e~p can be written 

^ = ^™ + T(Z) + T(int)], (8.174) 
ox ay Q 

where the contributions from the exchange graphs involving one photon, 
one Z° and the y-Z° interference term are respectively 

T(y)=Y + F 2f 



Fig. 8.18 Measurements of the asymmetry parameter A, as a function 
of g{y)Q 2 y for muon-carbon scattering (200 GeV). The straight line 
is the result of a linear fit to the data. 
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4 sin 2 0 W cos 2 0 W (G 2 + M 2 ) 
+ Y_[-gi + /i e ^]x/ 3 }, (8.175) 

with 

F 2 = xlfo + q)Ql Zi = *Z(q + flM* + ^ 2 ), / 2 = 2x1(4 + 9M6 q , 
xZ 3 = 2xZ(<? - ^M, x/ 3 = 2xl(g - 4)0aGc- (8-176) 

Further, Y ± = 1 ±(1 -_y) 2 and /i e denotes the helicity of the incident 
electron and has the value h e = 1 for e^ (righthanded) and h t = — 1 for 
e^ - The proton beam is assumed unpolarised. The structure functions in 
(8.176) are, in general, functions of both x and Q 2 . The expressions given 
in (8.176) are those for the QPM. The contribution from the longitudinal 
polarisation states of the y and Z° states have been neglected, but in 
general these must be considered, as indeed must the contribution of 
higher order electroweak graphs. However, R(x, Q 2 ) = <j l /0 t is expected, 
from QCD, to be small. The effect of a non-zero value of R can be taken 
into account by redefining Y + to be Y + = 1 + (1 - y 2 ) - y 2 R/(l + R), 

The expressions given in (8.175) and (8.176) can be derived by starting 
with the matrix elements given by (8.164) for e[-q, together with 
analogous terms for eR-q, e^-q and e^-q, weighting these with the 
appropriate quark or antiquark density distributions and using the 
formulae of Sections 7.2 and 7.3 for deep inelastic scattering. Note that 
Q 2 ~ sxy for the kinematic region of high energy ep colliders, and at these 
very large values of Q 2 the contribution of sea-quarks becomes increasingly 
important. Note also the distribution in y is no longer the [1 + (1 - y) 2 ] 
distribution obtained for purely electromagnetic interactions. This is 
because the left and righthanded couplings of quarks are no longer equal, 
Fig. 8.19 shows an estimate of the cross-section at the HERA (30 GeV on 
820 GeV) ep collider for a(y + Z°) divided by that for y alone, er(y), as a 
function of y for x^0.25. It can be seen that, for a lefthanded e~ beam, 
the ratio at large y is much larger than for a lefthanded e + beam. 

In order to test the standard model it is necessary to extract the left- and 
righthanded couplings of all quarks and leptons. It is clearly desirable to 
use polarised electron (and also proton) beams in trying to get a handle 
on these couplings. From the form of (8.175) it can be seen that 
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measurement of the asymmetry A(h c ) = [cr(/i e ) - c{ — h e )l/[a(h c ) + o( — h e J] 
is sensitive to the couplings and has the advantage that some systematic 
and theoretical uncertainties cancel. 

At the very large values of Q 2 expected at the HERA Collider, the con- 
tribution of the W ± exchange (i.e. charged current) reactions e"q A -* v e q 2 
and e"q 2 -> v e q { (q { and q 2 are quarks of charges \ and — \ respectively) 
become important. The cross-section for these reactions can be derived 
in a similar way to that for the NC case and leads to 

(Y + W 2 ± + Y_xW 3 ± ). 

(8.177) 

The structure functions W 1 ± and xW 2 ± are again functions of both 
x and Q 2 . In the QPM, neglecting any threshold effects for the production 
of heavy quarks, we have 

W 2 ± = 2xl.{q l +q 2 \ xWf =2x'L{q l ~q 2 y (8.178) 

The ratio of the NC and CC cross-sections is a potentially further useful 
quantity for tests of the standard model. Further, comparison of experi- 
mental results for both NC and CC events with the above formulae, should 
provide a sensitive test for the existence of any further neutral or charged 

Fig. 8.19 The ratio of cross-sections o{y + Z°)/a(y), as a function 
of y, for x = 0.25 for various lepton beam polarisations. 
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vector bosons (e.g. through modification of the Q 2 dependence of the 
cross-section compared to that expected from the propagator). 

8.9.2 Electroweak interference effects in e + e~ -► qq 

The general formulae for the electroweak asymmetry for e + e ~ -► f f 
were derived in Section 6.3. For hadronic final states, decisive tests are 
difficult because of the problems associated with identifying the quark 
flavour for a particular event in a reliable way. A further problem is in 
the reconstruction of the quark axes from the final state hadrons. The 
effects of hadronisation, hard QCD effects, the classification of slow 
particles to a particular jet and track losses, all introduce potential 
systematic effects in the reconstruction of the quark axes. 

The quantity R h (6.91) has been measured for all hadrons (i.e. for u, d, 
s, c and b quarks) up to s 1/2 ~ 45 GeV. Specific quark asymmetry measure- 
ments have been made (e.g. Marshall, 1985) for c-quarks (e.g. HRS have 
used D* mesons, i.e. c -> D* -> Dtt, as a tag) giving A cc = (— 15 + 6)% 
and b-quarks (e.g. JADE have used the large p T property of the decay 
leptons) giving A hb = {- 22.8 ± 6.0 ± 2.5)%. Note that the predicted 
asymmetry is larger for quarks than leptons, because of the presence of the 
Q q term in (6.92) in the denominator. However, phase space suppression 
at PETRA energies reduces this increase from 3 to about 2.7. A fit to the 
asymmetry data by Marshall (1985) gives 

g % = 0.56 ± 0.18, g\ = -0.50 ± 0.10. (8.179) 

These values are consistent (within the rather large errors) with the 
standard model values of g c A = 0.5 and g A = —0.5. Including the measure- 
ments on # h gives the vector couplings 

g ™ = 0.38 ± 0.32, g* sb = -0.58 ± 0.22, (8.180) 

to be compared to the standard model values of (sin 2 # w = 0.225), # v c = 0.20 
and ^ v sb =— 0.35. The contribution to R h expected from QCD and 
electroweak effects is shown in Fig. 8.20. 

8.9.3 Electroweak effects in atomic physics 

The very small values of the momentum transfers involved in 
atomic transitions make the size of potential electroweak effects tiny (see 
(8.161)). However, electroweak effects have been studied by measuring 
Parity violating effects in heavy atoms. The g%g% (q = u,d) term is small 
compared to that for g%g%, since the nucleon spins tend to cancel in the 
nucleus. Thus, the parity violating terms lead to an effective weak charge 
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of the form, for Z protons and N neutrons, 

Gw k oc g\[Z(2g$ + g$) + NfoJ + 2^ d v )]. (8.181) 
In the standard model we have 

2<?v + g% = i(l — 4 sin 2 0 W ), ^ v + 20 d v = ~i (8.182) 

so that only the neutron term has appreciable size. 

The presence of such parity violating interactions means that the atomic 
levels are no longer pure parity eigenstates. The magnitude of the matrix 
element is Jt ~ 10" ls Z*e 2 /a 0y for large Z(~80). Crudely, one power of 
Z comes from the weak charge (8.181), a second from the electron 
momentum and the third from the wave function at the origin. The use 
of heavy atoms (e.g. bismuth or caesium) thus enhances the electroweak 
effects. Other methods of enhancing these effects are the study of (electro- 
magnetically) forbidden transitions, or the use of an external magnetic field 
to adjust the hyperfine splitting, so levels of opposite parity overlap. For 
example, the rotation of the plane of polarisation of laser light has been 
measured for bismuth and lead. A measurement of the asymmetry in the 
absorption cross-sections for R and L circularly polarised laser light, for 
forbidden magnetic transitions in caesium, gives a value (Bouchiat et a/., 
1984) of sin 2 0 W = 0.205 ±0.035 ±0.025, with a further 'atomic physics 
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error' of ±0.045. Results consistent with the standard model are obtained 
from these atomic physics experiments, but the precision has yet to rival 
that from other methods. A detailed discussion on the above topics, and 
on parity violating effects in nuclear forces, can be found in Commins 
and Bucksbaum (1983). 

8.10 SUMMARY OF NC COUPLINGS OF LEPTONS 
AND QUARKS 

In this section the various results on the couplings of leptons and 
quarks to the Z° described above and in Chapter 6 are summarised. Results 
from the decays of Z° bosons produced in pp collisions are described in 
Chapter 10. The total cross-section data from v^e" -► v^e" and v^e" -► v M e~ 
yield two possible solutions, namely 

g \= -0.49 ±0.03, g\ = -0.05 ±0.05, (8.183) 

or 

g\ = -0.05 ± 0.05, g% = -0.49 ± 0.03. (8.184) 

In obtaining these numbers, the values of the cross-sections quoted in 
Section 6.2 for these processes, together with the formulae given in Table 
6.3, have been used. The other two possible solutions are excluded by the 
v e e" -► v e e" and v e e" -» v e e~ results (see Fig. 6.8). 

The ambiguity between these solutions can be resolved by using the 
e + e~ -> / + /~ data (Section 6.3). These show that it is the axial coupling 
Q\ which is large and that g y ~ 0; that is, solution (8.183). Assuming x-fx-t 
universality, and taking the weighted mean of the asymmetry results for 
[i* and t*t", gives another estimate for the axial coupling, namely 

gX= -0.508 ±0.015. (8.185) 

The results on R for e + e" -* / + /~ give the value |# v | = 0.20 ± 0.05 for the 
vector coupling, with the negative sign being preferred from the v^vje 
scattering data. 

For the quark sector, the moduli of the chiral couplings are given by 
(8.155). The results on the n + /n~ ratio in v^vJNC interactions give more 
accurate values for the righthanded couplings. Using additional information 
from the analysis of single pion production events and from elastic v(v)N 
battering, it can be deduced that CI is positive and that C£ and C£ 
ar e negative. Hence, the results of (8.155) and (8.157) give (using (6.57)) 

g^ = 0.20 ± 0.06, g u A = 0.54 ± 0.06, (8.186) 

d 

g* = -0.44 ±0.12, g\ = -0.44 ±0.12. (8.187) 
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Table 8.6. Vector and axial-vector couplings for leptons and quarks to the Z {] 
The standard model (SM) values are for z = sin 2 0 W = 0.225 

Particle Expt SM Expt SM 



/" -0.05 ±0.05 -i + 2z -0.504 + 0.012 

= -0.05 

q( + §) (u) 0.20 ±0.06 \~%z (u) 0.54 ± 0.06 

= 0.20 (c) 0.56 ±0.18 

q(-i) (d) -0.44 ±0.12 + (d) -0.44 ± 0.12 

= -0.35 (b) -0.50 ± 0.10 



The chiral coupling C£ is poorly determined, and gives larger errors for 
the d-quark couplings. 

The results of the electroweak interference experiments in deep inelastic 
scattering are compatible with the above values, but with larger errors. 
Using the measured value of a { and equation (8.167), the SLAC experiment 
gives (#v — 0v/2) = 0.45 ± 0.12. The axial couplings are very poorly 
determined. However, the BCDMS experiment is sensitive to the axial 
couplings, and the measured slope of the plot of A against g(y)Q 2 gives, 
using (8.172), {g\ - g d J2) = 0.76 ± 0.22. The axial couplings for the heavy 
c and b quarks are found from e + e~ asymmetry measurements to be 
g% = 0.56 ± 0.18 and g\ = -0.50 ± 0.10. 

Table 8.6 summarises the measurements of these couplings. It can be 
seen that they are all compatible with the standard model predictions, 
with sin 2 # w = 0.225. The most accurate determination of sin 2 8 W is, at 
present, from the inclusive NC/CC ratio on isoscalar targets, giving for 
m c = 1.5 ±0.3 GeV, sin 2 0 W = 0.231 ± 0.004 (expt) ± 0.005 (theory). The 
combined p value is p = 1.01 ± 0.01, compatible with the simplest doublet 
Higgs assignment. 
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9.1 THE NEUTRAL KAON SYSTEM 

The valence quark composition of the K + and K~ mesons are us 
and us respectively. It is thus natural to assign the valence quark 
compositions ds and 3s to their corresponding neutral counterparts, K° 
and K°, That is, the neutral kaons created in a strong, electromagnetic 
or weak process have, at the moment of creation (proper time t = 0), 
definite strangeness. The K° and K° have S = 1 and —1 respectively. Since 
strangeness is conserved for the strong and electromagnetic interactions, 
and since the kaon is the lightest strange particle, the K° and K° can 
only decay weakly. The lowest order decay processes are shown in Fig. 9.1, 
and both lead to a uudd final state. 

We have seen from muon decay, and other processes, that the W only 
couples to lefthanded fermions or righthanded antifermions. The operation 
of charge conjugation C turns a lefthanded quark into a lefthanded 
antiquark, which has no coupling to the W. Subsequent operation of the 
parity transformation P gives a righthanded antiquark (P changes 
r — r, p — p, but <r = rxp->rxp), which can couple to the W. 
Thus, weak decays are expected to be eigenstates of CP. Now, the K° and 
R° particles are not eigenstates of CP, but are transformed into one 
another by this operation. Taking the convention that 

CP|K°> = |K°>, CP|K°> = |K°>, (9.1) 

we can construct the following linear combinations of K° and K°, which 
are CP eigenstates 

|K?> = [|K°> + |K°>] = [|ds> + |s3>] CP = + 1, 

~ (9.2a) 

|K2> = ^ [|K°> - |K°>] = ^ [|ds> - |s3>] CP = — 1 . 
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Alternatively, we can express the strangeness eigenstates in terms of the 
states of definite CP 

|K°>Hds>=~[|K?> + |K°>], (92b) 
|R°> = |sa> = ^[|K?>-|K2>]. 



9.1.1 Hadronic decay modes 

The possible hadronic final states for neutral kaon decay are 
2n(n + n~ , n°n 0 ) and 3n(n + n~ n° , n 0 n 0 n°). These states have CP eigenvalues 
4- 1 and — 1 respectively. This can be seen as follows. In the pion the 
quark and antiquark have zero orbital angular momentum /, and also zero net 
spin. The 'intrinsic' parity of the pion is P n = ( — + 1 = — 1 (see Section 
3.2.5). The 2n system is invariant under C and has zero orbital angular 
momentum, hence CP(2n) = (PJ 2 = 1. In the 3tt system, the pions are 
in states of zero relative orbital angular momentum. Hence, CP(3n) = 
(PJ 3 = — 1. Thus, the final states are eigenstates of CP, but the initial 
states K° and K° are not. For CP-conserving decays, it is the K? and K° 
components which will decay and with which we can associate specific 
lifetimes. 

The phase space factors for the 2n and 3n decay modes of the kaon 
are substantially different. It can be seen from the formulae given in Section 
4.2, that the K -> 3n phase space integral is much less than that for K -> 2n. 
Hence, it is expected that the K° component has a substantially longer 
lifetime than that of K°. Experimentally, short (K° ) and long (K£) lived 
components are indeed observed, with lifetimes t s = 0.892 x 10" 10 s and 
t L = 5.18xlO~ 8 s respectively. 

Ignoring, for the moment, the possibility of CP violation, let us consider 
the proper time evolution of an initially pure beam of K° particles 
(produced for example by the reaction 7r"p->K°A°). At times 0 and t 
we have therefore 

|^(0)> = ^[|K°> + |K°>], (9.3a) 
Fig. 9.1 Lowest order decay processes for (a) K° and (b) K°. 
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|M)> = ^ [|K S °> exp(-i;,0 + |K£> exp(-U L 0], (93b) 

where we have identified and K° with the short- and long-lived 
components respectively. The time constants are given by (see Section 
2.2.4) 

;, s = m s -iry2, x L = m L -\rji. (9.4) 

The fraction of K° particles in the beam, after a time t, is 

F(K 0 H<K 0 |iA(0>| 2 

= 4[ ex P(-T s 0 + exp(-r L f) + 2 cos(Awt) exp(- ft)]. 

(9.5) 

where T= {Y % + T L )/2 and Am = m L — m s . The corresponding fraction of K° is 

F(K°) = |<K°|^(0>| 2 

= i[exp( - r s 0 + exp( - r L /) - 2 cos(AmO exp( - H)]. 

(9.6) 

These fractions of K° and K°, as a function of time, are shown in Fig. 9.2. 
The experimentally measured values of the relevant parameters are T s = 
1.12 x 10 10 s-\r L = 1.93 x 10 7 s" 1 and Am -0.535 x 10 l0 s^ 1 (see later). 
The decay lengths for K s ° and K° are 5.4 cm/(GeV/c) and 31 m/(GeV/c) 

Fig. 9.2 Variation with time of the K°/K° components of an initially 
pure K° beam. 
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respectively. It can be seen that there is an oscillatory term, with a 
frequency of Am/2n y which is multiplied by an exponential factor from K s ° 
decay. After several K s ° lifetimes, the K° and K° components become 
equal and the beam is approximately a pure K£ beam. 



9.1.2 CP violation - general formalism 

If CP was conserved, then, sufficiently far from the K° production 
point, neutral decays to two pions would no longer occur. However, in 
1964 it was observed (Christenson et ai, 1964) that K£->7i + 7r~ indeed 
occurred, and with a rate 

r(K^7r + 7r-)/r(K^aJl)-2x 1(T 3 . (9.7) 

Thus, Cronin, Fitch and co-workers had discovered that CP was violated 
in this decay. This important observation has been confirmed in this and 
other decay modes of the K° system. However, no evidence for CP 
violation in other hadron decays has so far been found. 

Let us reconsider the time evolution of a K°K° system, allowing for 
the possibility of CP violation. At time t we have, in general, 

|^(0> = fl(0|K°> + fl(0|K o >- (9-8) 
The time evolution is given, for this coupled two-channel system, by 

i^\m>-H\m> = ( H J l " l2 )\M)>, (9-9) 
at \/i 21 ^22/ 

where the Hamiltonian H y in analogy with the single-component case, 
can be expressed as 

H^M-.r/lJ^'^ 2 (9 ,0) 

VM 21 -ir 21 /2 M 22 -ir 22 /2; 

where M and T are called the mass and decay matrices respectively. Since 
they represent observable quantities, these matrices are Hermitian; hence 
M 2l =M\ 2 and T 2l = Pf 2 . However, H is not Hermitian, otherwise the 
K° would not decay. The CP-conserving strong and electromagnetic 
interactions do not cause K° -► K° transitions, nor K° decay, and hence 
contribute only to the diagonal elements of M. Thus, if H wk represents 
the weak Hamiltonian, then the mass matrix can be written 



The neutral kaon system 



455 



M xx « m K o + <K°|// wk |K°> + I l<K ° |i/wk [; >|2 , 

n m K o — h n 

M 22 = m R0 + <R°|tf wk |K°> + I l<K ° |/fwk '" >|2 , (9.1 1) 

M 12 = M^I< K °I // »<^I R °>, 

where the sum extends to the n possible zero-strangeness intermediate 
states of energy £ n . CPT invariance implies that m K o = m^o, and that 
H U =H 22 (i.e. M U =M 22 , r , 11 =r 22 )- In the discussion below it is 
assumed that the strong and electromagnetic interactions conserve CPT. 
The term <K 0 |# wk |K°> has been omitted from M 12 , since direct |AS| = 2 
transitions are not allowed in the standard model. 

The decay matrix T can be expressed as a sum of the' contributions 
corresponding to distinct S = 0 physical states. Conservation of probability 
implies that (see (2.71)) 

^<^| ( A>=-27rXPFl<F|^w k |^>| 2 , (9.12) 

Cu f 
where F is a specific final state from K° and K° decay, and p F is the 
density of final states. From (9.9) and (9.10) we can write 

| <4A> = <4>\>P> + <0> 

= -<«A|r/2 - iM|<A> - <^|r/2 + iM|^> = - <<a|i>>. (9.13) 

Hence, from (9.12) and (9.13), we have 

<^iri^> = 2 n XPFl<F|// wk |^>i 2 , 



r il =27cIp F |<F|H wk |K°>| 2 , 

f (9.14) 



r 2 2 = 2 7 rEp F |<F|// wk |R°>| 2 , 

F 

T 12 = r;, = In £ p F <F|// wk |K°>*<F|// wk |K 0 >. 

F 

If f/ wk is invariant under CPT (this is widely expected on theoretical 
grounds), then 

<F|/f wk |K°> = (F\(CPTy l H wk (CPT)\K°y % 

= <K°|/f wk |F> = <F'|/f wk |K°>*> (9.15) 
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where F is the charge conjugate of final state 7, but with the spins reversed. 
CPT invariance of H wk thus implies that F { : = r 22 , since the sum in (9.14) 
is over all possible final states F. If 7 invariance holds for H wk , then the 
off-diagonal elements are real and equal, and so M 12 — M 2l — and 
r j2 = T 21 = r? 2 . If CPT and CP (or 7) invariance both hold, then 
M u =M 22 , T M = T 22 , M 12 = M 21 and T 12 = T 21 . 

An alternative way to derive these relationships for the mass and decay 
matrices is to write 

M - ir/2 = a Q I 2 + a i a 1 + a 2 o 2 + a 3 a 3 , (9.16) 

where o v , a 2 and a 3 are the Pauli spin matrices. For the phase convention 
(9.1), the operator CP = o { . The operator T = K, the complex conjugation 
operator. Thus, if R = CPT, then CPT invariance implies that RH wk R ~ 1 = 
H^ wy where the form of the righthand side follows from the anti-unitary 
nature of K. Applying this to (9.16), and also considering the equivalent 
operations for T and CP, gives (using the properties of the o matrices) 
a 3 = 0(CP7), a 2 = 0(7) and a 2 = a 3 = 0(CP). 

In general we can express K s and K L as follows (cf. (9.2)) 

The mass and widths of the physical (decaying) states correspond to the 
eigenvalues of the matrix H, given by (9.10) or (9.16), namely 

a,+\a 2 a Q -a 3 J\qJ \qj 

with a similar equation for X L (with r and 5 replacing p and q). The 
eigenvalues of (9.18) are X — a 0 ± a, so that A s = a 0 -f a and A L = fl 0 — a, 
where a = (a] + al + a\Y 12 . Using these results, together with (9.10), we 
obtain 

a 0 = (M u + M 22 )/2 - i(r, L + T 22 )/4 = (M s + M L )/2 - i(r, + T L )/4, 
a, = Re M, 2 - i Re T, 2 /2, 

(9.19) 

a 2 — — Im Mj 2 + i Im rj 2 /2, 

fl 3 = (Af,i-Af 22 )/2-i(r 11 -r 22 )/4, 
a = (M s -M L )/2-i(r s -r L )/4^ a „ 

where the latter approximation follows since a 2 and a 3 are small. 
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The eigenvectors p y q, r and 5 in (9.17) can now be found from (9.18) 
and its equivalent for K L . This gives 

(9.20) 

a — <3 3 a { a v 

r/s= - ^-^K -(l-^- a A (9.21) 

Defining e= — \a 2 /(2a l ) and A = fl 3 /(2a 1 ) (i.e. both small), we obtain, to a 
good approximation, 

|K S > = [(1 + e + A)|K°> + (1 - £ - ts)\1L°W\ 

|K L > = [(1 + £ - A)|K°> - (1 - e + AJlK 0 )]^ 1 ' 2 , (9.22) 

where the parameters £ and A are, from (9.19), 

[-Im M l2 + i Im r 12 /2] 



(r s -r L )/2 + i(M 8 -M L )' 



A _i [i(M 11 -M 22 ) + (r 11 -r 22 )/2] 
2 (r s -r L )/2 + i(M s -M L ) 

Note that if CPT is conserved, then a 2 = 0, and hence A = 0; so that (9.22) 
is then specified by the single parameter e. Thus, a non-zero value of A 
(i.e. non-diagonal mass matrix) would indicate that CPT was violated. T 
invariance gives a 2 = 0, and hence e = 0. If CP is conserved, then (9.22) 
takes the form of (9.2). The overlap of the eigenstates for K L and K s is 
given by (using (9.22)) 

<K L |K S > = 2(Re e + i Im A). (9.24) 



9.1.3 CP violation in 2n and 3n decays 

Because of the definite CP eigenvalues of the final state pions, 
the decay modes K®-+n + n~ and K£ -+ 7i°n 0 are CP violating. The 
quantities which can be extracted experimentally are 

i + - = / + i L -I exp(l< ^ ->> (9 - 25) 

^oo = < ^^ Q J^ kl ^> = |„ 00 | exp(i^ 00 ). (9.26) 

From Bose symmetry, the nn state must have / = 0 or 2. The n~*~n~ and 
7c°7r° states are related to the states of definite isospin by the usual 
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Clebsch-Gordan coefficients 

(n + n~\ = (i-) 1/2 <(7nr) 2 | + (§) ' /2 < (tttt ) 0 | , (9.27) 
<JtV| = (\) u \{nn) 2 \ - (W l2 <(nn) 0 \. (9.28) 
The decay system is specified by four weak decay amplitudes, namely 

((nn^H^K 0 ) = A, exp(i<5,), < (7r7r) 7 |// wk |lC 0 > = A, exp(i<5,), (9.29) 

where / = 0, 2. The phase shifts <5 0 and <5 2 arise from final state interactions 
amongst the pions. If CPT invariance holds, then A { = Af and, since the 
overall phase is unobservable, we can choose A 0 to be real. If CPT is 
violated then A 0 # A 0i but one can still choose A 0 and A 0 to have the 
same phase with A 0 /A 0 real. A measure of CPT violation for 7 = 0 is 
given by 

l 0 = (A 0 -A 0 )/(A Q + A 0 ). (9.30) 

The corresponding parameter X 2 is complex. Note that the amplitude A 2 
violates the |A/| ={- rule, and is thus only about 4% of A 0 (see Section 
8.5). If we let z=(A 2 + A 2 )/(A 0 + A 0 )> then using (9.25), together with 
(9.22), (9.27) and (9.29), we obtain 

_ (A 2 - A 2 ) txp(id 2 ) +(c- &)(A 2 + A 2 ) exp(i<S 2 ) + 2 I/2 [(A 0 - A 0 ) exp(i<3 0 ) + (e - A)M 0 4- A 0 ) exp(i* 0 )] 
(A 2 + A 2 ) exp(i<5 2 ) + (e + A)(A 2 - A 2 ) exp(i<5 2 ) + 2 1/2 [(A 0 + A 0 ) exp(i<3 0 ) + (e + A)(A 0 - A 0 ) exp(i<5 0 )] 

i.e. n + _ ~ e 0 + e' 

(9.31) 

where 

£ 0 = £ — A — 2 0 , 

1 [(/l 2 ^" 2 )-z(/<o-^o)] wttr;/ , 
6 ~ — -- — - exp[i(<5 2 - d 0 )]. (9.32) 

2 A 0 -j- A 0 

Similarly, for the n°n° decay mode 

>7oo = £o- 2 e'- ( 9 - 33 ) 
For the case of CPT invariance, A Q = A 0 and A = X 0 = 0, so that 

£ 0 - e, e'cz * Im A 2 exp[i(<5 2 - <5 0 )]. (9.34) 

2 /4 0 

Note that n + _ and ^ 00 can be non-zero, even if there is no K°-K.£ mixing 
(e = 0). Such direct CP violation would give a non-zero value of e'. The 
quantity e, however, arises from CP violation in the mass matrix. 
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In Section 9.1.1, the time evolution of an initially pure K° beam was 
considered, assuming CP (and CPT) invariance. If we allow for CP{CPT) 
violation, then we must express |K°> in terms of |K S °> and |K°>, using 
(9.22). The time dependence is thus given by (cf. (9.3)) 

[#)> - ^ [(1 - £ + A)|K S > exp(-U s 0 + (1 - £ - A)|K L > exp(-U L <)]. 

(9.35) 

Similarly, if we start with an initially pure K° beam, we obtain 

f(t)> = ^j~ 2 [(1 + e - A)|K S > exp(-i^) - (1 + e + A)|K L > exp(-iA L 0]. 

((9.36) 

In order to calculate the nn decay probability for an initially pure K° 
beam, we require the matrix element 

<7T7r|// wk |^> = ~ <7T7c|# wk |K s > 

x [(1 -e + A)exp(-iA s t) + ^(l - A)exp(-U L 0]. 

(9.37) 

Squaring this gives the relative decay probabilities, which contain a factor 
N = |<7i7r|// wk |K s >| 2 /2. The relative decay probabilities for initially pure 
K° and K° beams are thus given by 

R(t) = N[A exp( - T s 0 + B exp( - Yt) cos(Amt) 

+ C exp( - Ft) sin(Amt) + D exp( - T L r)], (9.38) 

where (using (9.37), etc.) 

A = 1 +2(Re£- Re A), 

B=± [2(1 + 2 Re e) Re n nn ± 4 Im A Im^J, 

C = ± [2(1 + 2 Re e) Im n nn + 4 Im A Re n nK \ 
D = \nnn\\\ +2(Ree + Re A)]. 

In (9.39), the upper and lower signs refer to K° and K° beams respectively, 
T=(r s + r L )/2 and Am = m L — m s . Thus CP non-invariance leads to 
a difference in the nn decay distribution of initially pure K° and K° beams, 
due to the presence of constructive or destructive K S -K L interference (see 
Fig. 9.3). 
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If we assume CPT invariance holds (i.e. A = 0), then (from (9.38) and 
(9.39)) the 27i mode has a decay probability, as a function of proper time i 
(assuming pure K° at t = 0), as follows 

I(t) = /(0)[exp(-r s 0 + \n nn \ 2 exp(-r L 0 

+ 2\n nn \ exp(-n)cos(Amr+ <£„)]. (9.40r) 

Hence, observation of the nn decay probability as a function of time gives 
the magnitude and phase of the CP violating amplitude rj nni provided Am 
is known. Fig. 9.4 shows an example of the interference term obtained 
by observing the K°^n + n~ decay mode from an initial K° beam 
(Geweniger et al. 9 1974), subtracting offtheexp(- T s 0 and \n nn \ 2 exp(- V t t) 
terms and dividing by 2\rj nn \ exp( — Ft). 

Measurement of the K L -K S mass difference can be made using a 
phenomenon known as regeneration. For simplicity, in order to illustrate 
the method, we neglect (for the moment) CP violation. Let us consider 
the set-up shown in Fig. 9.5, where an essentially pure beam of K£ is 
incident on the first of two plates in which there will be strong interactions. 
Now the relevant eigenstates for the strong interactions of neutral kaons 

Fig. 9.3 Effect of CP non-invariance on the nn decay rates of initially 
pure K° and K° beams. 
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ar e the K°(5= 1) and K°(S = -1) states. The K° component has more 
interaction channels open than the K° component, since one can have 
fc°p->A°n + etc. (i.e. the production of 5=-l hyperons); hence 
<r(RN) > tf(KN). Let us consider the (unrealistic) limit, in which all the 
£° component is absorbed in plate 1, leaving only K° mesons on exit 
from the plate (t = 0). Just before the second plate, the wave function will be 

^)>^ eXp( ^ ims0 {|K°>[exp(-r s t/2) + exp(-i Amf)] 

+ |K°>[exp(-r,£/2)-exp(-i Awt)]}, (9.41) 
which is obtained by starting with (9.3) and substituting for K s and K L 



Fig. 9.4 Interference term in K°->nn decay. 
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Fig. 9.5 Schematic of the set-up used to measure the K L — K s mass 
difference. A pure K£ beam is incident on plate 1, and a mixture of 
K L and K s emerges from plate 2. 
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in terms of K° and K° (using (9.22), with e = A = 0). It is further assumed 
that exp(-r L */2)~ 1. 

In the second plate, the K° component is again removed. Re-expressing 
(9.41) in terms of K s and K L we have, on emergence from the second 
plate (time t g ) t an intensity of K s given by 

/(g = |<K B |^ f )>| 2 

^ ^ [1 + exp( - V s t g ) + 2 exp( - V s t g /2) cos(Am^)]. (9.42) 

Hence, by changing the gap distance g, and hence t g9 Am can be measured. 
In practice the analysis is more complicated, since the K° component is 
not completely absorbed and there is an additional phase factor arising 
from CP violation (for a more complete discussion see Commins and 
Bucksbaum, 1983). 

Experimental studies in this field involve the measurement of the proper 
time distribution of the nn decays, with and without the use of regenerators. 
The current 'world average' values for the parameters are (Particle Data 
Group, 1986) 

\n+-\ = (2.275 ± 0.021) x 10" 3 , <j) + _ = (44.6 ± 1.2)°, 

koo| = (2.299 ± 0.036) x 10' 3 , </> 00 = (54 ± 5)°, (9.43) 

Am = (0.5349 ± 0.0022) x 10 10 s" 1 = (3.521 ± 0.014) x 10" 12 MeV. 

Note that Am — 0.5T S , but that Am/m K ~ 10" 14 . From these values, e and 
e! can be computed using (9.31) and (9.33) and solving for the real and 
imaginary parts, giving 

£ ' = [(0.09 4- 0.06) - i(0.09 ± 0.04)] x 10" 3 , 

(9.44) 

e 0 = [( 1. 53 ± 0.06) + i( 1.69 ±0.05)] x 10" 3 . 

That is, £' « e 0 and is roughly compatible with zero. If we take e' = 0, we 
obtain 

Re e = (1.62 ± 0.04) x 10"\ Im e = (1 .60 ± 0.04) x 10" 3 . (9.45) 

Note, however, that the values of(j> + _ and 0 OO are different by about two 
standard deviations. The data on 0 OO are dominated by one experiment, 
so that more accurate data are needed to clarify this important point. 

An accurate limit on the ratio e'/e can be obtained from the results of 
measurements of the relative rates of CP violation in the n + n~ and n°n° 
decay modes, that is the quantity \rj+-/rf 0 \. The phase of e! (see (9.34)) 
depends on the values of the / = 0 and 2 nn phase shifts, which have been 
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determined to be 5 0 = (46 ± 5)° and S 2 = (-7.2 ± 1.3)°. The phases of 
q+ _ and n 00 are both about 45°, therefore the phases off and e' are the 
same to within 10°. Taking the phases to be the same gives, from (9.33) 
and (9.34), 

e'/fi = [|* + -A?oo| 2 " l]/6 = (- 3 ± 4) x 10~\ (9.46) 

The numerical value in (9.46) is computed using the world average value 
of |>7ooA?+ -I = 1-010 ± 0.013. The preliminary results from the latest 
generation of experiments are e/e = (3.5 ± 3 ± 2) x 10" 3 for the Chicago- 
Fermilab-Princeton-Saclay experiment at Fermilab and e'/e = (3.5 ± 1.4) 
x 10~ 3 for the NA31 experiment at CERN (Mannelli, 1987). Including 
these data gives a world average value of e'/e = (2.9 ± 1.2) x 10" 3 , and 
hence may indicate that e' is not zero. 

The analysis of the 3n decay modes of the neutral kaon system is a 
further potential handle on CP violation. However, at present, there is 
no evidence for CP violation in these modes, and the upper limits are as 
follows: 

h + -oi^ r( ^ K 7,: + ;-L <o.i2 (90O/.CD, 



n n ii 



r(K s ° - nWr" 01 



(9.47) 



9.1.4 CP violation in K, 3 decays 

The branching ratios for the semileptonic K£ decays are 

T(K£ - re VvJ/r(K2 -» all) = 0.271 ± 0.004, 

(9.48) 

T(Kl - re^vJ/rfKg all) = 0.387 ± 0.006. 

The muon rate is smaller because of the more limited phase space available. 
The possible transition matrix elements for the semileptonic decays are 

/= <7T-/ + V,|/f wk |K°>, /* = <7Z + rv ; |tf wk |R°>, 

(9.49) 

g = <7r-/ + v,|// wk |K°>, g* = <7r + rv,|// wk |K°>, 

where CPT conservation has been assumed (the general case without 
assuming CPT in variance has been given by Tanner and Dalitz (1986)). 
The amplitude g(g*) violates the AQ = AS rule. This violation is usually 
measured in terms of the parameter x = g/f, which is expected to be small 
(^10~ 14 in the standard model). 
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We next consider the charged asymmetry of the decay lepton in 
semileptonic decays, which is defined as 

«.)-";">- W '"». (9.50) 

AT(0 + Ar(0 

where N + (N~) are the number of / + (/~) decay leptons observed at time t, 
For an initially pure K° beam, the wave function at time t is given by 
(9.35). Assuming CPT conservation (A = 0), then the matrix elements for 
/ + and 1' decays are (neglecting e 2 terms) 

<l + \H wk \m> ={[(1 + x - 2ex) exp(-i^) 

+ (1 - x + 2ex)exp(-U L 0], (9.51) 

and 

</" |// wl #(0> = f ~ [(x* + 1 - 2b) exp( - i V) 

+ (x*~ 1 +2fi)exp(-iA L t)]- (9-52) 

Squaring these gives the relative decay rates N + and N~ respectively, and 
hence the decay asymmetry is approximately 



2(1-| 


x\ 


| 2 ){Re £[exp(-r s i) + exp( 


- r L 0] + exp(- ft) cos(Amt)} 




1 +x| 


2 ex P (-r s r) + | 


1 — jcj 


2 exp(-r L «) 



If t » l/r $ (i.e. no K s °), then (9.53) simplifies to 



(9.53) 



2(\ - \x\ 2 ) 

S(t) * 4 ~TT- C ex P(- r 0 cos(AmO + Re e], (9.54) 

|1 — x| 

The results of a measurement of 5{t) for K° 3 decays by Gjesdal et al 
(1974) are shown in Fig. 9.6, and a fit to the data gives a value 
Am = (0.533 ± 0.004) x 10 10 s -1 . The quantity x, which measures any 
violation of the AQ = AS rule, is compatible with zero. The world average 
value is 

Re x = 0.009 ± 0.020, Im x = -0.004 ± 0.026. (9.55) 

For large times, only the second term in (9.54) is important, and the 
measurements of 5(t) give a value of (3.30 ± 0.12) x 10" 3 , which for x = 0 
and using Re e = (5/2, gives 

Re £ = (1.65 ±0.06) x 10" 3 . (9.56) 
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This value is compatible with the value derived from K n2 results (9.45). 
Note that if CPT is not assumed, then, for x = 0, S = 2 Re(e — A) at very 
large times. 

9.1.5 Further limits on the CP and CPT parameters 

The overlap <K L |K S > depends on the values of both £ and A, as 
can be seen from equation (9.24). In order to evaluate this, we start with 
(9.13) and insert into this equation an arbitrary state 

= a s exp(-U s 0|K s > + a L exp(-U L t)|K L >. (9.57) 

Equating coefficients we find that 

-m - A S )<K L |K S > = <Kjr|K s >, (9.58) 

which, using Schwartz's inequality, gives 

\Xt - ^||<K L |K S >| ^ [<K L |r|K L ><K s |r|K s >]" 2 = (rjj" 2 . (9.59) 

Substituting for the experimental values gives the limit 

|<K L |K S >|^0.06. (9.60) 

By considering the individual decay channels separately in (9.58), a more 
stringent limit of 0.006 can be deduced (Bell and Steinberger, 1965). This, 



Fig. 9.6 Decay asymmetry, as a function of time, measured using 
K? 3 decays. The curve is a fit to the data (Gjesdal et aL, 1974). 




10 



20 



/(10" 10 s) 



466 Quark and lepton oscillations 



together with (9.24) and (9.54), gives 

|Im A| ^ 2.5 x 10" 3 . (9.61) 

A study of the K° nn decays in the reactions pp -> K + K° + pions 
and pp K ~K° 4- pions also gives information on e and A, since the 
strangeness of the initial K° (or K°) is known. Combining the existing 
data, Tanner and Dalitz (1986) estimate that 

Re A -Re £ = (-2.3 ±6) x 1(T 3 , (9.62) 

and hence, using (9.56), the value of Re A is 

Re A = (-0.7 ±6) x 10~ 3 . (9.63) 

This value, together with Im A = ( — 0.1 1 + 0.10) x 10" 3 (see Tanner and 
Dalitz, 1986) allows a limit on the value of \a 3 \ = \2a { A\ to be made. Since 
2a x « 2a = A s — X L then, inserting all these values, gives 

|a 3 |^0.007r s ^ 10- 16 m K . (9.64) 

A first sight this appears to be a rather stringent limit on CPT conservation; 
however, the scale with which any violation should be judged is maybe 
that of a second-order weak effect such as T s . In this case, the limit is only 
about 1%, i.e comparable with CP violation. 

9.1.6 The K L — K s mass difference 

The lowest order diagrams contributing to the K L — K s mass 
difference are shown in Fig. 9.7. The usual Feynman rules give, for diagram 
(a), 



i# 4 sin 2 0 c cos 2 0 c 
; 64" 



d 4 /c 



s y^ { - y ) —2 ~ L2 w 1 - y ) d 



(2nf 

(9.65) 

Ignoring, for the moment, the contribution of t-quarks, the intermediate 
quark states are u and c, and give an overall Cabibbo factor sin 2 9 C sin 2 8 C . 
The relative signs of the (u, u) (u, c), (c, u) and (c, c) combinations are + , 
— , — and + respectively (these follow from the GIM mechanism). The 
matrix element (9.65) in this case simplifies to 

° c Isyrfy^ - y 5 )*'SfyW - y 5 )dy aP , (9.66) 
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where 



(2ti) 4 (k 2 - Mi) 2 (k 2 



l (k 2 



64n 2 \Mi 



(9.67) 



The limit M w » m c » m u has been assumed in the evaluation of the integral 
I a p (if m u is retained, then the expression contains m\ — m 2 ). Substituting 
g A = 32GpMw, and adding an identical contribution for diagram (b), we 
obtain (for details, see Gaillard and Lee, 1974) 



Gp sin 2 8 C cos 2 6 c m 2 
\6n 2 

Gp sin 2 6 C cos 2 9 c m 2 
An 2 



[s W v(l ~y 5 )d- W/0 -y 5 )d-] 



[ S -y,(l-y 5 )^.5/(l-V 5 )fl- (9.68) 



If we neglect the effects of any CP or CPT non-invariance, then from 
(9.19) the mass difference is Am = m L — m s = — 2M 12 , where M 12 is given 
by (9.11). After some simplification of (9.68), we obtain from (9.11) and 
(9.68) 



Am = ^| m c 2 sin 2 0 C cos 2 0 C [<K°|^(1 - V 5 )^|0><0|^(1 - y 5 )rf|K°>] 

Z7T 



4n 2 



w c 2 sin 2 6 C cos 2 0 c /^m K , 



(9.69) 



where the term in square brackets has been replaced in the second line, 
by /k w k/2w k , since this term can be identified with the |K> |0> current 
in K /2 decay. The calculation outlined above is rather crude, but 
nonetheless gives a reasonable value for Am, providing m c ~ 1.5 GeV. If 



Fig. 9.7 Diagrams contributing to the K L — K s mass difference. The 
intermediate quark states i y j are the charge § quarks u, c, t. 
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the diagrams including the c-quark had not been included, then there 
would be no cancellation of the type resulting from the GIM couplings, 
and the expression for Am contains M 2 V , instead of m\. Gaillard and Lee 
(1974) used just this approach (before the discovery of charm) to predict 
(correctly) the c-quark mass. 

9. 1 .7 Models of CP violation 

CP violation has so far only been observed in the K° system. 
Hence, given the rather limited data (despite the improved accuracy), 
potential models have proven difficult to rule out entirely. The relative 
strength of the CP violating interaction can usually be adjusted to give the 
correct magnitude of CP violation in K° decays. Some of the various 
suggested origins of CP violation are as follows (for a detailed review see 
Wolfenstein (1986)): 

(i) CP violation in electromagnetic interactions. If the origin of CP violation 
is in the electromagnetic interaction, then the required violation is large 
(~0.1). However, the experimental limits on C, P and T violations in 
electromagnetic interactions are better than 10" 12 . A non-zero neutron 
electric dipole moment (d n ), # can only arise if both P and T are violated. 
If the electromagnetic interaction is T-violating and P-conserving, then the 
normal T-conserving and P-violating weak interaction is needed to generate 
d n . Very roughly, one might expect d n ~ (G F m^/4n){e/m N ) ~ 10" 20 e cm, 
or, with a more sophisticated treatment, d n ^ 10~ 23 e cm. The current 
experimental limit is d n < 6 x 10" 25 e cm. 

(u)Millistrong interaction. A small (~ 10~ 3 ) violation of CP in the strong 
interaction is needed, with the K£ -* 2n occurring via a second order 
transition in this CP-violating interaction. Since P is conserved to better 
than 10" 5 in strong interactions, there must be C (and T) violation in 
strong interactions of about 10~ 3 . An electric dipole moment for the 
neutron of d n ~~ 10"" 21 e cm is expected. 

(iii) Milliweak interactions. In this model there is, in addition to the 
CP-conserving weak interaction, a small (~10~ 3 ) CP-violating piece, 
giving first-order CP-violating effects. No direct evidence has been found 
in any weak process for T violation; however, it is difficult, in general, to 

* The electric dipole moment d contributes a term to the Hamiltonian // = dS ■ E. 
where J denotes the spin of the particle and E the electric field. Under P J -* J 
and E -* — E, whereas under T J -» — J and E -* E. In terms of the cms charge 
density of the particle p }) (third component m — J along Oz), d = \ p }J z dr. 
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turn these limits into rigorous limits on a possible milliweak interaction. 
A value of d n ~ 10" 23 e cm is expected in this model. 

(iv) Superweak interaction. In this model (Wolfenstein, 1964) a AS = 2 
interaction is postulated, which causes K°<->K°, and hence K£<->K°, 
transitions. These transitions are first order in this interaction, which has 
some coupling strength F. Taking the scale of both F and G F to be wi N , 
then the relative value of a 2 (first order in F) to a l (second order in G) is 



Now this ratio must be approximately 10" 3 in order to explain CP 
violation, hence F ~ 10~ 8 G F . The CP violation arises entirely from the 
mass matrix, and not from the ordinary weak interactions which give rise 
to the K 2n transitions, hence A 2 = A 2 so that e' = 0 and, further, a 2 
is real. Hence the model predicts that 



The prediction for the phase follows from noting that a 2 = 2'ia^ ^ ic(A s — A L ) 
is real, and thus the imaginary part of ib(X & — A L ) can be equated to zero. 
Putting in the measured values for Am and T s gives $ = (43.7 + 0.1)°. 
These predictions are in tolerable agreement with the data. However the 
non-zero value of e\ suggested by the most recent data, would imply that 
the superweak model is not the only source of CP violation. Note that, 
the superweak theory implies that any effects outside the K° system are 
very smalh The electric dipole moment of the neutron, for example, is 
predicted to be less than or equal to 10" 29 e cm. 

(v) Standard model. In the six-quark scheme depicted by the KM matrix 
(5.193), the phase S represents CP violation. From (9.23) we see that £ 
arises from non-zero values of Im M l2 or Im T 12 . From the experimental 
results ((f) ~ 44°), one can deduce that Im T 12 « Im M 12 . Thus, the Re M 12 
gives rise to the mass difference Aw, whereas Im M 12 gives rise to CP 
violation. If we reconsider the diagrams of Fig. 9.7, including the t-quark 
contributions, then we obtain (cf. (9.65)) for either diagram (a) or (b) 



I02/01 1 -FmlUGml) 1 . 



(9.70) 




(9.71) 



a 



2 J (2nr i.j L 



k 2 - mf 



- 2 y,U -y 5 )d 



*^ v (i-v 5 )f 2 — J - 2 f(i-y 5 )d , 

k — trij 



(9.72) 
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where ij = u, c, t and af M is the product of the couplings of the ith quark 
to d and s quarks. That is, from (5.193) 

a c KM = -s l c 2 [c l c 2 c 3 - s 2 s 2 exp(i<5)], 

a™ = -5 1 5 2 [c 1 5 2 c 3 4- c 2 s 3 exp(i(5)]. (9.73) 

To obtain e, it is necessary to separate the real and imaginary parts of 
M, and evaluate them by contour integration (neglecting m u ). This gives 
(Ellis et al. y 1976b) 

Im M 12 /Re M [2 = 2s 2 c 2 s 3 sin 5 ■ F(^), 

where rj = m\jm} and, defining >/' = ^/(l — y\\ 

P( n ) = s jQ + 1' ln ") ~ c l(" + *l' ln l) 
c i c 3(c2*1 + 4 ~ 2s 2 c 2 r] f In q) 

The parameters in (9.75) are rather poorly known, but the predicted value 
of s (|e| ^ Im M l2 /Am) is about the correct magnitude. 

The above calculations are for second-order processes. There are also 
possible first-order diagrams, for example the so-called penguin diagram 
of Fig. 9.8, which contribute to e'. Fig. 9.9 shows the predicted value of 
e'/e, as a function of the t-quark mass, from a standard model calculation 
by Gilman and Hagelin (1983). The parameter B is a measure of the 
deviation of the hadronic part of the matrix element from the vacuum 
insertion form of equation (9.69). Calculations give values of B in the 
range 0.3 to 1, with a value of B~0.1 to 0.8 perhaps favoured. The 
prediction is calculated assuming T(b uev)/F(b cev) is less than 0.05 
(see Section 8.6.3; this gives a constraint on 9 2 and 9 2 in the KM matrix). 
The contributions of these and the other diagrams, in particular the 
computation of QCD corrections and of bound state effects, is a matter 



(9.74) 
(9.75) 



Fig. 9.8 Penguin diagram contribution to CP violation, i = u, c, t. 
The K°->7r7t(7 = 0) decay amplitude can be complex through this 
|AS| = 1 transition. 
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of much theoretical debate. For a review, see Buras (1985), who concludes 
that if |s7£|<10" 3 , w [ <40GeV and r(b -> uev)/r(b -> ccv) <0.01, then 
one must also look outside the minimal standard model for an explanation 
of CP violation (e.g. extra Higgs doublets, more generations, left-right 
symmetric models, supersymmetry, etc.). The experimental goal is therefore 
to measure s'/e to better than 10 " 3 . 

The neutron dipole moment can also be predicted in the standard model. 
Estimates give (Ellis et al., 1976b) d n ^ 10" 27 e cm; however, these are 
sensitive to the input parameters (e.g. m t ), and many estimates give 
d n < l(r 30 ecm. 

9.2 MIXING AND CP VIOLATION IN HEAVY 
QUARK SYSTEMS 

The K°K° system can undergo |AS| = 2, ds<->3s transitions. In 
general, one would expect other neutral combinations of quarks of different 
flavours to exhibit similar phenomena. Thus, mixing and CP violation 
might be expected for the D°D°(cu <-» cu), B°B°(ba «-> Bd, bs 5s) and 
T°T°(tu «-> tu, tc «-> tc) meson systems. The formalism is the same as for 
the K° system; hence, assuming CPT invariance, we have two states of 

Fig. 9.9 Predictions for e'/fi, as a function of the t-quark mass, for 
different values of the bag parameter B. The hatched region indicates 
the uncertainty in the calculation resulting from the b-lifetime. The 
experimental value is plotted at m, = 50 GeV. 
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definite mass (M s and M L ), which are linear combinations of the states of 
definite flavour (M°, M°). Assuming that e is small, so that in the 
normalisation 1 + |e M | 2 ~ 1, we have following (9.22) 

|M S > = [(1 + £m )|M°> + (I - £ M )|M°>]/2^ 2 , 

|M L > = [(1 + £ M )|M°> - (1 - £m )|M°>]/2 1 ' 2 . (9.76) 

For the K° system, the 2n(CP = 1 ) and 3n(CP = — 1 ) decay modes have 
very different decay probabilities because the 3n mode is suppressed by 
phase space. For the heavy quark meson systems there are many decay 
channels open, and these are often not CP eigenstates. For example, in 
the decays of the D° meson, the CP states must have 5 = 0, but these are 
Cabibbo-suppressed (e.g. D° -> n + n ~ , K * K " have branching ratios much 
less than 10" 2 ). 

The B°B° system seems to be the most favourable system for the 
observation of mixing phenomena. For a heavy quark doublet (H, L), i.e. 
(c, s) or (t, b), we expect T L « T H because the phase space is larger for H 
than L, and also because the decays of L involve a generation change and 
are suppressed. The mass differences can be roughly estimated using box 
diagrams, in a similar way to that for the K° meson, giving 

Am L oc Wh, Am H oc m[ . (9.77) 

Thus, we expect that Am L > Am H . If Am is large enough that the phase 
between M s and M L changes appreciably during a typical lifetime, then 
sizeable mixing can occur (in a similar way to that for the K° system). 
That is, Am/F is a measure of the size of the mixing. The general arguments 
above suggest that (Am/r) L > (Aw/r) H . More detailed estimates yield (for 
B mesons this is discussed below) 

(Am/r) D « 10" 3 , (Aw/D B ^ 0(1). (9.78) 

Note that D°-D° (like K°-K°) transitions are Cabibbo-suppressed, 
however D decays (unlike K decays) are not. Hence there is a suppression 
factor (Am/r) D oc sin 2 0 c /cos 2 9 C . 

Because Aw is small, and T is large (typically 10 13 s _l ), mixing 
phenomena are probably best sought after in time-integrated distributions 
(i.e. those observed in a detector many lifetimes away from the production 
point). The formulae for the time evolution take the same form as those 
derived for the neutral kaon system. If we start with a pure beam of M° 
mesons at t = 0, then at time t we have (cf. (9.35)) 
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[*W> = 2U2 ^ ~ fi M)l M .°> «p(-iV) + (1 - *m)K> exp(-i^)] 

= ~ 4)(exp(-U s 0 + exp(-U L 0)|M 0 > 

4- (1 - £ M ) 2 (exp(-U s 0 - exp(-U L 0)|M 0 >]- (9-79) 
Thus the ratio of the M° to the M° content, for large times, is 



(M Q ^M Q ) _ ^|<MV(Q>| 2 dr 
(M°-M°) |-|<MV(0>| 2 dr 



1 -fi M 



6, 



(9.80) 



The integration term 5 is given by, defining Am = m L - m s , r = (r § + T L )/2 

and sr = r s — r L , 



<5 = : 



(Am/D 2 + (^r/2D 2 



2-f(Am/r) 2 -(^r/2r) 2 " 

Similarly, for an initial M° beam 



r = 



(M°-M°) 
(M°->M 0 )' 



1 +fiK 



(9.81) 



(9.82) 



There are two conditions which result in maximal mixing (i.e. S = 1). 
Firstly, if \5T/2\ (i.e. r s »T L ), then the M s ° component will quickly 
decay, leaving M° (i.e. as for the K° system). Secondly, if Aw»T, the 
system oscillates quickly between M° and M° before decaying. Mixing 
causes a change in the asymmetry in the semileptonic decay modes. For 
example, the decay of the D° meson is via c s(d)/ + v„ whereas for D° 
it is c->s(3)/"vj. The asymmetry can be measured, for example, in the 
reaction 



e + e" ->^"-»D°D° 



(9.83) 

If N ++ (N~~) is the number of / + / + (/"/") events detected, then a 
measurement of the relative fraction /, of like-sign to opposite-sign 
dilepton events, can be expressed as 



1 +rr 



2(5 

T+T 2 



(9.84) 



This method can be applied to any reaction in which D°D° pairs are 
produced. For example, from a study of dimuon events in hadron-iron 
collisions, Bodek et al. (1982) find that the D°D° mixing is less than 4%. 
P similar study of dimuons produced in 225 GeV 71N collisions (Louis et 
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al, 1986) gives a more precise limit of 5.6 x 10" 3 (90% c.L). An alternative 
method is to study the D° K - ^ and D° -> K + n~ decays in e + e" -* 
D°D°. Mixing, in this case, shows up as an apparent violation of the 
AC = AS rule. Goldhaber et al. (1977) find that any such violation is less 
than 18% (90% c.L). From a study of the well constrained decay sequence 
D* + ->D°7r + etc. in e + e~ annihilations, Albrecht et al (1987c) extract 
a limit r(D° - D°)/r(D° -> all) < 1.4% (90% c.L). Neglecting any CP 
violation, the above results can then be used to set the limits Am/T < 0. 1 1 , 
(5r/r<0.22 and also that Am < 1.6 x 10" 4 eV. 

The B°B° system is expected to be the most fruitful experimental 
possibility for mixing. An estimate of the mass difference Am q for B°-B° 
(q = d, s) can be made using the box diagram (in a similar way to that 
described in Section 9.1 .6). The t-quark contribution dominates/ giving 

Am q - p- n*flBm B m?\ K*K (q | 2 , (9.85) 

071 q 

where r/ B (~0.8) is a QCD correction, B the bag constant and f B is the 
B-meson decay constant. Estimates give roughly Bf\ A ~ (0.11 GeV) 2 and 
Bf i s ~ (0A5 GeV) 2 . The KM matrix elements in the Wolfenstein para- 
meterisation are approximately V is ~ X 1 and V ld ^ X s (X = sin 2 9 C = 0.23), 
so that x q = (Am/r) q is expected to be larger for B° than for B£- Two 
measurements yielding non-zero values of / (in (9.84)) have been reported 
(see, e.g., Bigi (1987) for a discussion). The Argus experiment (Albrecht 
et al. 9 1987b), working at the T(4S) resonance (i.e. B^Bj), find a value of 
/=0.21 ±0.08. At the T(4S), the B-B are in a state /= 1, and / - r d 
(instead of (9.84)), due to the effects of Bose-Einstein statistics. The UA1 
group (Albajar et al, 1987b) report a value of /= 0.42 ± 0.07 ± 0.03 from 
the analysis of a sample of pp -> ji 1 fj. 1 X, containing an (unknown) mixture 
of Bj and B s ° (an estimate is 15% B s °, 40% Bg). Part (but probably not 
all) of this signal is due to processes other than B°B 0 mixing (e.g. pp bBX, 
b c + , 5 n + leaving /(mixing) ~ 0.14 ± 0.06, compatible with all 
values of r s for r d ~ 0.2. If these results become firmly established, 
then (using equations (9.80) to (9.85)) a limit w ( >, 34 GeV, and a value 
x d ~ (Am/D d =0.73 ±0.18 can be extracted. Thus, these experiments are 
consistent with mixing; however, the corresponding CP violation is 
expected to be small in the standard model. A non-zero value of 
a = (l ++ -/"-)/(/ ++ +/"") = (r-r)/(r + r), would be evidence of CP 



* This calculation makes use of the bag model in which the hadronic part of 
the matrix element (i.e. the analogue of the s ■ d term in (9.68)) is replaced by 
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violation. It may be that the K° system alone will be the only one which 
will provide data on CP violation for some time. For a detailed review 
of the potential sources and size of mixing and CP violation effects, see, 
for example, Chau (1983) and Bigi and Sanda (1987). 

Our understanding of the intriguing phenomenon of CP violation is, 
after more than 20 years' work, still far from satisfactory. The phenomenon 
itself, however, allows a unique definition of what we refer to as matter 
and antimatter. The baryon to antibaryon excess in the universe may also 
have some connection with CP violation. 



9.3 NEUTRINO MASS AND OSCILLATIONS 

The properties of the neutrinos (v„ / = e, t), as so far portrayed, 
are that they are zero-mass particles which have only lefthanded couplings 
(or only righthanded for v,), and that for each generation there is a 
conserved additive lepton quantum number. In general, however, the 
neutrino mass eigenstates and lepton-number eigenstates are not necessarily 
the same. Thus, there can be mixing between the generations in a way 
analogous to the KM scheme for quarks. Such mixing gives rise to neutrino 
oscillations beween eigenstates of definite lepton number (Maki et ai, 
1962; Pontecorvo, 1968a). 

Transitions between neutrino states imply that the associated lepton 
number is violated. In attempts to unify the electroweak model with QCD, 
such as the SU(5) model of Georgi and Glashow (1974), quarks and leptons 
are grouped together in multiplets, and there can be transitions between 
them. These are mediated by very massive (~ 10 15 GeV) X and Y bosons, 
with charges + § and + 5 respectively. Baryon number conservation is 
also violated, and the proton can decay by p -> e + 7i°, etc., but with a long 
lifetime (^ 10 28 yr), due to the large mass of the X boson. The lepton 
number violation can occur via | AL| = 0 or 2 transitions, where L = L e + 

+ L z . For both cases the oscillations between neutrino types require 
that the neutrino from at least one generation has finite mass, and that 
the masses of at least two generations are not equal. 

9.3.1 AL= 0 oscillations 

For simplicity we consider only the electron and muon generations. 
The relevant part of the standard model Lagrangian is that given in 
(5.181). This can be written in the form 





(9.86) 
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where (with k = v/2 1/2 ) 



M' = K 



That is, the mass matrix for the neutrino has, in general, off-diagonal 
elements. 

The mass eigenvalues correspond to a basis in which the mass matrix 
(/Vf v ) d is diagonal, and this is achieved by a rotation from v' to v. That is, 

vW cos 9 sinflVvA . g y , = ^ {g g?) 

W \ — sin 0 cos Oj\v 2 J 

Now, for physical equivalence between the two bases, we require that 
vM'y ~ v(M v ) d v, so that 

M' v = £/ r (M v ) d (7, (M v ) d = UM:U\ (9.88) 

where, if m { and m 2 are the mass eigenvalues, we have 

M v = f m ' °j. (9.89) 

Defining m Vc = /c/i ee , m V[i = Kh Mfi and m VcV = /c/i e/i , we obtain from (9.86) 
to (9.89) 

m Vc = m x cos 2 8 + m 2 sin 2 0, 

m V(i = m t sin 2 0 + m 2 cos 2 0, (9.90) 

If we start with a pure v e beam at t = 0, then oscillations between the 
lepton number eigenstates can occur in a similar way to those between 
strangeness eigenstates in the K° system. At time t the state becomes 

|(//(0> = cos 0 exp( — i£ l r)|v 1 > + sin 0 exp( — i£ 2 £)|v 2 > 
= [cos 2 #exp( — i£ : 0 + sin 2 0exp( — i£ 2 r)]|v c > 

-hsin e cos 0[exp(-i£ 2 O-exp(-i£ 1 O]|v M >- ( 9 - 91 ) 



Neutrino mass and oscillations 



477 



Table 9.1. Summary of the most abundant neutrino sources 

For each, the mean energy and typical length L from the source is given, together 

with the mass values to which the method is sensitive 



Source 


Flavour 


<£ v > 


L(m) 


Am (eV) 


Accelerator 




2-100 GeV 


50-1000 


-10 


Reactor 


~ V c 


~3 MeV 


5-100 


-1 


Sun 


V c 


1-10 MeV 


10 11 


~10" 5 



Hence, the probability that the state becomes a is 
P(v c -v /i ) = |.<v>(0>| 2 
sin 2 29 



2 

sin 2 29 



[1 -cos(£ 2 - EM 



1 — cos 



m\ — m\ 
2E 



L 



= sin 2 29 sin 2 



1.27Am 2 L 



(9.92) 



where, in the last line of (9.92), the approximation that the beam 
momentum has been used and the quantity L is the distance 

travelled by the beam. In the final expression the units are L in metres, 
£ in MeV and Am 2 = m\—m\ in eV 2 . From (9.92), one can define an 
oscillation length 

4nE 2.5£(MeV) 

A = — — ^ metres. 9.93 

\m\-m\\ Am 1 (eV 2 ) 

Because the potential range of possible values for any non-zero neutrino 
mass is large, any particular experiment is only sensitive to a small window 
around Am ~ (2.5£/L) 1/2 . A summary of possible methods, and their 
ranges of sensitivity, is given in Table 9.1. 

The above formulation can easily be extended to the case of three 
generations. The matrix U (cf. (9.87)) becomes a 3 x 3 unitary matrix and, 
as for the KM matrix, there are three possible mixing angles and one 
CP-violating phase. Given the large number of parameters, and the limited 
number of 'windows' available in practice, the unravelling of any neutrino 
oscillations is clearly difficult. In the following only a very brief discussion 
ls given; for more extensive reviews see, for example, Vergados (1986), 
Winter (1986). 
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In the reactor experiments the v e s produced have energies below the 
threshold for the charged current interactions of and v t . Hence, effects 
can only be observed by disappearance experiments, and these are not 
sensitive to small values of sin 2 20. The reaction v e p e + n is measured 
by detecting the recoil neutron and measuring the energy of the positron. 
The event rates and the spectra are then compared at two distances. 
However, this method requires good knowledge of the reactor flux. This 
dependency could be greatly reduced by simultaneously measuring the v e 
flux at two distances. 

Neutrino beams at high energy accelerators are mainly (or v^; if 
negative parent mesons are used). The beam energies are large enough 
that both appearance and disappearance of flavours can be studied. 
Furthermore, beams rich in v e and v e can be produced from the so-called 
beam dump experiments. In this arrangement, the conventional flux arising 
from n~ and decays is largely eliminated by using a target consisting 
of many interaction lengths of material. The v e , v c arise from the decays 
of short-lived particles (e.g. D°, D°, A c ). The production of v t and v r is 
also possible from the semileptonic decays D s tv r , etc. If the source of 
the v and v giving rise to the observed reactions in the various detectors 
is from the semileptonic decays of charmed particles, then essentially equal 
rates for v e and v M (or v e and are expected. Some indication that the 
flux (v e )^0.6 x flux(v /i ) was obtained from the CERN beam dump 
experiments (see, e.g., Hulth, 1984); however, this anomaly has largely 
disappeared with a repeat of the experiments. 

A more direct method of studying possible oscillations is to use two v ti 
beams of widely different energies. Such an experiment has been carried 
out at CERN, using the usual SPS v„ beam (<£ v >~50GeV), and 
a specially constructed beam from the low energy PS accelerator 
(<£ v > ~ 1.5 GeV). The accelerator neutrino experiments are sensitive to 
rather small values of sin 2 29. Fig. 9.10 shows some limits on Am 2 (v e 
from both reactor and accelerator experiments. The reactor experiments 
are incompatible. The Bugey experiment (Cavaignac et al., 1984) claims 
a signal for oscillation, but the Gosgen experiment (Zacek et al., 1985) is 
compatible with a null result, over a wider range of Am 2 and sin 2 29. 
The limits on possible transitions from v e or to v r are less precise. 

In the third possible method listed in Table 9.1, that using electron 
neutrinos produced by the thermonuclear reactions in the sun, the 
sensitivity is to very small mass differences. Since the experiments are of 
the disappearance type, the v e flux produced by the complex nuclear chain 
reactions must be well known. The incident flux on earth is approximately 
10 1 l v c /(crc\ 2 s). Experimentally, a series of measurements on solar neutrinos, 
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detected by the reaction v c + 31 CI -> e~ + 37 Ar, has been carried out since 
1970 by Davis and coworkers (Bahcall et ai, 1983). The resulting mean 
value from these data for the solar neutrino flux is 

experiment R cxp ( 31 C\) = 2.1 ± 0.3 SNU, 

theory K th ( 37 Cl) =5.8 ±2.2 SNU, (3a limit) (9.94) 

where the 'theory' is computed using the standard solar model. One solar 
neutrino unit (SNU) is equal to 10~ 36 v e captures per target nucleus per 
second. The model has some sensitivity to the input parameters, and lower 
values can be obtained (Filippone, 1981 ). The difference between experiment 
and theory is generally referred to as the solar neutrino problem. 

Before any conclusion on v e oscillations can be drawn from the results, 
the correctness of both the experiment and the solar model must be firmly 
established. It should be noted that the threshold for the 37 C1 interaction 

Fig. 9.10 Some results on the 90% confidence limits for (v e <->v^) 
transitions from experiments at accelerators (BEBC, CHARM, BNL) 
and at reactors (GOSGEN, BUGEY). All the experiments exclude 
values above the contour except the BUGEY experiment, which claims 
a positive result. 





sin 2 26 
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is considerable (814 KeV), and that only about 10" 4 of the solar neutrinos 
(mainly from 8 B decay) have sufficient energy for this interaction. Even 
then, other possibilities exist. If the neutrino has a magnetic moment then, 
on passing through the solar magnetic fields, some decrease in the number 
of lefthanded neutrinos could occur. Such neutrinos would not be detected 
in the Davis experiment. A further consideration to be taken into account 
is that discussed by Wolfenstein (1978), and developed by Mikheyev and 
Smirnov (1986); namely that any neutrino oscillations will be influenced, if 
the neutrinos traverse a sufficient path length in dense matter (L >, 10 3 km, 
thickness ^10 9 gcm~ 2 ). This arises because the cross-section for low 
energy v e5 which can have both neutral and charged current interactions, 
is not equal to that for v u , for which only the NC channel is open. 
Furthermore, oscillations can occur, even if all the neutrinos are massless, 
if the coherent forward scattering is partially off-diagonal, i.e. neutral 
current interactions in which the ingoing and outgoing neutrinos are of 
different types. The solar matter through which the emerging v e particles 
pass could induce transitions to and thus may explain, at least in part, 
the solar neutrino problem (Bethe, 1986). 

Measurement of the solar neutrino flux is clearly important, not only 
in the understanding of neutrino oscillations but also as a test-bed for 
stellar models. New methods of detection are actively being pursued, and 
these should be sensitive to low energy v c from the pp interactions in the 
solar chain. Detectors of either gallium ( 71 Ga) or indium ( 115 In) have 
emerged as good candidates. Alternative methods of measuring the high 
energy component are also desirable. 

9.3.2 \AL\ = 2 oscillations 

From consideration of the Dirac equation we have seen that, if 
the v(v) is massless, then it must have a definite helicity. Analyses of the 
charged currents in various processes are compatible with there being 
only lefthanded neutrinos, i.e. (1 — y 5 )u v , and only righthanded antk 
neutrinos, i.e. v v (1 +y 5 ). If this is the case, then there is no distinction 
between v and v which will lead to experimentally observable consequences. 
That is, we could have the equivalence v L = v t and v R = v R . This description 
of the neutrino, in which the v and v are identical, is called a Majorana 
neutrino v M (Majorana, 1937) and is an alternative to the usual Dirac 
description (see Appendix B). In the Majorana formulation, the lepton 
number is not conserved, but we can define an alternative quantity which 
is conserved, namely 




for Ki-y 5 )v M > r, 

for i(l+y 5 )v M , l\ 



(9.95) 
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If the neutrino has mass, then the Dirac and Majorana descriptions are 
no longer identical. However, the expected differences are very small. For 
example, if the v c produced in neutron decay (n-+pe~v e ) then initiates 
the interaction v e + 37 C1 -> e~ + 37 Ar (which is possible for Majorana 
neutrinos), the cross-section will be small because of helicity considerations.. 
The neutrino produced in neutron decay is righthanded, whereas (in the 
m v = 0 limit) a lefthanded neutrino is needed for the subsequent interaction. 
Thus the amplitude is proportional to m v and is consequently small. 

A potentially sensitive way of confirming whether or not neutrinos are 
massive Majorana particles is through the study of double-beta decay. The 
pairing energy of nuclei with even numbers of protons and neutrons is 
stronger than that in neighbouring odd-odd nuclei. Hence, in some cases, 
the even-even nucleus cannot decay to the neighbouring odd-odd nucleus 
but can decay, by a second-order weak interaction, to the next even-even 
nucleus, i.e. (A, Z)->(A, Z + 2)2e~2v e (see Elliot et at. (1987)). Of particular 
interest is the possibility of neutrinoless double-beta decay, i.e. (A, Z)-> 
(A, Z + 2)2e ~ , which can occur by the mechanism shown in Fig. 9.11. This 
requires that the virtual v from the first e~ emission is reabsorbed as a v in 
order that the second e~ is emitted. This is possible for a Majorana 
neutrino, but it must have either a non-zero mass or the weak charged 
current process must have some righthanded admixture. In the latter case, 
the lepton current has the form 

/x^[(l^y 5 ) + ^(l+y 5 )]v M . (9.96) 

Experimentally, two methods have been used. In the first, which is 
passive, the fraction of daughter nuclei trapped in ores rich in the 
parent nuclei is determined by geochemical means. The two main problems 



Fig. 9.11 Mechanism for neutrinoless double-beta decay by the exchange 
of a virtual Majorana neutrino. 
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with this method are that there may have been some leakage over the long 
time-scales (~ 10 9 yr) involved and, further, that there is no distinction 
between the Ov and 2v modes. A measurement gives the sum of the two 
modes, i.e. A lot = X 0v + A 2v . Hence, an estimate for A 2v is necessary. 
However, the phase space available for the two-body Ov final state is much 
larger (by a factor of approximately 10 6 ) than for the four-body 2v state. 
For example, for the nucleus 130 Te, it is estimated that the respective 
half-lives are 



L l/2 ' 



10 22±2 yr, T?; 2 ~10 15± V 2 yr. (9.97) 

Some of the uncertainty in the theoretical predictions can be removed if, 
as suggested by Pontecorvo (1968b), the ratios of the decays of two isotopes 
are compared. The relative decay energy, or Q value, of 128 Te (869 KeV) 
is much lower than that of 130 Te (2533 KeV). The ratio of the 2v decay 
modes is estimated to be p 2v = 128 ^ 2 v/ 13 °^2v ~ 2 x 10" 4 . Experimentally, 
Kirsten et ai (1983) find a value for the ratio of the total decay rates 
which is compatible with this estimate, namely 

P.o. = l28 U l3 °K ol = (1-03 ± 1.13) x 10- 4 . (9.98) 

If the Ov mode occurs, then a ratio much greater than this is expected. A 
limit w v ^ 5.6 eV and ^ ^ 2.4 x 10" 5 (95% c.l.) is extracted. (The notation 
m v denotes a Majorana neutrino mass.) 

In the second method, which is active, the two decay electrons are 
detected. The requirements of low backgrounds and noise levels are 
essential, and germanium detectors are used. The sum of the energies of 
the electrons should be a constant for the Ov mode; with lines at 2040.9 
and 1481.8 keVfortheO + ->0 + and0 + ->2 + transitions respectively. The 
0 + -»2 + transition is only possible for righthanded currents, whereas 
0 + -> 0 + is possible both for righthanded currents and m v / 0. One of the 
most sensitive experiments is the Mont Blanc experiment of Bellotti et ai 
(1984), which reports (at 68% c.l.) 

W0^0p>7.2xl0»yrj 
*i/ 2 (0 + -2 + )> 1.2 x 10 22 yrj 

The experimental situation is, however, not entirely clear. Some experiments 
with potentially less accuracy than those quoted above have claimed 
positive signals. The experiments in progress should provide clarification. 
For example, preliminary results of the experiment of Caldwell et ai (1987) 
give, for 76 Ge, t 1/2 (0 + -0 + )> 5 x 10 23 yr (90% c.l.). This experiment 
also finds no evidence for the three-body final state 76 Ge 76 Se + 2e" -f B, 
where B denotes a possible massless Goldstone boson (the Majoron, see, 
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e.g., Chikashige et ai y 1981), in contrast to the potentially less sensitive 
experiment of Avignone et al. (see Caldwell et al. y 1987, for a discussion). 
This process is of interest because a Majoron would result from spontaneous 
breaking of baryon minus lepton number symmetry, a process which 
would also give rise to light Majorana neutrinos. However, a null (or 
very small) result for Ov need not mean that massive Majorana neutrinos 
do not exist, since there could be destructive interference between different 
CP states (Haxton and Stephenson, 1985). 

9.3.3 Direct measurements of the neutrino mass 

A measurement of the neutrino mass, or an upper limit on the 
mass, can be made by performing precise kinematic measurements, using 
well constrained decay processes. The currently best upper limit on 
the mass of the v r comes from a study of the decays x -> 37iv T and x -> 67iv r 
by the Argus collaboration (Albrecht et al y 1985; Koltick, 1986). These 
give a limit m Vr < 70 MeV (95% c.l.). The result for is somewhat more 
precise. By studying the muon momentum in the two-body decay n -> /zv, 
from pions decaying at rest, the SIN group (Jeckelmann et al., 1986) obtain 
m v <270keV (90% c.l.). This limit is, however, only marginally better 
than the mass of the electron. 

The most accurate neutrino mass measurements are for the v e produced 
in the beta decay of tritium, 3 H -> 3 He + e~ + v e , which has a half-life of 
12.3 yr. The decay involves an energy transition of 18.6 KeV, and 
measurement of the electron energy near the end-point E 0 is sensitive to the 
v e mass. The method consists, in essence, in looking for deviations from a 
straight line on a Kurie plot, and is sketched in Fig. 9.12. It can be seen 
that the effects of the finite resolution of the experiments, and a non-zero 
value of m v , work in opposite directions. Tritium can decay to a number of 
atomic states of 3 He and hence atomic and molecular effects, at about the 
same order as the sensitivity to m v (~20eV), are present. In the lab system 
of the parent nucleus (mass M-X energy conservation gives M> = M f + 
T f + E e + £ v , where M { and T ( are the mass and recoil energy of the 
daughter nucleus respectively. Thus the factor p e E e p v E v in (5.16) becomes 
P t E t [(E' - E c ) 2 - m 2 v V /2 (E' - E c \ where E' = M, - M { - T f = E 0 + m y . The 
counting rate near the end point is very small (^10 -7 of the total) and 
the sensitivity goes roughly as m 3 ,. 

All experiments, with the exception of the ITEP experiment of Lubimov 
and coworkers (Boris et al. y 1985), are compatible with m v = 0. The ITEP 
experiment finds a finite value and quote 



20<m, c <45eV, or m, c >9eV, 90% c.l. (9.100) 
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The upper limits from the various other experiments in operation are 
gradually improving. The SIN experiment of Fritschi et ai (1986) gives 
an upper limit of m v - e < 18 eV, 95% c.l. Furthermore, there have been 
various criticisms raised of the ITEP experiment (for a review, see 
Bergkvist (1985) and Fiorini (1986)), which have been answered, at least 
partly, by the experimenters. However, confirmation of the ITEP result 
is needed before this very important result can be accepted. 

A claim for a rather large neutrino mass (m v = 17.1 ± 0.2 keV) has been 
made by Simpson (1985), based on a measured distortion of the Kurie 
plot for tritium in the low energy part of the spectrum. The corresponding 
mixing parameter to such a neutrino v { is |(7 ei | 2 = 0.03. However, three 
other experiments have given evidence against a 17keV neutrino with 
such a mixing angle. Furthermore, some doubt remains on the effects of 
Coulomb screening and chemical binding energy in the calculation of the 
low energy part of the tritium spectrum. In a review, Winter (1986) 
dismisses the 17 keV neutrino claim. Searches for the possible decays of 
massive neutrinos have also been made, particularly using beam dump 
data. Decays such as Vj->/ + /~v c and v 5 / + hadrons (/ = e, //) are 
searched for. No significant signal is found in the range of sensitivity of 
the experiments (roughly 10-500 MeV). 

The terrestrial detection on 23 February 1987 at 7 h 35 min universal 
time of low energy v/v, which were produced by the collapse of a supernova 

Fig. 9.12 Kurie plot for tritium near the end-point £ 0 . The curves 
are for different assumptions about m v and the electron energy resolution 
c(E). The full line is for m v = o(E) = 0, the curve (a) is for m v = 0, 
g(E) # 0 and curve (b) is for a(E) = 0, m v ^ 0. 
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(SN 1987a in the Large Magellanic Cloud), is important in that it provides 
strong constraints, not only on models of supernova collapse, but also 
on the properties of the neutrinos produced. It is estimated that about 
10 58 neutrinos were produced, with <£ v > ~ 10 MeV. Events were detected 
in the large water Cerenkov (nucleon decay) detectors of Kamiokande II 
(Hirata et al. y 1987) and 1MB (Bionta et al. y 1987). A signal which may 
be associated with the same phenomenon was also detected (some 4 h 
43 min earlier) in the (smaller) Mont Blanc detector (Aglietta et a/., 1987). 
Events are detected by measuring the e* energy in the reactions v c p -> e + n 
(e + isotropic) and ve" -> ve" (e~ along v direction). In the Kamiokande 
detector (the most sensitive to low energy e 1 ^), events with energies 20, 
14, 8, 9, 13, 6, 35, 21 and 20 MeV (error - ±20%) were detected in the 
first two seconds, with three further events (9, 13 and 9 MeV) between 9 
and 13 s after the first event. The first two events 'point' in the expected 
direction (ve ~ -* ve " ?), and the remaining ten are compatible with isotropy 



Bahcall and Glashow (1987) argue that the relatively narrow spread in 
arrival times (i.e. 9 in 2 s) implies that m Vc < 1 1 eV, provided that the pulse 
has not sharpened by more than a factor two in traversing the 50 kpc flight 
path ( = 5 x 10 12 s). If the v e mass were finite, it is expected that the higher 
energy neutrinos would arrive first; however, no strong ordering is 
observed. However, a 'model independent' analysis by Kolb et al. (1987) 
gives a somewhat higher limit, m Vt ^ 20 eV. Whilst this historic event will 
undoubtedly give rise to much speculation, it is arguably a safer strategy 
to settle the issue of a finite neutrino mass (at least for v e ) using laboratory 
experiments and use this as input in learning about the mechanism of 
supernova collapse. 

In summary, although the possibility of a non-zero neutrino mass (Dirac 
or Majorana) exists in the data, this has not yet been proven beyond 
reasonable doubt. Only painstaking experimental work will resolve this 
problem, and this could take many years. 

9.3.4 Electromagnetic properties of the neutrino 

The neutrino can undergo virtual transitions to charged particles 
(e.g. v ->e"W + ->v) and thus, in general, the mean square charge radius 
<r 2 > is expected to be non-zero. The electromagnetic current for a neutrino 
can be written as (see Section 7.1) 



(v e p - e 




"(Pi 



fFJq^-ip + pJ 



(9.101) 



2m c 
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where F 1 (0) = 0 (assuming the neutrino is neutral) and so F^q 2 )^ 
— (r 2 }q 2 /6. The term F 2 (q 2 ) is related to the neutrino magnetic moment 
with F 2 —H (measured in units of electron Bohr magnetons e/2m t ). 

In v^e" elastic scattering, for example, this will lead (in addition to the 
Z° exchange term) to a one-photon term and also a y-Z° interference 
term. The differential cross-section can be computed using the usual 
methods, giving (for E v » m e , \q 2 \ « M\) 



da = do 0 2aG F m e £ v <r 2 ) 
dy dy " 3(2) 



= - ( z °) + — 1^12 ^ + g\) + te e v - g\){\ - y) 2 ] 



a 2 m c E v n(r 2 y r ^ a 2 npi 2 ( 1 - y\ 

+ — e v w [l + (l - y) 2 ] + — — - . (9.102) 



9 

where da(Z°)/dy is given by (6.61). 

In the standard model (or any model incorporating the two component 
neutrino theory), or for Majorana neutrinos, the neutrino magnetic 
moment fi = 0. However, in extensions to the standard model with massive 
Dirac neutrinos (i.e. righthanded states), non-zero values of// are expected 
(typically jj. ~ 10" 19 m v (eV)). For <r 2 >, typical expectations are <r 2 >~ 
10" 32 cm 2 . By comparing the measurements of the cross-sections for 
elastic v^e" and v^e" interactions to the expectations of the standard 
model, Abe et ai (1987) obtain the limits ^ 10" 9 and -7.3 x 10" 32 ^ 
<r 2 >^0.8 x 10" 32 cm 2 . Thus the neutrino exhibits no internal structure 
down to about 10" 16 cm. However the experimental limits are approaching 
the theoretical expectations, so that improved precision is desirable. One 
interesting possible consequence of a non-zero magnetic moment is that, 
on traversing a magnetic field, the neutrino spin could flip, with the 
resulting neutrino having substantially reduced cross-sections. 
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In this chapter the production and properties of the massive gauge bosons 
W 1 and Z° are discussed. The properties of the other gauge boson, the 
massless photon, were described in Chapters 4, 5 and 7. The properties 
of time-like virtual W* particles were discussed in Chapters 6 and 8, in 
the context of the decays of leptons and hadrons. Both the photon and 
the W± can be used as probes of the elementary constituents of hadrons. 
Here, for space-like four momenta such that Q 2 >> 5 GeV 2 , the gauge 
bosons behave essentially as point-like probes. For much lower values of 
Q 2 y the W 1 , Z° and the photon (in particular, the real photon) have 
hadronic components, arising from their fluctuations to qq pairs. Because 
of the difficulty in measuring the variables x BJ and Q 2 in deep inelastic 
scattering in the case of neutral current interactions, these reactions have 
mainly been used to study the couplings of the Z° to quarks (Section 8.8), 
rather than to study QCD effects. Interference phenomena between y and 
Z° exchange have been observed for space-like momenta in charged lepton 
deep inelastic scattering (Section 8.9.1), and for time-like momenta in 
e + e" annihilation (Section 6.3 and 8.9.2). 

Experimentally, the most important missing ingredient of the standard 
model is the Higgs scalar, which is needed to give masses to the particles. 
The complete list of quarks and leptons must also be established. The 
expected properties of the Higgs particle, and of the top quark (which is 
widely, but not universally, needed in models and for which the current 
experimental position is still open), are also discussed below. Finally, the 
problems which arise in the standard model are outlined, and attempts 
at going beyond it are briefly described. 



488 



The standard model and beyond 



10.1 DECAY OF W± 

The matrix element for the decay of the spin one W ± gauge boson 
can be written down in a straightforward manner using the Feynman 
rules given in Appendix C. Let us consider the decay of a W~, with 
four-momentum p and polarisation vector e x (see Section 4.5), to a final 
state consisting of a fermion f a (with four-momentum p a , spin four-vector 
5 a ) and an antifermion T b (p b , s b ); that is 

W"(p, e x ) - f a (p a , sj + T b (p b , s b ). (io.i) 

To lowest order, the matrix element for this decay mode (Fig. 1.8(a)) is 

where C = 1 for a leptonic final state (f a ,T b ) = (P , v,), and for a quark - 
antiquark final state we have the corresponding KM matrix element, i.e. 

c = K QaQ b for ( f a ^b) = (q a> q b ). 

Let us assume that we require to sum over the spin states of f a and T b 
and sum and average over the three spin states of the W. From (10.2) we 
obtain, taking s x to be real and putting K c = \C\ 2 

l^l 2 =f^Jtr[>./jJ b /(l -y 5 )]J>feJ. (10.3) 

Now, the sum over polarisation states is given by (see (4.97)) 

I eX=-^v + /WA^- (10-4) 

X- 1.2,3 

Inserting (10.4) into (10.3), and noting that the y 5 term gives an 
antisymmetric tensor which gives zero contribution when summed with 
the symmetric term (10.4), we obtain 



3 V Mi 



9 2 K C 



3 



/VPb + 2 — 



0**0,2 A ™* V ]+ ^L) (105) 



In the last line of (10.5) it has been assumed, for simplicity, that m h - ® 
(i.e. b is a neutrino or light quark). 



Decay ofW ± 



489 



The differential decay rate is (Appendix C) 
|^| 2 d 3 p a d 3 p b 6*( Pi -p r ) 



dr = l - 



(27i) 2 8M w £ a £ b 

l 2 p a 2 dp a( 3(M w -£ a -£ b ) 
87rM w £ a £ b 

| 2 p a dE a <5(M w -E a 
87iM w £ b 



i.e. 



r = 



M 2 Pa 



(10.6) 



where the <5-function is integrated in a similar way to that leading to (8.6). 
Hence the decay rate for the channel (f a , T b ) is 



48tt 



48tt 



1 +- 



6(2 



l/2\ 



(10.7) 



In the approximate form it is assumed that m a ~0, and also equation 
(5.63) is used. For Af w = 82 GeV, this gives T ab = 0.241 GeV. For a heavy 
quark or lepton, this rate is somewhat suppressed. For example, a top 
quark mass m { = 40 GeV leads to r; b ~0.65 x 0.241 -0.157 GeV. 

The total decay rate is obtained by summing the partial widths of all 
kinematically allowed decay modes. For each of the three generations of 
quarks, we must sum the moduli of the terms in the KM matrix, giving 
^ c = 1 in each case. Each quark can appear in each of N c = 3 colour states 
a nd, in addition, there are N t = 3 possible lepton states. Hence, there are 
12 possible contributions in total, giving 



^N,r lv + N c (2 + o.65)r lv 

-2.64 GeV. 



(10.8) 



The above estimates lead to the partial decay branching ratios given in 
Table 10.1. The effects of higher order corrections on the partial widths 
ha ve been considered, for example, by Jegerlehner (1986). 

The corresponding lifetime for the W is very short; r w ~ 2.5 x 10" 25 s. 

ote that, in deriving (10.7), it has been assumed that the hadronisation 
Process does not significantly modify the decay probability. That is, it is 
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Table 10.1. Expected decay branching ratios for W~ and Z° to lowest 
order in the standard model, taking M w = 82 GeV y M z = 93 GeV, 
m, = 40 GeV and sin 2 0 W = 0.225. For the W decays the KM angles are 
taken to be 0 l = 6 2 = 6 3 =0 



Mode 



r (GeV) 



Branching ratio (%) 



e v e 

i v r 
du 
sc 
bt 

total 



e + e" 
A*V 

T + T ~ 
UU 

cc 
tt 

da 

ss 

bb 



0.241 

0.241 ) 0.723 
0.241 
0.723 
0.723 
0.470 

2.64 



0.306 
0.066 
0.303 
0.303 
0.303 



0.528 



0.176' 
0.176 
0.176, 
0.089) 

0.089 0.266 
0.089 J 
0.3061 



0.678 



1.179 



9.1 
9.1 
9.1 
27.4 
27.4 
17.8 



6.61 
6.6 
6.6 
3.4 
3.4 
3.4 
11.5 
11.5 
2.5 
14.8 
14.8 
14.8 



27.4 



19.9 



10.1 



25.5 



44.5 



total 



2.65 



assumed that the hadronisation process of a quark happens with unit 
probability > in a similar way to that assumed in deep inelastic scattering 
or in e + e" -> qq. 

The treatment of the polarisation states of the W follows that developed 
for the virtual W in Sections 7.2 and 7.5. We can define the polarisation 
states as follows 

) = ^172 (°> ! > ± ! "> °)> e "( S ) = 77" (|Pl> °> °> £ )" ( 10 ' 9) 

\L/ 2 1/2 M w 

In the W rest system, the longitudinal or scalar (helicity zero) term reduces 
to £"(S) = (0, 0, 0, 1 ). Note that the polarisation vectors satisfy • p* = 0, 
as required. If the W " is in a specific polarisation state, then the expression 
(10.4) cannot be used; instead, a specific summation using the appropriate 
terms in (10.9) must be made. Using the W" rest system, and taking 
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Wa = m h = 0, we find that for a polarisation state A, 

\A 2 = 9 2 KjLftPi + pips - ^ v p a -p b - i(p.).(p b )^ v ]^r. (lo.io) 

For A = R or L, the totally antisymmetric tensor £ gives a finite contribution 
(equal but opposite for R and L). For X = S, the e term gives zero. Defining 
M= (1, sin 8 cos </>, sin 9 sin cos 0)M w /2, we obtain 

|^ R | 2 = g 2 K c M 2 v (\ - cos 0) 2 /4, 

|^ L | 2 = g 2 K c Mi(l + cos 0) 2 /4, (10.1 1) 

\j( s \ 2 = g 2 K c Mi sin 2 0/2. 

Summing the terms in (10.11), and dividing by three, gives the spin 
averaged term (10.5). The outgoing fermion and antifermion are, in all 
cases, left and righthanded respectively. This can be seen directly from 
the form of (10.2). 



10.2 DECAY OF Z° 

In the standard model, the lowest order decay mode of the Z° is 
to f a T a (Fig. 1.8b), where f a is any kinematically allowed fermion (lepton 
or quark). The decay matrix element for Z°(p, e x ) -> f(pj +T(p 2 ) is (see 
Appendix C) 



~ 



cos 9 



L 



v 2 et- (10.12) 



The calculation of \jf\ 2 is similar to that for W decay and gives, averaging 
over the Z° spin states, 

2a 2 Ml 

M 2 = , 2* K 1 - ^)(I C l| 2 + K\ 2 ) + ^(QQ + C r C2)], (10.13) 
3 cos^ 0 W 

where r\ = m 2 JM\, with m a the mass of f a . The resulting decay rate for this 
channel is 

r f f = (i - 4„)" 2 [(i - n )(\c L \> + \c R \ 2 ) + 3,,(c L c£ + c R Q)] 



(|Q| 2 + |C R | 2 ) = -T^f (|Q| 2 + |C R | 2 ), (10.14) 



24tecos 2 0 w 1 1 K| 3(2 l/2 )7t 

where the final approximation is for the case ~ 0. 
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An alternative way to parameterise the matrix element (10.12) is in 
terms of the vector and axial couplings directly, that is 

^ = " Mi/tev - 9Ky S )»i&r (10.15) 

2 cos 0 W ; 

The correspondence between the two forms is # v - C L + C R , g A = C L ~ C R . 
Hence, the partial rate to fFcan be written, taking g v and g A to be real, as 

r « = J^rr <• - V'M - *)(0v + <?i) + 3^ - si)], do.16) 

The matrix element squared for the decays of polarised Z° bosons can 
be derived in a similar way to those for W*. We obtain, for massless 
fermions, 

W = ; g2M 2 l t(^R + C£)(l + cos 2 6) + 2(C 2 - CD cos e\, 
2 cos v w 

W = , U C * + C l)0 + cos2 e ) ~ 2 ( C i ~ C D cos ft, (10.17) 

2 cos - ' 9 W 

l^sl 2 = r i(Cl + CD 2 sin 2 6] . 

2 cos 0 W 

The sum of these terms, divided by three, gives (10,13). 

The expected decay rates and branching ratios are summarised in 
Table 10.1. If m t ~40GeV, then the tl mode is strongly suppressed by 
phase space. With this assumption, the total decay width is T z = 2.65 GeV, 
similar to that of the W. Note that for both the W and Z bosons the 
hadronic modes constitute about 70% of the decays, the remaining 30% 
being leptonic. To first order in QCD, the decay rates of the qq modes for 
the W and Z are modified by a multiplicative factor (1 + a s (M 2 )/7i), where 
M is the heavy boson mass, see Albert et al. (1980). The effects of higher 
order corrections on the partial widths have been considered, for example, 
by Jegerlehner (1986), and Altarelli et al. (1986). Any new leptons or 
quark may also be included in the decay modes of the W and Z, provided 
they are kinematically allowed. Hence, a study of both the decay products, 
and the total decay widths of the vector bosons, is important in the 
search for such particles. 

10.3 PRODUCTION OF W± AND Z° 

The method employed to create the heavy vector bosons is to 
use the reaction f A -h T 2 — ♦ W, Z, where ( { and f 2 are appropriate fermions, 
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and is thus the inverse of that studied in previous chapters. Experimentally, 
it is necessary to produce high energy beams of fermions and antifermions, 
travelling in opposite directions, and to make these interact. The fermions 
used can be either quarks, that is using the reactions (ud, us -► W + ), (du, 
su -> W~), (uu, d3 Z°), etc. in hadron colliders such as the CERN and 
FNAL pp colliders or electrons, using e + e" -► Z° at the electron-positron 
colliders SLC at SLAC and LEP at CERN. Note that single W± bosons 
can only be produced directly using hadron colliders. At higher energies 
vector bosons can be produced in pairs (Section 10.3.4). The experimental 
problems at hadron colliders are severe. The small number of W and Z 
bosons produced have to be found amongst an enormous potential 
background of hadronic interactions. However, as discussed below, the 
UA1 and UA2 experiments at CERN developed triggers and analysis 
methods for these decays which largely overcome these problems. There 
still remains, however, the problem that the momenta of the incident 
quarks are, a priori, unknown. 

We first consider the general case of the production of a heavy boson B 
(of spin J), produced by the collision of fj 2 and subsequently decaying 
to f 3 T 4 , where f x to f 4 are spin \ fermions; that is, the process (Fig. 10.1) 



fi(Pi)+T 2 (p 2 )-B(p)-.f 3 (p3)+T 4 (p 4 ). 



(10.18) 



This process can be considered to consist of three stages, namely the 
production, the propagation and finally the decay of the heavy boson B. 
The propagator for the virtual state B has a denominator of the form 
(p 2 — M 2 )~ \ and thus has a pole at p 2 = M 2 . This would correspond to 
a zero-width state B. Now we assume that B is unstable, and decays with 
a lifetime t. Hence, from the uncertainty principle, it has a finite width 
r=T~ 1 . In terns of field theory, there are corrections to the propagator 
involving higher order diagrams (e.g. ff loops). The result is that we can 
replace M by M — iT/2 in the propagator. 

We are interested in finding the total cross-section for the process (10.18) 
near the resDnant pole. To this effect, we can factorise the matrix element 



Fig. 10.1 Lowest order diagram for the production and subsequent 
decay of a heavy boson B. 
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into the form 



(10.19) 



K p 2 — (M — ir/2) 2 
Writing s = p 2 , this gives 

1 

K {s-M 2 f + M 2 r 



The total cross-section is thus (Appendix C) 

|2 



^iol(5) = 



4(2s)[(s - M 2 ) + M 2 r 2 ] 



x {{Inf 5*{p ( -p;)\Jt^\ 2 d ^ d3/?4 I (10.21) 
1 (27r) 6 2£ 3 2£ 4 j 

where we have neglected all fermion masses, and the factor 4 is from the 
spin average over the incident (assumed) unpolarised beams. Now the 
expression in curly brackets can be identified as 2Mr 34 , where r 34 is the 
decay rate of B to the channel 34. A simple calculation for the decay of 
B to 12 shows that 

WL, (10 .22) 

(2J+1)16ttM 

Hence, (10.21) can be written in the Breit-Wigner resonance form 

An{u + i)r 12 r 34 
ffJs) = ^iw - (1023) 

If the production cross-section of B to all possible decay modes is required, 
then T 34 must be replaced by the total width Y (which is just the sum of 
the partial widths to all possible channels). 



10.3.1 W and Z production at hadron colliders 

AW + can be produced by the collisions of ud, us, etc. The matrix 
element for the process q 1 + q 2 -> W -> q 3 + q 4 is 



Is - (M w - ir w /2) 2 . 



G 



[^(i-y s )^][^d-y s K] 

[s-(M w -ir w /2) 2 ] 



(10.24) 
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where V l2 and K 34 are the appropriate KM matrix elements, and the 
lepton masses have been neglected. With the usual methods, this gives 

1 f '' 4 [(s-M^ + M 2 ^] 

where 6 is the angle made by 3 with respect to the direction of 1 in the 
cms of 1 and 2. Using expression (4.29) for the cms cross-section, and 
integrating over dft = 2n d cos 0, gives 

<Us)= g4|K HT 34| \ , ■ (10-26) 

Now, from (10.7) we have r ab = g 2 \ K ab | 2 M w /487r. Hence, (10.26) becomes 

fftoi(s) = i2 fnr 3 * 

Us - Mb) 2 + 

This has the same form as (10.23), with J = 1. 

The above formulae are valid for quarks and antiquaries of well defined 
momenta and of the same colour, and describe the production and 
subsequent decay of the W* . In order to obtain the cross-section 
<r(pp -► W* -f X) we must insert the approprate quark density functions 
and average over the colourless qq initial states (see Section 7.1 1.1). The 
required cross-section can be written as 



<r(pp-> W + + X) = 



i 



dx 2 d VJ (x l ,x 2 )W + {x u x 2 ) y (10.28) 



o 



where x { and x 2 are the momentum fractions of the proton and anti- 
proton carried by q y and q 2 respectively. The elementary cross-section 
^(Qi + Q2 ->W + ) for the production of a W + by q x and q 2 (i.e. without 
considering its decay) is given by 



<7 W (S) = 



85 (2n) 



where the invariant form for the phase space density has been used, and 
where s = p 2 =x { x 2 s. The matrix element^ 2 = — i#/(2(2 1/2 ))i; 2 /(l -y 5 )^^, 
and hence |M 12 | 2 = g 2 Mi. Thus, (10.29) becomes 

na 2 

°w(x x ,x 2 ) = -j- 5(x { x 2 s - Mi) = 2 I/2 7iG F M 2 v S(x { x 2 s - Mi). (10.30) 
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The final term W + (x 1 ,x 2 ) in (10.28) contains both the quark and 
antiquark densities (including the colour average) and the KM matrix 
elements. Thus we have (neglecting the production of heavy quarks) 

W + (x 1? x 2 ) - i{[w(x 1 )J(x 2 ) + JfoMx^cos 2 e c 

4- [u(Xi)s(x 2 ) + s(x>(x 2 )] sin 2 6 C + • • ■}. (10.31) 

For W" production the roles of q and q are interchanged. 

The equation (10.28), for the production cross-section, may be simplified 
by using the properties of the <5-function (Appendix D) in (10.30), and 
then integrating over x 2 . This gives 



<r(pp-> W + +X) = 2 1/2 tiG f t 



dx 

— W + (x,r/x), (10.32) 

X 



where t = M^/s. In order to make numerical estimates of the cross-section, 
specific quark density distributions must be inserted in W + in (10.32). Since 
Xl x 2 = Mw/s ~ (0.15) 2 at s I/2 ~ 600 GeV, valence quarks will dominate. 
The quark distributions are written above as a function of x only. However, 
they are aiso functions of Q 2 , and they must be evolved from Q 2 ~ 20 GeV 2 
(where they are measured) to, for example, Q 2 ~ S~ 2000 GeV 2 , appro- 
priate for the CERN pp collider with s 1/2 ~600GeV. An estimate of 
<r(pp -> W + (W~) + X) is shown in Fig. 10.2. For the conditions of the 
CERN collider (s 1/2 - 600 GeV), the cross-section (pp -» W + 4- X) - 2 x 
10" 33 cm 2 . This is roughly 10~ 7 of the total hadronic cross-section. The 
W* cross-section increases significantly as s 1/2 is increased. The cross- 
sections at the Fermilab collider (5 1/2 ~ 1.6 TeV) are predicted to be a 
factor of 4 higher. Furthermore as s 1/2 is increased, the sea quarks play 
an increasing role in the W 1 production, and the advantage of a pp 
collider over a pp collider disappears. 

The cross-section o-(pp->Z° + X) has a similar form to (10.28) (and 
(10.32)), but with 

& z (x u x 2 ) = 2 1/2 7cG F M 2 d{x,x 2 s - Ml), (10.33) 

and with the function Z(x l5 x 2 ), which represents the colour-averaged 
quark density distributions, weighted by their respective couplings, given 
by 

Z(x„ x 2 ) = H[u( Xl )u(x 2 ) + u^MxjJHi - f sin 2 0 W + $ sin 4 0 W ] 
+ [d( Xl )3(x 2 ) + 3( Xl )d(x 2 ) + s(x,)s(x 2 ) + s(x,)s(x 2 )] 
x [5-3 sin 2 0 w + tsin 4 0 w ]}- (10.34) 
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The estimated cross-section <r(pp -> Z° + X) is shown in Fig. 10.2, and it can 
be seen that it is less than for W ± . At s i/2 ~ 600 GeV, <r(pp -> Z° + X) - 
10~ 33 cm 2 . 

The above discussion only describes the momentum spectra in the 
longitudinal direction (i.e. in the directions of the incident beams). Gluon 
radiation also produces significant momenta in the transverse direction 
(<Pt > ~ 5-10 GeV at 51/2 ~ 600 GeV )> which are much greater than the 
intrinsic transverse momenta of the quarks. A further complication in the 
estimate of the W and Z cross-sections is the QCD K factor (K ~ 1.5); see 
the discussion in Section 7.11.1. 

Experimentally, detection of the W 1 and Z° is easiest by the leptonic 
decay modes W 1 -* / ± v / and Z° l + . Despite the low branching ratios 
to the leptonic modes, the backgrounds are smaller and the momenta of 
the charged leptons can be measured with reasonable accuracy. Detection 
through the observation of hadronic jets (e.g. W + -» u3) is much more 
difficult, as the quark momenta are shared amongst many particles. These 
hadrons must then be reliably assigned to the correct jet and the jet 
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momentum accurately determined, in the presence of a large background 
from QCD processes. 

The decay Z° / + /~ can be identified by detecting charged leptons of 
opposite charge and plotting the spectrum of their invariant mass. For 
the decay W -> /v„ only the charged lepton can be detected, so a different 
technique must be used. In order to illustrate the method used, we consider 
the simplified case of the decay of an unpolarised W + (-> / + v ; ), produced 
at rest in the pp cms. If 9 is the angle made by / + with respect to the 
incident proton direction, then pj = (M w /2) sin 6. The decay angular 
distribution is isotropic for unpolarised decays, i.e. dN/cos 6~j. Therefore, 
defining x T = 2p T /M w , 



dN 



dx T 2(1 -x? 



2\l/2' 



(10.35) 



which gives rise to a characteristic Jacobian peak towards the maximum 
allowed value of pj ^ 40 GeV. 

Several effects modify the above result. The W has a finite width, and 
hence the value of M w is not unique. Also QCD effects give the a 
sizeable transverse momentum. Furthermore, because of the V — A 
structure of the W couplings, the are polarised. If the W is produced 
from valence quarks in the p and p, then the main production mechanisms 
are d(p) + u(p) W~ and u(p) + d(p) -> W + . Thus, the W* are polarised 
in the direction of the incident p and, from (10.25), we see that the decay 
leptons will have an angular distribution 

dN* 

; = !(l+cos0) 2 , (10.36) 



d cos 6 



where 9 is the angle made by the with respect to the direction of the 
incident p. These distributions follow from helicity considerations, as 
shown in Fig. 10.3. Thus, for collisions of valence quarks, the /"(/ + ) should 
be produced preferentially in the direction of the p(p). This asymmetry 



Fig. 10.3 Helicity configurations in (a) initial state and (b) final state 
in the reaction du -» W" -> l~v t . 



W" 
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will not appear for interactions involving sea quarks (i.e. at low x) or 
around 8 ~ 90° (i.e. at the Jacobian peak). With the above effects included, 
the expected p T spectrum for s 1/2 = 540 GeV is shown in Fig. 10.4. 

10.3.2 Discovery and properties of W 1 and Z° 

The W* was discovered by the UA1 (Arnison et aL, 1983) and 
UA2 (Banner et ai y 1983) collaborations, who isolated samples of events 
containing a high p T e* , together with a large missing transverse energy 
opposite the e* (interpreted as neutrino emission). The UA1 experiment 
was equipped with both electron and muon identification, whereas the 
UA2 experiment had only electron detection. Both experiments were 
equipped with calorimeters, with which the presence of non-interacting 
particles could be inferred and, from transverse momentum imbalance, 
their transverse momenta could be estimated. This method has also been 
exploited by the UA1 experiment to detect the decay mode W iv r , with 
the t being detected by t v t + hadrons, i.e. the signature is a single jet 
of hadrons of low multiplicity. 

Since the initial discovery, the sample of decays has been substantially 
increased (for a summary see Locci, 1986). The numbers of W ev e events 

Fig. 10.4 Transverse momentum spectrum for / + in the process 
pp-+X + W + -/ + v, at s 1/2 = 540GeV. 
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(corrected for backgrounds, which amount to about 10%) are 53 + 8 
(187 ± 15) for UA 1 and 37 ± 6 (192 ± 15) for UA2, where the first (second) 
number refers to s l/2 = 546 (630) GeV. The UA1 collaboration also has 
10 ± 3 (54 + 8) W -> fiv u events and (30 + 6) W -> iv r events. The measured 
cross-sections and p T distributions agree with the theoretical predictions 
(e.g. Altarelli et ai, 1984), to within the 30% error assigned to the theory. 
The UA1 experiment has measured the relative rates for e, \x and t leptons 
from W decay. Expressing T(W -* lv) = Agf, where A is a common 
kinematic factor, they find that gjg c = 1 .05 ± 0.07 ± 0.08, and gJg Q = 
1.01 ± 0.09 ± 0.05 (Albajar et aL, 1987a). These results are consistent with 
the hypothesis of t-\i-x universality, testing it at a scale Q 2 ~ Mw- 

The angular distribution of the e ± from the decay W ev e in the W 
cms, as measured by the UA1 collaboration (Locci, 1986), is shown in Fig. 
10.5. The transverse momentum of the neutrino is found by momentum 
conservation, pj= — Pt~ Px ad - Knowing p^, the longitudinal component 
pi is known to within a quadratic ambiguity (corresponding to the 
neutrino going forwards or backwards in the W cms), and this can be 
resolved in about 50% of the cases (one solution unphysical or both 
solutions close). Hence, for a sample of events, the momentum of the W 
can be determined. The results are in good agreement with the V — A 
prediction (equation (1036)). The measured value of the forward-backward 



Fig. 10.5 Electron angular distribution in the W cms. 
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asymmetry 4 W = (N F - N B )/(N F 4- /V B ) = 0.77 ± 0.04, to be compared with 
the V — A prediction of 0.75. Further, the mean value of cos 9 gives a 
measure of the spin of the parent particle (Jacob, 1958), since <cos 0} — 
(X)(fi)/J(J + 1)> where </z> and (X) are the helicities of the initial system 
(u3) and decay system (ev) respectively. For (fi) = (X) = — 1, <cos 6) = 0.5 
f or j = i 5 compared to the UAl-measured value of 0.43 ± 0.07. Thus, the 
production and decay of the W is consistent with the expectations of the 
standard model. Note, however, that since two weak vertices enter (i.e. 
for the W production and decay), it is not possible to distinguish V - A 
from V + A coupling. This ambiguity could be resolved by measuring the 
r polarisation in W -» rv r decays. 

The Z° was initially discovered through its e + e~ decay mode (Arnison 
et aL, 1983, and Banner et al. y 1983), but the fi + \T mode has also been 
detected by the UA1 group. The current statistics (Locci, 1986) for the 
decay mode Z°->e + e~ are 32 and 37 events for UA1 and UA2 
respectively, and 19 events in Z° -> /i + \i~ (UA1); these events are mostly 
at 5 1/2 = 630 GeV. One of the main backgrounds to the Z° is the 
production of e + e~ pairs by the Drell-Yan process. In order to estimate 
roughly the size of this background, we can compare <t(uu -> Z° -> e + e~) 
to the Drell-Yan process a(uu->y*->e + e"). The relevant matrix elements 
are 

„ _ i^ 2 for'tov - 9ly 5 ^Ji^y,(gy - fiy s M (10 37a) 



4cos 2 0 w ^-(Afz-ir^) 2 ] 

J/ Y = \e 2 e u v 2 y^u l u 2 y^vjs. (10.37b) 

Computing |^# 2 | 2 and |«^/ y | 2 , integrating over decay angles of the outgoing 
particles and including a colour factor 5 for the Z° case, gives 

<x(uQ -> Z -+ e + e- ) _ [(g v ) 2 + (g£) 2 ][(ff v ) 2 + (^) 2 ] * 2 
a(uu^y* -e + e") 16e u 2 sin 4 0 W cos 4 0 W [(s - M|) 2 + M|r 2 ] 

9 [(g" v ) 2 + (<fl) 2 ][(g c v) 2 + (^) 2 ] Ml 
4 16sin 4 0 w cos 4 0 w r| 

- 100. (10.38) 

Another potential background is from heavy quark Q ( = c, b) production 
from pp QQ + X, followed by the semileptonic decays of Q and Q. The 
various processes contributing to the / + /~ mass spectrum are shown in 
Fig. 10.6 (Pakvasa et a/., 1979). It can be seen that the expected 
background under the Z° peak is small. The observed event rates for Z° 
are found to be compatible with the standard model calculations. 
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The angular distribution of the final state e inq + q->Z°-»e~+e + 
can be found by starting with the matrix element (10.37a). This leads to 

u {2 = 0V{[M) 2 + {gl) 2 Wv) 2 + (^) 2 ](l + cos 2 9) + %g%frg%g\ cos 6} 
1 Z ' 4 cos 4 0 w [(s - M\) 2 + M 2 r 2 ] 

(10.39) 

The forward-backward asymmetry measured by UA1 is A z = 0.30 ±0.15, 
which gives a value of sin 2 0 W = 0.18 + 0.04. 

The mass and width of the W 1 are determined by a fit to the transverse 
mass m T (mj = 2p\p v T {\ — cos 0), where 0 is the azimuthal separation 
between p£ and p\). The fit takes into account both physics and detector 
effects. The Z° mass and width are found by fitting a Breit-Wigner shape 
to the 1 + 1~ effective mass spectrum. The resulting average values are 

M z = 92.1 + 1 .7 GeV, T 2 < 4.6 GeV (90% c.L), 

M w = 81.3± 1.4 GeV, T w < 6.5 GeV (90% c.L). (10.40) 

Accurate determinations of the masses of the W and Z are important 
in testing the standard model, as discussed below. Since the W and Z are 
massive, they can decay to any kinematically allowed lepton or quark 
decay mode, hence the total decay widths are also important quantities. 

Fig. 10.6 Contributions to the mass spectrum of / + /" pairs produced 
in pp collisions at s 1/2 = 540 GeV at y = 0. 
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A direct search for a possible fourth generation sequential lepton has been 
made by the UA1 collaboration (Albajar et a\. y 1987a), by looking for 
the decay sequence W -► Lv L and L -> qq 4- v L . The signature used to 
search for such events is £ T (missing) > 15 GeV (and greater than Aa 
significance), together with at least one jet with £ T >12GeV. The 
candidates remaining after these, plus further, analysis cuts can be 
explained by conventional sources. The number of additional events 
expected from a lepton L, with universal coupling, depends on its mass. 
From the observed distributions, a limit m L > 41 GeV (90% c.l.) is computed. 

Precise measurement of T z is difficult because of the rather small 
statistical samples and the need to understand fully the resolution of the 
detector (which is comparable to the expected width). From Table 10.1 
it can be seen that the measured limits in (10.40) are significantly greater 
than the standard model predictions. Each additional generation of 
massless (or light) neutrinos contributes 0.1 76 GeV to T z , hence the data 
allow SN V ^ 1 1 such additional generations. A more stringent limit can be 
obtained by using some model dependent assumptions. Experimentally, 
the ratio ^ exp = a e w /(r5 can be accurately measured (e.g. UA1 have 
R txp = 8.91 {3). This quantity can be expressed as a product of the W and Z 
production cross-sections and their respective ratios to electron modes. 
That is, 

K eip = ^ = ^£^. (10.41) 
^z^z °"z^w^| c 

In order to calculate <7 w /<t z , use is made of the standard model, together 
with the measured values of the structure functions (in particular the ratio 
d w /u v which is not very precisely known), evolved using QCD formulae. 
Using these ingredients, together with the standard model values for 
and T z e , a value of T z can be computed. This is clearly dependent on the 
top quark mass. UA1 find, for w t -20GeV, that N v ^ 7 (90% c.l.), 
whereas, for a heavy t-quark mass, the limit becomes N v ^ 4. The UA2 
collaboration (Appel et a/., 1986) also finds N v ^ 4 (for w t = 40 GeV). An 
independent estimate has been made by the UA1 collaboration (Albajar 
& a/., 1987a), from a search for events with a hadron (gluon) jet produced 
opposite to a decay Z° -> vv (giving missing E T ). A limit N v < 7 (90% c.l.) 
is established. Note that cosmological arguments, based on the helium 
abundance in the universe, give a limit N v ^ 4. 

10.3.3 Z° production at e + e" colliders 

The matrix element for the process e + e~ — ► ff is given in equation 
(6-85). At, or near, the Z° pole (5 - M|) the Z° term (Fig. 6.10) dominates. 
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For unpolarised incident beams, the differential cross-section, retaining 
terms in m f , is 



da 



d cos 8 



(cms) = 



not 



5(1 — 4mf/s 



,1/2 



32 sin 4 6> w cos 4 0 W [(s - M 2 Z ) 2 + M 2 T 2 ] 
x [^(1 4- /? 2 cos 2 0) 4- a 2 /? cos 0 + a 2 mf/s'], 



(10.42) 



where /? is the velocity off, 8 is the angle off with respect to the incident 
e~, and 



fli=[^) 2 + (^) 2 ][(9v) 2 + (^) 2 ], 

fl 3 = 4[(^) 2 + (^) 2 ][(9 f v) 2 -^) 2 ]. 
The total cross-section to produce ffis 



[10.43) 



o?(s) = 



71a 



5(1 - Am} Is) 



1/2 



16 sin 4 <9 w 'cos 4 0 W [(5 - M 2 Z ) 2 + Af|r|] 



1 + ^-) + a,^ 



(10.44) 

At, or near, the Z° resonance, the e + e~ cross-section becomes large. 
For m f ~ 0 (/? ~ 1 ) we have 

47ta 2 M 2 [(^ v ) 2 + Gfi) Wv) 2 + 



4 f (*)~- 



16 sin 4 0 W cos 4 0 V 



47ra 2 \ 9r ee r ff 
3s ) a 2 Yl ' 



(10.45) 



where use has been made of (10.14). To get the s-channel production 
cross-section to all channels, we replace T ff by the total width T z . 
Expressing the result in units of the point-like s-channel electromagnetic 
cross-section (i.e. 47ia 2 /3s), we obtain 



R Z (S): 



9r 

y 1 re 



(10.46) 



1.7 x lO 5 ^, 

« 2 r z r z ' 

which, using the values in Table 10.1, is roughly R z ~ 5600. A plot of the 
expected cross-section for e + e~ -+ hadrons, as a function of s 1/2 , is shown 
in Fig. 10.7(a), together with the point-like cross-section. The effects of 
radiative corrections are very important, and substantially alter the 
Breit-Wigner shape, shifting the peak to a higher value of s lf2 and giving 
a significant production of Z° well above the pole (see Fig. 10.7(b)). If 
one of the incident beam particles radiates a photon, then the e + e " effective 
mass at the annihilation vertex can be on, or near, the Z° pole, even though 
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the initial s 1/2 is well above the pole. The cross-sections given above refer 
only to the s-channel process, with a Z° (or y) propagator. However, for 
the reaction e + e~ -* e + e~, there are also graphs of the type shown in Fig. 
6.7(a), with a r-channel exchange of either y or Z° (see Bohm et al, 1984). 
These latter graphs, particularly photon exchange, are important for small 
angle scatters, i.e. 0~O (see equation (4.58)). This Bhabha scattering 
process at small angles is essentially given by QED, and can be used to 
measure and monitor the luminosity at e + e~ machines. 

Fig. 10.7 {a) Expected cross-section in GSW model for e + e~ -> hadrons, 
as a function of s l/2 , after correcting for first-order radiative effects. 
The number of events/day expected for j$f = 10 31 cm -2 s~ 1 is also 
indicated, (b) Cross-section for e + e~ -> /z + //~(y), as a function of s 1/2 > 
for the Born term (broken line) and including 0(a) corrections (full line). 
10 6 I ■ 1 10 6 
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The experiments which are planned to be carried out at the e + e colliders 
at the SLC (MARK 2, followed by SLD) and at LEP (ALEPH, DELPHI, 
L3 and OPAL), will attempt to measure, as accurately as possible, the 
various quark and lepton couplings at s~M|. From (10.45), it can be 
seen that measurement of the total rate for ff production yields the term 
a x \ that is, the product of the sums of the squares of the couplings. From 
(10.42) (taking m { = 0), it can be seen that the forward (F i.e. cos 6 > 0)- 
backxvard (B) asymmetry is 

_ N F -N n _3a 2 _ lgWM K =1 { 

FB /V F + N B 8a, [^v) 2 + (^) 2 ][(^v) 2 + (/ A ) 2 ] " J 

where A* = IgWMf + (g ( A ) 2 l etc. 

In practice, the full range of cos 6 is not covered experimentally, and 
(10.47) must be modified accordingly. Measurements of A FBi when 
combined with the results at PETRA/PEP energies (see (6.92)), will 
determine g%g^. Note that, in the standard model (with sin 2 0 W = 0.225), 
charged leptons have A 1 ~ 2(1 - 4 sin 2 0 W ) = 0.20. Quarks have A q = 0.69 
(charge §) and A q =0.94 (charge — i). Thus, for s~Mz, the expected 
values for e + e"-*fF are A FS = 0.029 (f=T), 0.103 (f=q, e q = §), and 
0.140 (f =q, e q = -y). Although A FB for e + e" /i 4 \x~ is rather small, it 
is nevertheless very sensitive to sin 2 # w and the precision expected at LEP 
from this method is 5 sin 2 0.0015 (Alexander et ai, 1987). 

Further information on the coupling constants can be obtained by 
polarisation measurements. We consider first the effects of giving the 
beams a longitudinal polarisation. Let P~ and P + be the longitudinal 
polarisations of the e" and e + beams respectively (P = 1( — 1) means a 
right(left)handed particle). The polarisation of the Z° will depend on the 
degree of polarisation of the beams, and on the relative magnitudes of its 
left and righthanded couplings to electrons. From the form of the matrix 
element (6.85) it can be seen that a right(left)handed e"(e + ) contributes to 
the term in Q and a left(right)handed e"(e + ) to that in Q, i.e. 
o oc NUN* (CI) 2 + N[N + (Ci) 2 . Thus, 

p _ (1 + P-)(l - P + )(Ctf - (1 - P-)(\ + P + )(Cj) 2 
2 (l + p-)(l_ jP + )(Q) 2 + (l-P-)(l-fP + )(Q) 2 ' 

Note that the Z° is polarised even for unpolarised beams, P z = 
[(Q) 2 - (Q) 2 ]/[(Q) 2 + (Q) 2 ] = - A\ unless sin 2 0 W = 0.25 when (Q) 2 = 
(C e L ) 2 . A possible experimental scenario is a polarised e" beam, but with 
the e + unpolarised (this is envisaged for the SLC). The polarisation of the 
Z° for this case is shown in Fig. 10.8, together with another possibility, 
namely P" = — P + = P (a possible scenario for LEP). For circular 
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machines, it is somewhat easier technically, in fact, to produce transverse 
rather than longitudinal polarisation of the colliding beams and magnetic 
rotators are needed to achieve the latter. A more complete discussion, 
including the effects of radiative corrections, can be found in Bohm and 
Hollick (1982). 

The total cross-sections for e + e" in different polarisation states are 
thus not, in general, equal. From measurements with P~ = 1(<t r ) and 
P" = — 1((7 L ), and either P + = 0 or P + = — P~, we can express the right 
and lefthanded total cross-sections in terms of a longitudinal asymmetry* 

^.itZ2..p^. ,,0.49) 
+ *r (CI) 2 + (C|) 2 g% + g\ 

That is, such a measurement gives a value of g%g\ or # v /#a- Note that 
A LR is considerably more sensitive to the values of the coupling constants 
than A FB . For example, for sin 0 W ^ 0.23 and a longitudinal polarisation 
P, SA LR /S sin 2 0 W ^ 8P, whereas W FB /5 sin 2 0 W ~ - 2.0. For P - 0.5, an 



Fig. 10.8 Polarisation of Z° as a function of the e polarisation P , 
for P + =0 (full line) and P + = ~P~ (broken line). 
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* The longitudinal asymmetry A L = (cr R - a L )/(a R + <t l ) = -/4 LR is also commonly 
used in the literature. Note that, in practice, values of polarisation significantly 
below 100% are anticipated. Even for a perfect circular machine, the polarisation 
is only 92.4%; transverse polarisation arises from a spin-flip term in synchrotron- 
radiation which aligns the magnetic moment along the magnetic Held (Sokolov- 
Ternov effect). Practical expectations for LEP, for example, are in the region of 
30 to 70%. This significantly reduces the sensitivity to the coupling constants. 
A potentially interesting scheme for LEP (Blondel ei at., 1987) is to polarise 
the e" bunches 1 and 4 (with 2 and 3 unpolarised) and the e + bunches 2 and 4 
(with 1 and 3 unpolarised). The four bunch-bunch cross-sections are then 
°\ =°Jl ~ p ~ ^lr)> o 2 ~ <7 U (1 + P + /1 LR ), <r 3 = a u and 
a 4 = 0" u [l - P + P~ + {P + - P~)A LR ], where a u is the cross-section for the 
unpolarised case. From these equations, a cross-check of external measurements 
of P + and P~, together with the extraction of A LR , can be made. 
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accuracy of S sin 2 0 W ~ 0.0003 could be achieved with the LEP accelerator 
for an integrated luminosity of 40 pb" 1 (Alexander et aL, 1987). The 
'dilution factor* f P , compared to P=l, is f P = (P~ — P + )(l - P~P + ). 
Hence, for the linear collider scenario (P~ = P, P + = 0) / p = P, whereas 
for a circular collider (P" = -P + = P) f p = 2P/{\ + P 2 ). Hence, large 
values of P are clearly desirable. 

The quantity /4 LR gives a determination of /4 e , since the contribution 
from the final state fermions cancels. All final states can be used in the 
determination (provided radiative corrections are appropriately included), 
so that good statistics can be obtained. A measurement of A { can be 
achieved from the quantity All = [(cr[ - of) - (or - <7r)]/((7 r + er L ) = J/4 f , 
where <j[ is the cross-section for finding f in the forward direction for a 
lefthanded incident beam, etc. 

The dependence of the cross-section (10.42) on the initial beam 
polarisation can be seen more clearly by expressing this equation in terms 
of C R = (#v — 0a)/2 a ^d C L = (g x + # A )/2 as follows (m f = 0 is assumed) 



d cos 6 8 sin 4 0 W cos 4 0 w r| 

x {(Q) 2 [((C R ) 2 + (C f L ) 2 )(l + cos 2 9) + 2((C R ) 2 - (C[) 2 ) cos 0] 
+ (Q) 2 [((C R ) 2 + (C f L ) 2 )(l + cos 2 0) - 2((C R ) 2 - (C f L ) 2 ) cos 0]} . 

(10.50) 

The term in C R (C£) corresponds to an incident e~ beam which is purely 
right(left)handed. With the standard parameters |Qj > so the value 
of R z is greater for left than righthanded electrons. 

A further quantity which is sensitive to the coupling constants is the 
charge asymmetry* , defined as 

4 ch (cos 0) = [N ( (9) - N 7 (0)]/[N f «9) + N^ey] 

[(Q) 2 - (C£) 2 ][(C f R ) 2 - (C f L ) 2 ]2 cos 0 2cos0 



[(Q) 2 + (CL) 2 ][(C f R ) 2 + (C f L ) 2 ](l + cos 2 (9) 1 + cos 2 6 

(2 g f v ^)2cosfl _ 2cosfl 
Z (tf + + cos 2 0) " ^ (1 + cos 2 0)- (1U ' 



where the evaluation of A ch follows from (10.50), with the Z° polarization 
taken from (10.48) (for the unpolarised case). It is easy to show that the 
form (10.51) also holds for polarised beams. For the standard model 

# The quantity A ch is related (assuming CP invariance holds) to A rB in (10.47) 
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couplings, with sin 2 0 W = 0.225, then for e + e" - /x + \T at 6 = 0, A ch = 0.039 
for P~ =P + =0, but increases to A ch = +0.20 for P" = ±l(P z = ±1). 
The form of (10.51) arises because, to leading order, the result can be 
expressed as the product of the probabilities to create the Z° in a certain 
polarisation state multiplied by that for its decay to fF. The longitudinal 
polarisation of the Z° is given by (10.48), whereas the Z° decay probability 
depends on the quantities |^ R | 2 and \Jt L \ 2 in (10.17). Thus, for example, 
for a Z° polarisation P z , the forward-backward asymmetry (10.47) is 
A Fh = — \A { P Z . Equation (10.50) can also be generalised in a similar way. 

The above discussion includes only the s-channel Z° diagram. However, 
for |s 1/2 — M z | >> T z , the y and y~Z interference terms should again be 
considered, in particular for asymmetry measurements. The cross-section 
for |s 1/2 - M z | >> r z , the y and y-Z interference terms should again be 
considered, in particular for asymmetry measurements. The cross-section 
for unpolarised beams was given in (6.87). Near the resonance pole, the 
become (Q t = — 1 ) 

c > = 6? + 7T K»v) 2 + to f A) 2 ][((ffW 2 + (9%) 2 ) - 2Pg c ,gX] 
lo 



( Re F ) „ 



2 



(10.52) 



& = ^(0v^a){(^)-| [(f 
with 

F= - . (10.53) 



1 5 

sin # w cos 2 0 w [(s-M|) + iM z rj 



In this case, the charge asymmetry is given by /4 ch (cos 0) = (Q/Cj) cos 6/ 
(1 + cos 2 0), which reduces to (10.51) at the Z° resonance for P = 0, and 
noting that P z = (-2^)/[(<?v) 2 + (gX) 2 l 

The diversity of possible measurements available with polarised beams 
is apparent. Note that the y-Z° interference terms (i.e. those in Re F) 
change sign on passing through the Z° pole (Re F is negative below, zero 
on, and positive above the Z°). Some estimates of A ch = 3C 2 /8C 1 , for three 
different e" polarisations and as a function of s 1/2 , are shown in Fig. 10.9 
(taking sin 2 # w = 0.225 and M z = 93 GeV). The quantity plotted is averaged 
over cos 0, for a 4n detector, and so is equivalent to A FB in (10.47). 
Note that since the angular dependence of A ch is 2 cos 6/(1 + cos 2 6), the 
bulk of the sensitivity comes from the forward cone (0^40°). However, 
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radiative effects are important in the forward direction for A ch . Fig. 10.10 
shows the effect of radiative corrections (Bohm and Hollik, 1982) on A ch 
and A L ( = —A LR ), the latter being rather insensitive to such corrections. 
The calculation includes one-loop electromagnetic corrections as well as 
bremsstrahlung soft photons with A£ y /£ beam <0.01. 

Measurement of the polarisation of the outgoing fermion (e.g. t~), using 
either polarised or unpolarised beams, gives information on the weak 



Fig. 10.9 Expected distributions of A ch ( = /4 FB ), as a function of s ,/2 , for {a) 
e~e + + , (b) e~e + -> uu and (c) e~e + ->da\ The values shown 

correspond to three different electron polarisations and are computed 
for sin 2 0 W = 0.225, M z = 93 GeV. The distribution of is also 
given in (a). 
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couplings of f. For example, the total number of right and lefthanded 
fermions produced, from unpolarised beams, at 5 1/2 ~ M z is, from (10.50), 

N R = K Z C ( K 2 (C' R 2 + Cl 2 % N L = K Z C?(C? + CI 1 )!, (10.54) 

where K z is a constant, and the coefficient f arise from integration over all 
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angles. Thus, the net fermion polarisation is 

p _ (Cr) 2 ~ (C[) 2 _ -2g{g ! A f 
f = (C^ + (C{)^l(g^ + ( g ^ = ~ A - (1055) 

The electron couplings can be obtained by combining P f with /4 FB (from 
(10.47)), yielding A f JP { = - {\)g%g\ll(g%) 2 ^ {g\n= -U' • 

An analysis of the decay modes of the i-lepton appears to be a possible 
method of measuring the polarisation of the produced fermion. If P z is 
the polarisation of the i-lepton, then, using the usual methods, it is easy 
to show that for the decay x~ -> v z n~ 

\Jl\ 2 oc 1 +P r cos 0 n , (10.56) 

where 0 n is the angle made by the n~ with respect to the spin direction 
of the t~, in the t~ cms. The n~ energy spectrum in the e + e" cms is found 
by boosting from the t cms. Neglecting small masses, and defining 
x n = 2EJs l/2 ~ (1 + cos 0J/2, we obtain 

^ = [1+P r (2x^l)]. (10.57) 
dx rt 

Fig. 10.1 1 shows the expected spectrum for different values of sin 2 # w (and 
hence of P z from (10.55)). Also shown is the lepton spectrum (x, = 2£,/s 1/2 ) 
for the decay t -> /vv, again for different values of sin 2 0 W . Here the decay 
lepton spectrum is given by 

d/V 

= i[5 _ g x f + 4x, 3 + P t (l - 9xf + 8x, 3 )] . (10.58) 

dx, 

The spectra for polarised t decays to other modes are given by Tsai ( 1 97 1 ). 

The longitudinal polarisation of the outgoing fermion for the general 
case can be found by starting with the matrix element (6.85), and writing 
it explicitly in terms of its left and righthanded components. That is (the 
meaning of f { R etc. is explained below) 

^^y"UUi+y 5 ) + fdi-y s )lv 4 

+ ^S 2 y„[Ci(l+y s ) + Q(l- ) , s )]M 1 

x u 3 f l^l +y 5 )+C ( L (\ -y 5 )> 4 . (10.59) 
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With the usual methods, this gives 

\jt\* = 4e*lCy(l 4- cos 2 0) + C 2 cos 0], (10.60) 

where 

fe, = e 2 [(/ R ) 2 + (/L) 2 ][(/ R ) 2 + (/I) 2 ] + |f| 2 [(Q) 2 + (cir_\[(c ( R f + (c[) 2 ] 

- 2Q t Re F(/SQ +/LQ)(/r4 +f[C[) 

C 2 = 2Q, 2 [(/I) 2 - CT l ) 2 ][(/r) 2 - (A) 2 ] + 2|F| 2 [(Q) 2 - {CtfMCtf - (C L ) 2 ] 

-4fi f Re Ff/JCi-ZtCM -/ f L C f L ). (10.61) 

From these expressions we can compute |^ R | 2 , corresponding to a 
righthanded electron beam (i.e. this involves picking out the righthanded 

Fig. 10.1 1 Energy spectrum of (a) I from t-*Ivv and (b) n from t-» V7i 
for e + e~ ->t + t~ at s 1/2 ~ M z for unpolarised beams. 
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electron terms in (10.59) and amounts to setting / R = 1, fl = Q = 0), and 
|-^l| 2 (ft - 1>/r = Q = 0). Hence, for an electron beam of polarisation P, 
we have 

|ur| l = K| 2 + ^ K| 2 . (io.62) 

In order to find the polarisation off, we require the relative probabilities of 
producing a righthanded f (i.e. (10.62) evaluated with / R = 1,/1 = CL = 0, 
giving \Ji{+ )| 2 ) and a lefthanded f (f[ = 1 , / f R = C f R = 0, giving \M{ - )| 2 ). 
The longitudinal polarisation of f is then 



P f( cos 6) = j-^T^i: = fll(1+C °? ) + a - C0S *> (10.63) 
|^( + )| 2 + |^/(-)| 2 a 3 (l + cos 2 9) + a 4 cos6 ' 

where 

fli = ^ {C(Q)2 + (Q)2] + PC(Q)2 " (C ^ )2] } [ ( c r) 2 " (^l) 2 ] 

- Q f Re F[(Q + C e L ) + P(Q - Q)](C R - C f L ), 

a 2 - 4PGr 2 + If {[(Q) 2 - (Q) 2 ] + P[(Q) 2 + (C £ L ) 2 ]}[(C f R ) 2 4- (C f L ) 2 ] 

- 2Q f Re F[(Q - Q) + P(Q + Q)](C f R + C[), 

a 3 = 2Q 2 + ^! {[(Cr ) 2 + (Q) 2 ] + P[(Q) 2 - (Q) 2 ]}[(C f R ) 2 + (C[) 2 ] 

- Q ( Re F[(CJ + Q) + P(Q - Q)](C f R + C f L ), 

^4 = |^| 2 {[(Q) 2 - (Q) 2 ] + P[(Q) 2 + (Q) 2 ]}[(C R ) 2 - (C f L ) 2 ] 

- 2Q f Re F[(Q - Q) + P(Q + Q)](C f R - C[). (10.64) 

For unpolarised beams at s 1/2 ~30GeV (i.e. PEP/PETRA energies), 
(10.64) can be approximated to P ( (c) = -(F/2)[g e w g\ + g\g { w 2c/(l + c 2 )], 
with c = cos 0. Thus, the mean polarisation of f is <P f > = — Fg%g ( J2, and 
the difference in the forward (c>0) and backward (c<0) hemispheres 
is 4f = (Pf~ Pf)/2 = -3Fg\g ( v/&. Experimentally, from a study of t- 
decays, Ford et al. (1987) find <P t > = -0.02 ± 0.07 ± 0.11 and A* = 
0.06 ± 0.07. Assuming ^ = this gives # r v = -0.52 ± 0.62. Thus, pro- 
viding the statistical and systematic errors can be significantly reduced, 
such measurements are of great interest. The sensitivity to the couplings 
is enhanced if the incident beams can be polarised. 

The variation of P f (f = /x, z) with s 1/2 , computed using (10.60) integrated 
over angles, is shown in Fig. 10.12. The expected accuracy on sin 2 
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from r-polarisation measurements at LEP is S sin 2 9 W ~ 0.0019 (Alexander 
et aL, 1987). Extra information can be obtained from a study of the 
angular distribution of P f (10.63). Further information which can be 
extracted by using polarised beams is discussed by Prescott (1983). If both 
the e~ and e + beams are polarised, then (10.62) must be modified, as 
discussed above (see (10.48)). It should be mentioned again, however, that 
values of the beam polarisation P significantly less than 100% are expected 
in practice, and that the values P=±100% are used above for the 
purposes of illustration. 

In summary, therefore, the use of polarised beams, and the measurement 
of the polarisation of the final state fermions, is a means of significantly 
improving our knowledge of the coupling constants. 

10.3.4 W* production at e + e" colliders 

The two most important diagrams for the process e + e" -> W" + X 
are shown in Figs. 10.13(a) and (b). An estimate of the cross-sections 
for these processes can be obtained using the Weizacker-Williams 
approximation of quasi-real photons, which relates <r(e + e~ -> e ± vW^) to 
<j(ye ± vW ± ). Numerical estimates (Gaillard, 1 979) give c(e + e ~ -+ Wev) ~ 
8xl0" 38 cm 2 , for sin 2 0 W = 0.20, M w = 84 GeV and s 1/2 =150GeV. 
Another possible mechanism is that of Fig. 10.13(c). However, the 
estimated branching ratio is r(Z- W + X)/T z ~ 10" 7 (Alles et ai, 1977), 
with the corresponding cross-section (at its peak) ~ 10" 38 cm 2 . Thus, the 
cross-section for the production of a single W is estimated to be small. 

Fig. 10.12 Average polarisation P f (f = pi~ > t"), as a function of s l/2 , 
computed for sin 2 0 W = 0.225, M z = 93 GeV. 
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Diagrams leading to the production of a W + W" pair are shown in Fig. 
10.14. These diagrams involve the trilinear couplings of the gauge bosons 
(see Appendix C)> and constitute a potentially fundamental test of the 
standard model. The cross-section is (Alles et ai, 1977), with x = sin 2 0 W 



Fig. 10.13 Diagrams contributing to e + e -»W X. 




(c) 



Fig. 10.14 Lowest order diagrams for e + e ->W + W . 




Production of W~ and 2° 



517 



and fi=(\ -4M w /s)" 2 
do a 2 /? 



dQ 32x 2 s tj 

where 
M„ = F„ 



2> y , 



(10.65) 



M n = x 2 F 2 , 



M zz = [x 2 -- + 



2 8/ (s -M 2 Z ) 



2\2 J 2 



F 2 , M Zy = 2x(i-x) 



^2, 



M yv = -xF 3 , 



(10.66) 



with 



2s sin 2 dp 2 



s \ s 
~t) + 4M^ 



F 2 (e, s) = p 2 



1 6s 



4s 



+ 12 sin 2 



(10.67) 



f , ( M-.«|. + ^) + ^ + ^(£- 

t J Ml 2 VM^ Mw f 



25 45 

Y 
w 



In these expressions r = - 5/2(1 -/? cos 0) is the four-momentum 
transfer squared between the e" and W~, and 6 is the cms scattering 
angle of the W" with respect to the incident e" . The diagram with a Higgs 
propagator (Fig. 10. 14(d)) does not contribute in the limit m e = 0; however, 
it is needed to avoid unitarity problems at very high energies in a full 
calculation. 

The resulting total cross-section, obtained by integrating (10.65), is 



(10.68) 



where 



*vv = 0"i, 



(T yy = X G 2 > 



2 87 (5 -Ml) 
s 



a Zy = | - ~ 2x : 



s-Ml 



s-M 



2 



(10.69) 
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with 




in which L = ln[(l + /?)/(l -/?)]. 

The total e + e~ ->W + W~ cross-section, computed using the standard 
GSW model (i.e. (10.68)), is shown in Fig. 10.15, as a function of 
5 1/2 = 2£ beam . The cross-section peaks at a value of about 20 pb, some 
40 GeV above threshold. This corresponds, very roughly, to the production 
of about 10 4 W + W" pairs/yr/intersection region, for a luminosity of 

Fig. 10.15 Cross-section for e + e~ -> W + W", as a function of s 1/2 , 
as expected in the standard GWS model. The individual contributions 
which make up the total cross-section are also shown. 




200 250 300 
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5 x 10 31 cm -2 s" \ giving an integrated luminosity of 500 pb~ l . The rapid 
rise around threshold is a sensitive method with which to determine the W 
mass, but the finite W width must be taken into account. Also shown in 
Fig. 10.15 is the energy dependence of a vv , which arises from the v exchange 
graph (Fig. 10.14(a)). For large 5 (»M 2 V ), the v exchange cross-section 
takes the form (from (10.69)) 



The cross-section from the v exchange diagram increases linearly with s, 
and will clearly eventually exceed the unitarity bound. In the GSW model, 
this bad high energy behaviour is cancelled when all the graphs are 
considered (the individual components of the cross-section are shown in 
Fig. 10.15), the coefficients being dictated by gauge invariance, giving 



Precision tests of the GSW theory require accurate measurement of the 
cross-section. Radiative corrections are important, and must be included 
in such a comparison. Experimentally, the signature for W*W~ is either 
through four jets in the final state (QCD four-jet production is expected 
to give a background of approximately 5%), or through a leptonic decay 
mode. Detection of W + W" in pp colliders is also possible, but the 
backgrounds are more severe. 

In addition to measurements of the total cross-section, measurements 
of the W helicity and angular distribution permit further sensitive tests 
of the model. If the W + W~ process occurs through V and A couplings 
only, then the cross-section is zero if the helicities of the e~ and e + are 
the same, i.e. a LL = a RR = 0 (this can be seen by inserting w(£) = ^(1 ± y 5 )u 
in a general V, A current, and then using the properties of y 5 ). For the 
neutrino exchange diagram (Fig. 10.14(a)), the incident e~" must be 
lefthanded, i.e. Or v l-0. In fact, a RL ~ 10 -2 a LR in total since, for the y, Z° 
(or, equivalently, W 3 , B) exchange, the W 3 boson contributes only to cr LR 
and B does not couple to W + W~. The dominant helicity configuration 
is shown in Fig. 10.16. For 0~0, this means that we have either 



W + (X = + 1 ), W " U = 0), or W + (X = 0), W " (A = - 1 ). The angular distri- 



bution peaks at 0 ~ 0, so the dominant contribution contains a significant 
production of helicity zero (i.e. longitudinal) W bosons. This is important, 
because it is the longitudinal modes which give rise to the W mass through 
the Higgs mechanism. Experimentally, the W polarisation can be found 




(10.72) 



520 



The standard model and beyond 



by measuring the angular distribution of the decay fermions in the W cms 
(equation (10.1 1)). The decays W -> h are probably the most suitable for 
this. The W cms can easily be found, provided the W + W" axis has been 
determined. 

The W~ angular distribution, expected in the GSW model at s {/1 ~ 
200 GeV, is given in Fig. 10.17. The distribution peaks at small values of 6 
(this can be seen from (10.67)), and, from the breakdown of the 
cross-section in terms of the WW spin states, it can be seen that the 
potentially very interesting LL term is rather small. A study of d<r/d cos 6 
for W + W" events should provide a sensitive test on the form of the 
trilinear gauge boson couplings, i.e. yWW and ZWW. For the standard 
model, these are given in Appendix (C.3.3). Gaemers and Gounaris (1979) 
have considered the most general form of the three-vector boson coupling. 

Fig. 10.16 Helicity configuration for the dominant process in 




Fig. 10.17 Angular distribution ofW" in e + e~ W + W" , at s ,/2 = 
200 GeV, expected in the GSW model. The breakdown of the cross- 
section in terms of W helicity states is also given. 

5CH 1 




cos 6 
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The experimental prospects for the sensitivity to the parameters of this 
general form (which can be formulated in terms of the W magnetic dipole 
and electric quadruple moments) are discussed in some detail by Barbiellini 
et al. (1986). The possibility of studying the four-boson coupling, using 
the processes e + e~ -► W + W"y and e + e" -► e + e~W + W~, also exists for 
LEP II (.e. the second stage of LEP with beams of approximately 
100+ 100 GeV). 

The process e + e"->Z°Z° can occur in lowest order through the 
^-channel exchange of an electron. Near threshold, the cross-section is 
(Barbiellini et al, 1986) 

,(e»e-^Z'ZQ)^ (10.73) 

16x 2 (l-x) 2 s 

where x = sin 2 0 w - This gives roughly <r~(5pb)/? 2 , which is about an 
order of magnitude less than the W + W~ cross-section (because x ~ 0.25), 
and is of less inherent interest because there are no new vertices involved. 

Accurate measurements of the Z° and W masses should give a stringent 
test of the GSW theory, beyond leading order (see Section 10.4). 
Measurement of the Z° mass (and width) can be made by carefully 
scanning over the Z° peak, and measuring the total cross-section at each 
energy. The limiting factors expected for LEP (Altarelli et ah, 1986), 
assuming a luminosity of if ~ 10 31 cm" 2 s~ 1 and for about 30 days 
running, are: 

(i) statistical errors; SM Z ~ ± 15 MeV, ST Z ~ ± 15 MeV; 

(ii) uncertainty in machine energy spread (As 1/2 ^ 70 MeV); this gives 
a small effect provided it is well known; 

(iii) uncertainty in luminosity (A.S?^2%); SM z ~ ±10 MeV, 
Sr z ^ 10 MeV; 

(iv) uncertainty in the absolute energy scale; SM Z ~ 8Y Z ± 30 MeV; 

(v) uncertainty in radiative corrections; SM Z ~ ST Z ^ 10 MeV. 
Altarelli et al (1986) estimate that the resulting overall uncertainty should 
be SM Z ^ ST Z ~ ±50 MeV, and that a reduction to 20 MeV is possible 
by improvements on the measurements of the beam parameters. (This 
requires a measurable beam polarisation, however a transverse polarisation 
will suffice.) Roughly similar accuracy is expected at the SLC (Gilman, 
1986). Note that T z will accurately specify N v (Section 10.3.2). 

Measurement of the W mass is more difficult than that of the Z°. At 
least four methods seem possible (for details see Barbiellini et al., 1986). 
These are measurement of 

(i) the threshold dependence of <r(e + e" -► W + W"); 

(ii) the end point of the lepton spectrum for W — ► /v,; 
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(iii) the jet-jet invariant mass for W -> qq; 

(iv) the /vj invariant mass for W lv,. 

In each of these methods the effect of the finite W width, and also radiative 
corrections, must be taken into account. The methods suffer from different 
systematic effects, but an error of <5M W ^ 100 MeV should be feasible 
at LEP II. 



10.4 TESTING THE STANDARD MODEL 

The calculations in the previous sections have been confined to 
the leading order (Born) terms. However, higher order terms are generally 
significant, and these must be considered in precision tests of the theory. 
As discussed in Section 10.3.3, the line shape of the resonance is 
considerably distorted by QED radiative effects, which give shifts to 
Sr z /T z - <5Mz/r z - 0.1 (or Sr z ~ SM Z ~ 200 MeV). The main effect is from 
the large logarithms associated with the real and virtual radiation from 
the incident particles. These give rise to terms in t* = [n(M z /m?) ~ 24.3, 
of the order <xt'/n~ 0.06. In a fully inclusive measurement there are, 
however, no similar logs associated with the final states, since a sum is 
made over all of these. However, this is not the case for a specific channel 
such as e + e" ->^ + /z~> where, if A£ y is the maximum energy of an 
undetected y, terms in ln(M z /A£ y ) will arise. 

The calculation of QED corrections on the incident legs requires the 
evaluation of the sum of leading and next-to-leading terms (<xt') n and oc(at') n 
for all n, in order to match the expected accuracy of the experiments. The 
formalism of the Altarelli— Parisi equations (Section 7.7.2) can be used 
(Altarelli and Martinelli, 1986). In the calculation, the probability P tc (z) f 
to find an electron inside an electron carrying a fraction z of its momentum, 
appears (in a similar way to the splitting function P qq (7.180), of finding a 
quark within a quark). Likewise, there are the analogous splitting functions 
P cy (z) and P ye (z) (P ee , P cy and P ye have the same form as their QCD 
analogues, but without the colour factor f). 

Compared to the Born diagram result, the O(a) and 0(a 2 ) corrections 
raise the maximum of the cross-section for e + e" + by 184 and 
96 MeV respectively (Berends et a/., 1987). The exponentiated versions of 
the O(a) and 0(a 2 ) corrections differ from the full calculation by about 
20 MeV, and this indicates the remaining theoretical uncertainty. One of 
the main uncertainties arises from loop contributions containing quarks. 
The measured values of <r(e + e~ -> hadrons) for l^s 1/2 ^10GeV are 
needed as input (see Section 7.8), and these are not known to the desired 
precision. 
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As discussed in Section 5.5.3, there are a considerable number of 
parameters in the standard GSW model. To leading order, fl w > e > G anc * 
g' satisfying sin 0 W = e/g and tan 0 W = g'/g (5.99) and also the masses of 
the W and Z are related by M w = M z cos 0 W (5.168). Further, the vector 
boson masses are given in terms of the vacuum expectation value of the 
Higgs field v = (2 1/2 G F ) 1/2 by M w = gv/2 and M 2 = (g 2 + g f2 Y /2 v/2 (5.167), 
and the Fermi coupling constant G F , which can be accurately determined 
from muon decay, satisfies SG f M^ = 2 1/2 g 2 . Thus, knowledge of 
£ = (47ta) 1/2 , G F and one of 0 W , M w or M z is adequate to calculate the 
other parameters at tree level for the minimal standard model (i.e. one 
neutral Higgs doublet). In addition to the above parameters, there are the 
lepton masses and the quark masses and mixing angles (denoted generically 
as {m f }). 

The value of can be written, using (5.63) and (5.99), in terms of a, 
G F and sin 2 0 W , 

Aft- - ™ - = _4S_ = (37.2810(3)GeV)» 
2 1/2 G F sin 2 0 w sin 2 0 w sin 2 0 w 
In this expression the coupling constants a = a(m c ), G F = G F (m^ y (given 
by (6.46)), refer to the Q 2 ->0 limit. At some scale Q 2 - M 2 (M 2 V , Mf), 
however, the effective (running) coupling constants for this scale must be 
used. 

The relationships sin 0 W = e/g and M w = M 2 cos 0 W , etc. are only valid 
at tree level. In higher orders, the coupling constants and masses receive 
potentially infinite corrections, and must be renormalised. The absolute 
value of sin 2 Qw(fJ<)> will depend on which scheme X is used, and on the 
scale ii at which it is expressed. Values of sin 2 0 W in the various schemes 
differ by 0(a). The loop corrections also alter the tree level relationships 
discussed above by finite terms of 0(a). The corrections to the measured 
quantities in the particular physical process under study must also be 
calculated in the desired scheme. A common method, the 'on-sheW scheme 
(Sirlin, 1980; Marciano and Sirlin, 1984), is to use the masses M w , M z 
(as well as m H , {w f } and e) as parameters of the theory and to define 

sin 2 0 W = 1 ~ Mi/Ml (10.75) 
where M w and M z are the physical vector boson masses. That is, this 
relationship is defined to be exact, unmodified by radiative corrections. 
However, higher order corrections modify (10.74), giving 



7ca(0) 



2 l/2 G F (l-Ar)sin 2 0 w sin 2 6 V 



1 + (1 -4A 2 /Ml) 



2\l/2 



(10.76) 

where Ar is the electroweak radiative correction factor. 
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An alternative renormalisation scheme is the MS scheme (Wheater and 
Llewellyn Smith, 1982), in which the renormalisation constants are fixed by 
subtracting the singular parts of two- and three-point functions at a scale 
\x = A/ w . The scheme is useful for the analysis of Grand Unified Theories 
(Section 10.7) and the corrections are less sensitive to the Higgs mass m H . 
The relationship between the two schemes (Marciano and Parsa, 1986) 
is that, for sin 2 0 W ^ 0.22 and m H ~ M z , sin 2 0 W = 1.006 sin 2 0 W (A/ W ), 
where # w corresponds to the MS scheme and where the relating factor 
depends (weakly) on m { and m H . Once the basic parameters of the 
Lagrangian have been chosen for a particular renormalisation scheme, 
the other quantities can be calculated (perturbatively) in terms of these. 

One of the main contributions to the correction Ar in (10.76) arises from 
the 'running' of a to Q 2 = M 2 . This gives (the calculation involves summing 
all possible vacuum polarisation contributions in the derivation of (4. 1 96)) 

a" l (M) = a" '(0) - — X Q? ln(M 2 /m f 2 ) (m f < M) 

3;r f 

= (127.2 ± 0.3) + §7r ln(m t /35), (10.77) 

where m t is the mass of the top quark in GeV and for m H = 100 GeV and 
M z = 93GeV (Jegerlehner, 1986). Thus, a(M)/a(m e ) = 1.073 ±0.003. As 
discussed in Sections 4.9.2 and 4.9.5, this arises from the vacuum 
polarisation diagrams and the corresponding large logs associated with 
the QED p function. A crude estimate of the shift in a can be made by 
inserting in (10.77) the appropriate lepton and quark masses. Using 
m u = 4 MeV, m d = 7 MeV, m s = 125 MeV, m c = 1 .5 GeV, and m h = 4.95 GeV 
(i.e the current quark masses discussed in Section 8.4.2) gives a shift 
Aa"" 1 = 10.3. This result is very sensitive to the light quark masses and 
increasing m u and m d to 15 MeV gives better agreement with the numerical 
result given in (10.77) (which is from Jegerlehner, 1986). In this latter 
calculation, dispersion relations are used for the low energy contribution 
of e + e~ hadrons. This avoids the use of the QCD in the low energy 
region and the use of the ill-defined light quark masses. A disadvantage, 
however, is that these low-energy cross-sections are not known with 
adequate precision. This variation in a can, in principle, be studied directly 
by measuring the energy dependence of the total cross-section from 
threshold to the Z° resonance. The analogous correction G F (M)/G F (m^) 
contains no large logarithms, and is small. At the leading log level G F does 
not 'run'. 

The electroweak correction term Ar (in (10.76)) has been computed by 
Jegerlehner (1986). The value of Ar depends on the mass of the top quark, 
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the existence of any further quark doublets or heavy leptons and also the 
mass of the Higgs scalar particle(s). A value Ar = 0.0713 + 0.0013 is found 
for M z = 93 GeV, m t = 35 GeV and m H = 100 GeV. Note that the correction, 
other than that given by (10.77), is only a few parts per mil. The corrected 
values of M w and M z can be computed from (10.75) and (10.76). In the 
standard model there is a unique relationship between M w and M Zi as 
can be seen from (10.76). The effect of electroweak radiative corrections is 
to change the value of A from 37.281 GeV (with no corrections) to 38.65 
(with corrections to order a; this value depends to some extent on m l and 
m H ). Thus, for example, for M z = 93 GeV, we find M w = 82.0 with 
corrections and M w = 83.1 GeV without corrections. Hence, precision 
measurements of M z and M w should give a sensitive test of the standard 
model, and in particular of the electroweak radiative corrections. 

A precision measurement of M z — M w is sensitive to the mass of the 
top quark m n and somewhat less so to the mass of the Higgs. Marciano 
and Sirlin (1984) give, for the variation of Ar with m, (m l » M w ) 



-3a cos 2 B w m} 



Ml' 



\6n sin 0 W 
and for the variation with m H {m H » M z ) 
11a 



dAr^ 



487rsin 2 (9 v 



■In 



= 0.0024 In 



(10.78) 



(10.79) 



Thus, a 1 TeV (rather than 100 GeV) Higgs would change Ar by about 
0.01. Fig. 10.18 shows the dependence of Ar on m l and m H , as well as on 



Fig. 10.18 Variation of radiative correction Ar as a function of the 
Higgs (H), t-quark (t) and heavy lepton (L) masses. 
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Table 10.2. Comparison between the experimentally observed W and Z 
masses and the values expected from low energy neutral current 
measurements [from Section 8.9 and labelled Theory~] 



Quantity Theory UA1 UA2 



M w [GeV] 80.4+1.6 
M z [GeV] 91.7+1.3 

sin 2 0 W (a) 0.231 +0.009 

sin 2 0 W (b) 0.231 +0.009 

P * 



83.5 ± 1.1 ±2.7 

93.0+1.4 + 3 
0.214 + 0.006 + 0.014 
0.194 + 0.032 
1.026 + 0.037 + 0.019 



80.2 ± 0.8 ± 1.3 
91.5+ 1.2± 1.7 

0.232 ± 0.004 ± 0.007 

0.232 + 0.025 

1.000 ±0.033 ±0.009 



the mass of a possible heavy lepton L. A new family of heavy quarks, 
with a large mass difference m K . — m b ,, would cause Ar to decrease, leading 
to Ar^O for m v — m h . ^ 250 GeV. Note that, in general, precision 
measurements of quantities involving loops can provide a sensitive probe 
to new particles. 

Using all the available neutral current data, and applying electroweak 
radiative corrections to 0(a), Amaldi et aL (1987) extract a value 

sin 2 0 W = 0.230 + 0.005 (on-shell scheme), (10.80) 

assuming p(= M\ i jM\ cos 2 # w ) = 1. The error also includes the various 
theoretical uncertainties, and is computed assuming n f = 3, m t < 100 GeV 
and m H ^ 1 TeV. Using this value, the masses of the W and Z can be 
predicted using (10.75) and (10.76). 

In Table 10.2 a comparison of the standard model predictions is made, 
with the measured M w and M z values of the UA1 and UA2 collaborations. 
The value sin 2 9^(a) is derived from (10.76), whereas sin 2 0 w (/>) is obtained 
from the ratio M w /M z (10.75) and is thus free of common systematic 
errors in the mass determination. The value of p is calculated using 
p = cos 2 # w (b)/cos 2 0 w (a). Thus, the collider data are in good agreement 
with the standard model. Indeed, consistent results on sin 2 0 W are obtained 
over a large range of Q 2 values, as shown in Fig. 10.19. From a 
two-parameter fit to all available data, Amaldi et al. find 

sin 2 0 W - 0.229 ± 0.006, p = 0.998 ± 0.009 (on-shell scheme). 

(10.81) 

The value of p is sensitive to the Higgs sector. A value of p consistent with 
unity suggests that only Higgs doublets play an important role in SU(2) L 
breaking. 

The present experimental data are consistent with the Born level 
predictions of the standard GSW model, but are not yet precise enough 
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to test accurately the higher order (in particular the weak rather than 
QED) terms in the theory. Such tests must be made before the model can 
be fully accepted as the gauge theory of the electroweak interaction. 
Experimental tests are planned in several areas. An improved measurement 
in sin 2 ^ w from v M e~ interactions is being made by the CHARM-2 
collaboration, which should achieve an error of ±0.005 on sin 2 0 W . 
Improvements in the precision of the W and Z masses from the CERN 
and FNAL pp collider experiments will also be made. As discussed in 
Section 8.8.1 studies of the processes e~q->e~q (y, Z° exchange) and 
e~q v e q' (W exchange) at the HERA e~p collider will test the model 
at enormous values of Q 2 . The most precise tests of the model are expected 
to come from the e + e~ collider experiments at SLC and LEP. These 
should achieve an accuracy which is sensitive to the structure of the higher 
order corrections. 



10.5 THE MISSING INGREDIENTS 

In terms of the particles which are necessary in the GSW model, 
the discovery of the t-quark and that of the Higgs particle, are the most 
important experimental tasks. 

10.5.1 t -quark and toponium 

Careful studies at the highest energies available at the PETRA 
machine show no evidence for a t-quark state, giving a lower limit 
m, >> 23 GeV. Some evidence for the existence of a t-quark has been 



Fig. 10.19 Results for sin 2 0 W as a function of the Q 2 value of the 
vector boson. 
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published by the UA1 collaboration (Arnison et al., 1984b), using data 
taken in 1983. The aim of the study was to search for the decay W -► tb. 
A sample of events was selected, which contained a high p T lepton (e or ^u), 
together with two hard jets Ch, j 2 )- Six such events (three electron and 
three muon) were found. The missing p T in these events was found to be 
small 10 GeV), and was identified with the presence of a neutrino. The 
invariant mass m 4 (/vj 1 j 2 )» calculated assuming p v L = 0, was consistent with 
M w for all these events, and the mass m 3 (/vj 2 ) was concentrated in the 
region around 40 GeV. These events were interpreted as the sequence 
W -> tB, followed by t -> blv. A further six electron candidates were found 
in the 1984 running. However, from the W production rates, it is expected 
that the number of events with W tB(t -> bev) is less than or equal to 3, 
whereas nine are observed. If the observed signal is due to t-quarks, 
then it appears that some additional mechanism, such as direct u 
production (which cannot be estimated very reliably) is needed. 

The accumulation of more data, together with a more detailed study 
of the backgrounds, has led to a re-evaluation of the original observations. 
There is now no evidence for a significant signal and a lower limit 
m t > 44 GeV (95% c.l.) is given (Albajar et al, 1987c). Higher limits can 
be extracted with more model dependent assumptions. 

A t-quark is expected in order to complete the third generation of 
quarks. If there is no t-quark, then we must put the weak eigenstate b' 
in an SU(2) singlet. In this case, the only charged current interactions are 
the transformations u -> d' and c -> s'; however, d' and s' would contain 
some small admixture of the mass eigenstate b. Hence, the neutral current 
is no longer automatically diagonal in flavour, and strangeness-changing 
neutral currents can appear. These can be removed by suitable choice of 
the mixing angles; however, b flavour-changing neutral currents cannot 
simultaneously be removed. Using the additional information that the 
b -> u and b -> c couplings are small (Section 8.6.4), the following lower 
bound can be obtained (Barger and Pakvasa, 1979) 

r = r(b -> / + rxyr(b - z v x) ^ 0.12. (10.82) 

Experimentally, the limit is R < 0.01 (90% c.l.), Bean et al. (1987). This 
is indirect evidence that the t-quark should exist. Further indirect evidence 
is that g% = ~0.50±0.10 ((8.179) in Section 8.9.2), compatible with b being 
a member of a lefthanded doublet. 

In the standard model an upper limit on the value of m t can be obtained 
by considering the higher order corrections to p, which is unity in the 
GSW model in the Born approximation. For w t » m b , and for the minimal 
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Higgs model (Veltman, 1977), 

,1 + (U)125M (10.83) 
P 8(2 1/2 )tt 2 V 200 / 

Inserting the upper limit of p from (10.81), gives m t ^ 200 GeV. 

Our theoretical understanding of heavy quark systems is expected to 
improve as the quark mass increases, since a s (mq) becomes smaller, making 
perturbation theory more reliable. The short distance part of the QQ 
potential for bound states is generated by gluon exchange, and has a 
Coulomb-like (i.e. 1/r) behaviour (equation (2.277)). The long-distance 
(confining) potential is less well constrained. It is useful, therefore, to 
review the general properties of heavy QQ systems. 

A bound QQ system, with orbital angular momentum L and spin 5, 
has P = ( — 1) L+1 and C = (-\) L + S (this is general for any fermion- 
antifermion pair). The states are labelled as n 2S+i Lj, where n is the radial 
quantum number and J the total angular momentum. For cc we have, 
for example, the states ^(3.097 GeV) with 2S+l Lj(J PC ) = ^(l " 
y/ c (2.98)= l S 0 (0~ + )> x 0 (3.41) = 3 P 0 (0+ + ), etc., as well as excited vector 
states such as ^'(3.70). Similarly, for bB states, the sequence 
T(9.46 GeV = 15) up to Y(l 1.02 GeV = 65), all with J pc = 1 " together 
with other states, have been identified. 

Possibly decay mechanisms for a quarkonium vector resonance V(QQ) 
are shown in Fig. 10.20. The mechanism shown in Fig. 10.20(a) is the 
annihilation of the QQ pair. Since the QQ is near threshold, the problem 
can be treated non-relativistically. The matrix element for V is 



Fig. 10.20 Decay of quarkonium state V(QQ) to (a) l + l or qq, (b) 
ggg or ggy and (c) via charged current decay of Q. 
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constructed from that for the process Q + Q -> y* / + /~, evaluated for 
p Q ~ Pq~0. This amounts to inserting ip(0) y the wave function evaluated 
at the origin, into the matrix element (Van Royen and Weisskopf, 1967, 
and see also Novikov et ai, 1978; Poggio and Schnitzer, 1979). Inserting 
this, and the appropriate volume normalisation, gives the decay rate for 
V / + /~, namely 



The dependence on m v in (10.84) follows from the dimensions of 
|^(0)| 2 (mass 3 ) and of T (mass). 

In the case where the decaying vector meson is not a pure QQ state, 
£q is replaced by |£ a,Q/| 2 , where a i are the appropriate Clebsch-Gordan 
coefficients. Applying this to the e + e" decays of p° = (uu — da*)/! 112 , 
cd° = (uu + d3)/2 1/2 , 4> = ss, \p = cc and T = bb~ gives the expected ratios 
p°/a)°/(t>/ip/Y = 9/1/2/8/2. This is in excellent agreement with the experi- 
mental ratios for F ee namely 

p 0 /w 0 /4>/ip/Y = (10.5 ± 1.1)/1/(1.98 ± 0.13)/(7.1 ± 0.6)/(1.85 ± 0.14). 

If these ideas are correct, this suggests that |t//(0)| 2 oc mi. The same ratios 
should hold for the vector dominance transitions y* -> p°, co°, etc. 
However, in this case, the prediction should be modified by the propagator 
term (7.198). 

For the qq decay modes there is an extra colour factor of three. Thus, 
the result for V -> qq, together with the rates calculated for the processes 
V -> ggg and V -> ggy (Fig. 10.20(6)) (e.g. Sehgal, 1985), are as follows 



The calculation of the relative rates is more reliable than that of the 
absolute rates because the uncertainty in T 0 cancels. For m Q = 50 GeV, 
e Q = § and a s ^0.12, the relative rates, summing over all decay leptons 
and quarks, are r(l + l~ )/r(qq)/r(ggg)/r(ggy) = 1/1 -2/0.8/0. 16. 

The total decay widths for the known quarkonia states are small. For 
the J/i//(cc) states, r; ol = 63 keV and T ec = = 4.7 kcV. For the Y(1S) bB 
state, r, ot = 43 keV and F ee = 1 .2 keV. Empirically, for Q = c, b we have 
r ee - e Q x 0 1 keV). These resonances are narrower than the energy 
resolution of the e + e~ machines, so T lot must be extracted from the 



r(/ + /-) = ^167ca 2 |(A(0)| 2 /m^4r o . 



(10.84) 



r(qq) = 3e 2 e 2 F 0 , 




(10.85) 



r(ggy) = ^ - r(ggg). 
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integrated cross-section over the resonance, together with the measured 
branching ratio to e + e" (equation (10.46) illustrates this). 

An estimate of the value of a s can be made from the values of V tot and 
T ee for the T(1S) state. The total width is given by 

r tol = I n/ + /-) + I nqq) + r( ggg ) + r( ggy ). (10.86) 

The sum is over / = e, jn, x and q = u, d, s, c. Dividing throughout by 
T(e + e") and, noting that r(ggy)/r(e + e~) ~ 0.8 for a s ~0.15, we obtain 
r(ggg)/r(e + e~). i n the MS renormalisation scheme 

r(ggg)/r(e^e-) = ^^4(l + 9.1^ + ...), (10.87) 
%\ne^ or \ n J 

where a s =a s (my). Inserting the experimental numbers yields 

a s (m4) = 0.151 ±0.007 or AjJI = 165 ± 35 MeV. (10.88) 

The error does not include the effects of hadronisation, which will modify 
equations (10.85). Note that, for the T(1S) state, the ratios of the decay 
rates are (from (10.84) and (10.85)) r(/ + /-)/r(qq)/r(ggg)/r(ggy) = 
1/1.1/6.5/0.25. The three-gluon mode is relatively more important for the 
b-quark case, as the photon terms are reduced by a factor of four compared 
to e Q = f . A further difference is that a s decreases as Q 2 increases, so that 
T(ggg), which is proportional to af , becomes relatively smaller. Thus, the 
T decays are dominated by three-gluon final states. Unfortunately, the 
energy of the gluons is rather small, limiting their usefulness in the study 
of the gluon fragmentation properties. A detailed study of the hadronic 
decays of toponium should thus be useful in this respect. The differential 
energy distribution of the decay gluons (x,. = 2E J /s 1/2 ) is 



dr i 



T 3g dx 1 dx 2 (tt 2 -9) 



(1-*i) 2 , (l-* 2 ) 2 1 (l-x 3 ) 



2 2 2 2 

X 2 X 3 X 2 X [ Xl%2 



(10.89) 



A massive tt system V (often denoted 0) can also have a significant 
fraction of decays through the weak interaction. In addition to the photon 
propagator diagram of Fig. 10.20(a), there is also a Z° term. The process 
QQ -+ y* + Z° -> fF is analogous to e + e~ fF, which was considered in 
Section 10.3.3, except that the initial QQ are bound in a J p = 1 " vector 
state. The resulting decay width becomes 



r(fF) = Kr 0 



e\e} + !^9Vv + fi) + ^ e Q e ( gU^ (10.90) 
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where K = 1(3) for fF=r/ + (qq), and F is given by (10.53). The decay 
V(QQ) -* v l v l is also described by (10.90), with a width 

r(vv) = r 0 \F\ 2 g* 2 (gv 2 + gl\ 

The branching ratio reaches fl vv -~ 10%, for m v ~ 80 GeV. 

In addition to these neutral current decays, the charged current decay 
of a Q (or Q) is also possible (Fig. 10.20(c)). Since the decay rate is 
proportional to Wq, this mode should be significant for toponium. In this 
case the decay sequence is t -> b + W + (W + -> /v, ud' or cs'), and similarly 
for t. Using the spectator model, this gives a rate for this single quark 
decay (using (6.24)) 

r(SQD)=18|K (b | 2 ^|4, (10.91) 

1927T 

assuming m l »m b . The expected values of these partial decay widths, as 
a function of the toponium mass, are sketched in Fig. 10.21 (Sehgal, 1985). 

An interesting possibility is that the toponium mass is essentially 
degenerate with the Z 0 mass (\M Z — m v | < 2r 2 ). In this case toponium-Z° 

Fig. 10.21 Estimates of partial decay widths of toponium, as a function 
of the tt mass. 
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interference effects have to be taken into account, and this leads to a dip 
in R rather than an enhancement (Renard, 1979). This can be understood 
with reference to Fig. 10.22 for the process e + e" -> • For ra v «M z , 
the matrix element at s 1/2 = w v has the form (from the propagators 

| + yVy) 



1 1 g Wy 1 
m y m v im v r v m v 



(10.92) 



Hence, the cross-section \Jf\ 2 = Ji 2 4- Jt\ is enhanced. However, for 
m v = M z , we have 

Jz(m w ) — h : 



iM z r z iM z r z im v r v iM z r z 



(10.93) 



Hence, there is destructive interference, and a zero in the cross-section 
results if 

r v = ^vz/(Mlr z ). (10.94) 

The total number of tt states expected is large: for m ( ~40GeV, more 
than 200 states with T < 100 keV are predicted. The expected distribution 
of R for e + e~ -> fi + fi~ , for m v ~ M z , is shown in Fig. 10.23. The upper 
figure (a) is the pattern expected if the beam energy resolution is 
approximately zero, whereas the lower distribution (b) shows how this 
pattern is largely washed out with a beam energy resolution of about 
40 MeV (i.e. that of LEP). The rich (but difficult) physics which can be 
performed is described in detail by Buchmuller et al. (1986). 

A spectrum of 'open' t-quark mesons and baryons is, of course, expected. 
The most probable decay of the t-quark should be to a b-quark (followed 
by b -> c, c -> s) plus ff r (from W decay), with a rate given by (10.91). The 
expected mechanisms for the decays are similar to those outlined for b- and 
c-quarks (Section 8.6). However, the much larger mass value of the 

Fig. 10.22 Diagrams giving possible y - V(tt) and Z - V(tt) interference. 

(a) (b) 
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decaying quark should permit a much clearer separation of competing 
mechanisms. Note that, just above threshold for production of tt, the 
final state particles will be isotropically distributed, giving a distinctive 
experimental signature. 

Additional generations of quarks (and/or leptons) are, of course, 
possible. If the observed pattern in the KM matrix extends to such 
generations, then a further charge § quark could have a relatively long 
lifetime, e.g. O(10" 12 -10~ 13 s). Studies at PETRA have shown that any 
new d-type quark has a mass >, 20 GeV. For the minimal Higgs model, the 
constraint given by equation (10.83) can be applied. A more restrictive limit 
comes from the possible destabilisation of the vacuum by heavy quark 
loops, which leads to (Duncan et ai, 1985) I < (80 + 0.54m H ) 4 (GeV 4 ). 



Fig. 10.23 Expected distribution of K(e + e + ) for w v ~ M z , 
as observed with an energy resolution of (a) zero (b) 40 MeV. 



200 - (a) 




0 I I L I 1— 

92 93 94 95 

5 l/2 (GeV) 



The missing ingredients 



535 



10.5.2 Higgs scalars 

The experimental values of M w and M z (10.40), and all the low 
energy neutral current phenomena, are in good agreement with the minimal 
standard model; that is, a model with a single Higgs doublet (see Section 
5.5.2), which leads to p = 1. This complex scalar doublet of fields is needed 
to generate the masses of the W± and Z°. One physical neutral Higgs 
boson H° survives this mechanism, the other degrees of freedom disappear 
into the longitudinal states of the massive bosons. 

The mass of H° is not specified. However it is clear, from Section 5.5.2, 
that the Higgs will be most copiously produced in association with heavy 
particles, and that it will decay preferentially to the heaviest particles 
kinematically available. That is, depending on the value of the Higgs mass 
m H , the leading order decays are H° (r/ + , qq) or H° -> (W + W", Z°Z°) 
if m H > 2M W . An upper bound on m H is obtained from the requirement 
that the self-interaction terms of the Higgs field in the Lagrangian 
are small enough that perturbative calculations are not jeopardised 
(i.e. X 2 /An^l). This gives roughly m H ^ O (1 TeV). A more detailed 
argument, using the fact that WW scattering would violate unitarity unless 
16tei; 2 /3, gives a bound m H ^ 1000 GeV. A precise measurement of 
p is also sensitive to m Ht as discussed in Section 10.4. For small values of 
m Hy radiative corrections to the Higgs potential are important (Coleman 
and Weinberg, 1973), leading to a local minimum with v ^ 0 for X ~ 0(a 2 ). 
The requirement of an absolute minimum gives a lower limit 

8 |_ sin 4 0 w \Af w / 
Hence, for m f « M w , we have m H >;l GeV. However, for m t ^ M w there is 
no lower bound. Experimentally, no Higgs signal has been found. 
However, establishing a reliable lower limit is somewhat problematic (see 
Langacker, 1985). The possibility of a very light Higgs is not yet completely 
ruled out. 

The main potential decay modes of the Higgs are as follows. 

(i) H° -> f F. Using the Feynman rules of Appendix C, the matrix element 
for H 0 (p)^f( Pl )+T(p 2 ) is 

= ~TL M 2 =-i™ f (2 1/2 G F ) 1/2 M2- (10.96) 
2 sin 0 W M W 

Computing \ Jf\ 2 , and noting that T = \J(^p\H$nm^ we obtain 
4(2 1/2 )tt V m^J 



m 
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where the colour factor N c = 1 for //, and 3 for qq. The rate is small 
unless m ( (and m H ) are large. However, near threshold the rate is suppressed 
by phase space. 

(ii) H° W + W". The matrix element for H(p) -> W + fpJ + W 2 "(p 2 ) is 

^ = ^^M w fi?(A)e 2/l (A). (10.98) 
sin t/ w 

To find the decay rate, we must find \Jf\ 2 , and sum over the three 
polarisation states of the two Ws (i.e. RR + LL + SS). The polarisation 
vectors are given by (10.9). Note that if particle 1 is along + z, then 2 is 
along - z, and this amounts to inverting the sign of the y and z components 
of e 2 (eg e 1 (S)-e 2 (S) = {pi + E\)IM^). Defining x w = 4M&/mS, this leads 
to the decay rate 

r(H° -» WW) = G *"%* (1 " Xw) ' /2 (3x^ - 4x w + 4). (10.99) 

(iii) H° -> Z°Z°. This is similar to (ii) and gives, for x z = AMz/rn^ 

r(H° - ZZ) = ^1"" (1 ~ X2)W2 (3x1 - 4x z + 4). (10.100) 
16(2 1/2 )7i x z 

The extra factor of two for the ZZ mode arises because there are two 
identical particles. Decays through a virtual Z (or W) ff are also possible 
(Baer et al, 1986). 

As an example of the expected decay widths for m H = 200 GeV, we 
obtain T(f f ) ^ 0.01 (0.5) GeV for m f = 5(40) GeV, whereas the vector boson 
widths are about 0.5 GeV. In addition, there are possible higher order 
decay modes. 

(iv) H° yy. There is no direct H°yy coupling, but a possible mechanism 
is shown in Fig. 10.24. The decay rate is (Ellis et a/., 1976a) 

r (H°->yy) = — ^<v»S|/| 2 , (lo.ioi) 

8(2 1/Z )7T 

Fig. 10.24 Diagram contributing to H 0 ->yy(;c = f > W, . . ) and 
H°-gg(x = q,...). 
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where / has contributions from the various charged particles which can 
run around the triangle (i.e. /, q, W, . . .), and results in / = 0(1). Hence, 
the yy decay rate is very small. 

(v) H° -> gg. The mechanism here is again that of Fig. 10.24, but with the 
y replaced by g and with an internal quark loop. The rate is 

r(H°^g g ) = 2 ^T H \ N \ 2 - 0°- 102 ) 

Only heavy quarks with m q >> 0(m H ) contribute significantly to N (Baer 
et al y 1 986). The term 2 1/2 G f w^/(72tt 3 ) is about 20 MeV for m H ~ 1 50 GeV, 
so a value of the ratio r(H° -> gg)/r(H° -> qq) in the region 1-10% might 
be anticipated. 

The experimental prospects for detecting the H° scalar particle depend 
strongly on its mass. Possible production mechanisms are listed below (see, 
e.g., Baer et a/., 1986): 



(i) Z° -> Hy. The simplest mechanisms are those shown in Fig. 10.25(a). 
The relative branching ratio, compared to fJ. + pt~ , is roughly 

This gives a value R H ~6x 10" 5 for m H = 10 GeV, dropping rapidly to 
R H ~\Q- 5 for m H = 60 GeV. 
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(ii) Z° - H° + Z° -> H°fF. The reaction e + e" Z° + H° H°fF (Fig. 
10.25(6)) is one of the most promising in the search for the Higgs. We 
can consider this reaction as a two-stage process. The first stage is 
e~(Pi) + e + (p 2 )-*H 0 (p 3 ) + Z 0 (p 4 ), which is a two-body final state with 
matrix element 



-ie 2 M z D 2 y,[Q(l + y 5 ) + Cjjl - y^urf 
2 sin 2 0 W cos 2 0 w [(s - Af|) 4- iM z T z ] ' 



(10.104) 



where is the polarisation vector of the outgoing Z°. In the cms 
we define momenta p l = (s 1/2 /2)(l, 0, 0, 1), p 2 = (s 1/2 /2)(l, 0, 0, - 1) and 
p 4 = (£ 4 , 0, p 4 sin 0, p 4 cos 0). A straightforward calculation, using equation 
(10.4) for the sum over Z° polarisation states, gives the spin-averaged 
matrix element squared (assuming unpolarised beams) 



u 2 - 



e 4 M 2 z (C£ + Cl 7 )\F\ 2 / pl sin 2 



2s V 2ml 



1+— — — . (10.105) 



The differential cross-section is thus (using (4.29)) 

da 2 _ e\C* + Ct 2 )M 2 z \F\ 2 p 4 f { + p 2 sin 2 1 



dcosfl 32twV /2 V 2ml 

Putting x 3 = 2£ 3 /s 1/2 (so that m 4 = 5(1 - x 3 + m%/s)) f and integrating over 
cos 0, gives the total cross-section 

_ « 4 (C*r + Q 2 )M 2 |F| 2 p 4 / x\2mi 



, l-x 3 + — + --^ . (10.107) 
167i5(5 1/2 )m 2 V 12 3 M 2 ; 

The second stage in Fig. 10.25(6) is Z°(p 4 ) -+ f(p a ) +T(p b ). The outgoing 
fermion is taken to be massless. The complete matrix element for 
e + e" -*H°ff can be written 

Jf 3 = Jf 2 iG v (pl)Jf fy (10.108) 

where M { is the Z° -+ fF decay matrix element, and iG v (p 4 ) is the Z° 
propagator (including the finite width term). For a matrix element of this 
form, the differential cross-section can be written (starting with the formula 
given in Appendix C, and integrating over d 3 p a and d 3 p b ) 

d'3 _ WPa (10.109) 



dcos0d£ 3 (2tt) 3 16s 



The angle 6 is again that made by p 4 ( = p a + p b ) with respect to the beam. 
Alternatively, this can be written in terms of the invariant mass of the 
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lepton pair (m 4 ), against which the Higgs recoils, 

dcx 3 |^ 3 | 2 P3 
dcosfldm 2 " (2tc) 3 325(5 1/2 )' 

The equivalent form for the parent process e~e + -* H°Z° is 

d<7 2 = |^ 2 | 2 P3 

dcos0~~(27t)8s(5 1/2 )' 
Thus, from (10.108), (10.110) and (10.111), we obtain 
dfr 3 _K| 2 |G V (P^)|Y da 2 



(10.110) 



(10.111) 



d cos 0 dm 2 . 167i 2 \d cos 6j 

T fr m 4 / do 2 



7t[(m 2 - Ml) + Af |r|] Vd cos 0 



(10.112) 



where T ff is the Z° -» fF decay width (see equation (10.6)). 

The expected cross-section for e + e" H°/ + /~ (Fig. 10.26) depends 
strongly on both the mass of H° and on the value of s 1/2 (e + e~). Three 
regimes can be distinguished. For s 1/2 ~M z , the pole factor \F\ 2 is 
important and gives a peak in the cross-section, which reaches approxi- 
mately 2 pb for m H = 10 GeV,but only about 6 x 10~ 2 pbfor m H = 50 GeV. 
This rate is equivalent to a relative Z° branching ratio T(H°l + T )/T(fi + fi' ) 
of about 2 x 10 _3 (5 x 10" 5 ) for w H = 10(50) GeV, corresponding to H° 
event samples of roughly 60(1.5) events for 10 6 Z° decays. The decay 
mode H° -> bB would be the most probable for this mass range of m H . 
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Above the Z° pole, both Z° propagators become off-shell and the 
cross-section decreases. However, for larger s l/2 (~M z + 2 1/2 ra H ), the rate 
gets enhanced as pj ~ Ml; that is, the second Z° becomes on-shell. Once 
again, radiative corrections are important (see, e.g., Berends and Kleiss 
1985). 

(iii) Toponium V -► U°y (Fig. 10.25(c)). This mode is potentially important 
because of the large coupling of H° to a heavy constituent quark. The decay 
branching ratio for vector toponium to H° -I- y, relative to V -+ y* -► pi + \x~ , 
is 



r(V-*H°y) G F m 2 



2 / 

I --£). (10.113) 



T(V-^ + /0 4(2 1/2 )7raV < 

For m v = 80 GeV, this branching ratio is about 0.5(0.3) for m H = 10(50) GeV. 
Hence this mode is potentially sensitive for a Higgs search, provided 
m H <m v . 

(iv) Production at hadron colliders. Possible mechanisms are q,q f -> H° + X 
and gg H° + X (the inverse of Fig. 10.24). These mechanisms could be 
particularly important if the Higgs particle turns out to be very heavy, 
as discussed by Eichten et al. (1984). 

In the standard Weinberg-Salam model, a single Higgs doublet {y = 1) 
is assumed, which gives rise to one physical particle, the neutral H°. 
However, the Higgs sector could be more complicated than this minimal 
model, and indeed is in many models (e.g. supersymmetry). There are, 
however, constraints on the Higgs multiplets which can be introduced. 
In general, if one has several Higgs particles, each with weak isospin 
(/', /' 3 ) and vacuum expectation value v h then (Ellis et al„ 1976a) 

Mi = W 1 [/'(/' +l)-(/' 3 ) 2 >, 2 , 

i 

Ml cos 2 0 W = 0 2 IC'3)V, 



i.e. 



I,- [/'(/' +l)-(/' 3 ) 2 >? 



(10.114) 



2 X,. (/' 3 )V 

The experimental value of p (10.81) is near to unity. The righthand 
side of (10.114) is unity for / =j. From the experimental value given in 
equation (10.81), the 90% c.l. upper limits for 1=1 contributions are 
y(/ = l,/ 3 =0)Mi i)< 0.047 and y(l, ± l)/y(i, i) < 0.081 . Unless the vs 
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happen to have certain specific values, the next lowest multiplet giving 
unity is 7 = 3, 7 3 = ±2 (Gaillard, 1979). Since the member with v^O 
must be neutral, this would mean one would have Higgs bosons with 
charges up to \Q\ = 5. The less exotic possibility is thus the introduction 
of a further Higgs doublet, giving in total five physical Higgs particles, 
two charged (H*) and three neutral. The relationships between M w , the 
vacuum expectation value v and the HWW coupling change from the 
minimal Higgs model values (i.e. = 9 2 v 2 /4 and # WWH = g 2 v/2 = gM^ 
from (5.167) and (5.166) respectively) to 

Mi = g -Z vl |0 WWHi | = H < gM w . (10.1 15) 

4 f 2 

Thus, the coupling of each Higgs particle H, to the W is smaller than that 
of the minimal Higgs model. The fermion mass is given by (cf. (5.169)) 

™r = I (10.116) 

i 

The signs of v t and g m , are not specified, and so there is no bound on the 
size of the Yukawa couplings. In general, the Yukawa couplings give rise 
to a mass matrix which must be diagonalised to define the strong 
interaction eigenstates. This can lead to AS ^ 0 neutral currents, so the 
experimental absence of these gives a constraint (Gaillard, 1979). 
Possible production mechanisms for H* are as follows. 

(i) e + e~ y(Z°) -► H + H". The cross-section for a pair of scalar particles 
is given by (4.142), and exhibits a slow rise (oc /? 3 ) near threshold. If 
m H < M z /2, the rate should be reasonable. Note that in the minimal Higgs 
model, e + e~ -► H°H° is not allowed by Bose symmetry. 

(ii) e + e" -> Z° -> W ± H T . The W ± H T Z° coupling is zero in models with 
only weak isospin doublets and small for other multiplets, hence the 
expected rate is small. 

(iii) Q-^H ± q, V-^H + H"bB. If the heavy quark or toponium decays 
are not suppressed by mixing angles, these processes could be important 
because of the large coupling to a heavy quark. 

(iv) Z° H + H"H°, This does not occur at the tree level, but can occur 
at the one-loop level. 

Thus, the experimental rates foreseen for both neutral and charged 
Higgs are rather small, and the detection of these particles (if they exist) 
represents a formidable experimental challenge. This could be particularly 
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problematic if 100^m Ho ^2M w , a range where none of the planned 
accelerators are very sensitive. 

10.6 LEFT-RIGHT SYMMETRIC MODELS 

Although the standard electroweak model is very successful, it 
unifies only two of the four interactions. There has been much theoretical 
effort on attempts to include further interactions into the unification. In 
this, and the subsequent sections, the shortcomings of the standard model 
and the various models which have been developed with a view to further 
unification, are briefly reviewed. 

In addition to the uncomfortably large number of parameters in the 
GW model (see Section 5.5.3), the model also begs the question as to why 
doublets are lefthanded and singlets righthanded. Left-right symmetric 
models have been proposed, in which the Lagrangian is both P and C 
invariant before spontaneous symmetry breaking, and the observed 
violations are attributed to non-invariance of the vacuum. 

In the left-right symmetric model (for a review, see Mohapatra, 1985), 
the group SU(2) L ®U(1) is replaced by SU(2) L ® SU(2) R ® U(l). The 
model has two gauge couplings prior to symmetry breaking, which are 
Gii — GiL — #2r) an d g'- One can define sin 0 W = e/g 2L , and parameterise 
neutral current phenomena in terms of 0 W . The righthanded leptons and 
quarks, which are singlets in the standard model, become doublets under 
SU(2) R , leading to the following assignments in terms of 7 L , 7 R , y 

/l = &0,-1) s 
q L = (iO,i) f 

The U(l) generator (which lacks direct physical meaning in the standard 
model), has the attractive property in the left-right model, that it is 
proportional to B — L, where B and L are the baryon and lepton numbers 
respectively. The electric charge is given by 

Q = I 3L + I 3R + (B-L)/2. (10.118) 

The symmetry can be assumed to be broken in two stages. In the first 
stage the parity symmetry is broken, leaving the weak gauge symmetry 
unbroken and W L and W R massless (but with different gauge couplings 
02l^#2r- 1° tne second stage of symmetry breaking the masses are 
acquired. The minimal set of Higgs multiplets to break the symmetry 
down to U(l) cm is 



f R = (0,i-l), 
q R = (0,U). 



(10.117) 



A L (1,0,2) + A R (0, 1,2) and 0(i i 0), (10.119) 
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where, under left-right symmetry A L A R and <fi </> f . For certain values 
of the relevant parameters, one obtains parity-violating minima for a 
left-right symmetric potential. The corresponding vacuum expectation 
values are 

<4 " > = CI, o)' { * >= (o (10J20) 

in which v L = yic 2 /v K , where y depends on the Higgs self-couplings. Note 
that v L -+0 as v K -+co. The relation between the charged W mass 
eigenstates W { and W 2y and the states W L and W R> is given by (6.41 ), with 



tan Z = -T— "TIT^' M w., (* 2 + «' 2 + 2 ^, R ). (10.121) 



Existing neutral current data gives the constraints that M Wl ~M w , 
M W2 » M Wl , # « 1 and t; R » (/c 2 + k ,2 ) 1/1 » v L . 

The mass of the lighter of the two Z° bosons is lighter than the standard 
model Z° mass (M z ), with 



Ml ~ Ml 



cos20 w A n . f M x ^ r 



1 ^(1-tan 4 0 V 



Mw R / J 



(10.122) 



Hence, for sin 2 0 W = 0.225 and (for example) M Wr = 4M Wl , then M Zl = 
0.992M Z . This is a small difference, and might prove difficult to untangle 
from radiative corrections. A lower limit on the mass of the heavy Z° can 
be obtained from the requirement of consistency with the neutral current 
data (Barger et al., 1983), giving 

M Zi ^ 4M Zi => M Wr £ 220 GeV. (10.123) 

This limit is independent of the nature (Dirac or Majorana) of the neutrino. 
A somewhat greater limit is obtained from muon decay (Section 6.1.2), 
from which it is found that M Wl ^ 380 GeV; however, this limit is valid 
only for light Dirac neutrinos. 

A more stringent limit has been obtained from a theoretical analysis of 
the K L — K S mass difference (Beall et al. y 1982), which receives a large 
contribution from the W L —W R box diagram. Assuming that the box 
diagram approximation is reasonable, and that the KM matrices for q L 
and q R are the same (or one is the complex conjugate of the other), a 
limit of M W2 ^ 1.6 TeV is found. As discussed by Mohapatra (1985), the 
existence of w Vc ~ few eV, AB = 2 transitions or generation changing 
processes such as \i -> 3e, would constitute indirect evidence for these 
left-right models. 
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10.7 GRAND UNIFIED THEORIES 

In addition to the problem of why P and C are violated, there 
are further problems in the standard electroweak model. Each fermion is 
accompanied by a separate parameter specifying its Higgs coupling, and 
hence its mass. Thus, there is no explanation in the model as to why the 
ratios of the masses of quarks and leptons have their particular values 
(both of which span about three orders of magnitude). Although in the 
minimal standard model it is required that m VL = 0, in general the neutrino 
masses are not specified. Furthermore, there is no explanation as to the 
number of generations of leptons and quarks, nor to the relationship 
between them. The observed quantisation of charge, in that the lepton 
and quark charges have simple integer ratios, is also without explanation. 
The standard model contains two gauge group constants g and g\ and 
the value of the angle # w is not specified. The presence of the Abelian 
U(l) group means that the charges are not specified; one can only fix 
Qu~Qd = ^ 6v~6e = ^ etc - Whereas the conservation of charge is 
related to a gauge symmetry, the conservation of baryon number, and of 
the three types of lepton number, have no associated gauge symmetries, 
and thus, perhaps, no satisfactory explanation. 

The gauge group SU(3) C of QCD gives a satisfactory account of strong 
interactions, so it is natural to include SU(3) C ® SU(2) L ® U(l) in any 
attempt to unify the strong and electroweak interactions. However, in 
addition to the questions as to whether colour symmetry is exact, and 
confinement can be proven, there are further problems in QCD. 

10.7.1 Problems in the QCD sector 

In the limit of massless quarks, the QCD Lagrangian exhibits 
chiral symmetry. For simplicity we consider only u and d quarks, in which 
case -£q CD is invariant under the global symmetry SU(2) L ® SU(2) R . This 
symmetry, however, does not appear to exist for the hadron states, there 
being no approximate parity doubling of the lowest lying states. If the 
chiral symmetry is spontaneously broken, then there is no parity doubling 
and the pion may be identified as the approximately massless Goldstone 
boson associated with the symmetry breaking. The QCD Lagrangian is 
also invariant under the following transformations 



The current yg, corresponding to the first transformation, can be identified 
with baryon number (for two flavours). However, there does not appear 
to be any symmetry in the hadron spectrum corresponding to the axial 



<?->exp(i/fy 5 )4, 



q -exp(ia)<7, 



}% = ufu + ifd : U(l) v 
f 5 = ufy 5 u + Jy»y 5 d : U(1) A 



(10.124) 



Grand Unified Theories 



545 



current. If this symmetry was realised in the Goldstone mode, another 
pseudoscalar meson with about the same mass as the pion should result 
(since it has the same quark content). No such state exists, the n' being 
too heavy. This is known as the U(l) A problem (see, e.g., Olive et ai, 
1979). A solution is the existence of QCD instantons* (see, e.g., Cheng 
and Li, 1984). 

A further problem arises from the complicated structure of the QCD 
vacuum state. The presence of instantons introduces an effective term in 
the QCD Lagrangian with some coefficient 9 (see Section 7.6.1). This term 
violates P and T and conserves C, and hence violates CP (strong CP 
violation). A priori, a value of 6 ~ 0(1) would be expected; however, the 
observed limit on the neutron-electron dipole moment implies 8 ^ 10" 9 . 
If the standard model Lagrangian has a further global U(l) symmetry 
(Peccei and Quinn, 1977), which is spontaneously broken, then the 
minimum of the potential gives 0 = 0. This requires at least two Higgs 
doublets (p x and anc * the appearance of a light pseudo-Goldstone 
boson, the axion, with mass m a ^25n f (x (() + l/x^)keV, where n ( is the 
number of families and x 0 = <0 2 )/($i) * s tne rat '° °f trie vacuum 
expectation values (vevs) and with a coupling proportional to UpQ 1 , with 

A possible candidate for the axion has been reported (Schweppe et a/., 
1983) in a study of e + e" correlations in heavy ion collisions (e.g. U-Cm). 
The mass value m a ~ 1 .7 MeV needed to 'explain' the observed correlations 
is relatively large, and implies that either x 0 or x^ 1 is large. The 
axion-quark couplings a-q(f) and a-q( — %) are proportional to x^ and 
x^ 1 respectively. Hence, the expected branching ratios for ij/ -> ay or 
T -> ay should be large, in conflict with experiment. 

Variant axion models in which, for example, the couplings a-t and a-u 
are proportional to x^ with all others proportional to x^ 1 , have been 
proposed to avoid these quarkonia limits. They also predict that a -»• e + e~ 
is enhanced and that a is short-lived, offering an explanation as to why 
conventional beam dump experiments have failed to see the axion. As 
discussed by Peccei (1986), a recent and more sensitive beam dump 
experiment rules out all values of the a-e*-e~ coupling not in conflict with 
0-2. Further, the measured branching ratio for n + -> e + e~e + v e , i.e. 
(3.4±0.5)10 -9 , gives n + ->ae + v e <2x 10" 10 . Subsequent e + e" corre- 
lation measurements in heavy ion collisions also do not favour the axion 
interpretation, and Peccei concludes that the variant axion can be 

* Instantons are solutions to Yang-Mills theories with non-trivial topological 
structure in Euclidean four-dimensional space-time, i.e. with finite space-time 
extension. 



546 The standard model and beyond 



excluded. # If a chiral U(l) group is the solution to the strong CP problem, 
then it must be broken at very high energy scales, leading to the invisible 
axion (i.e. very large v ?Q and so small coupling). 



10.7.2 Properties of Grand Unified Theories (GUTS) 

In SU(3) ® SU(2) ® U(l) the fundamental Lagrangian must 
contain the following fields: 

(i) Gauge fields. These are the eight massless vector gluons and the 
four electroweak bosons, of which the W f and Z° acquire a mass 
after spontaneous symmetry breaking. 

(ii) Fermion fields. There are three families of fermions, each of which 
contains 15 members (e.g. v c , e L , Ul, d' L , e R , u l Ry d^, where i = 1, 2, 3 
represents the colour). This neglects the possibility of v eR . 

(iii) Higgs scalar fields. These include at least one Higgs doublet. 

In order to simplify the discussion below the possibility of further 
families offermions is not considered. In the minimal SU(3) ® SU(2) ® U(l) 
model the only unbroken global symmetries are those corresponding to 
the conservation of baryon number (B) and lepton number (L). Evidence 
for the violation of B and/or L would constitute evidence for a new 
interaction beyond SU(3)® SU(2)® U(l). 

Leaving aside gravity for the moment, the aim of grand unified theories 
(GUT) is to find a gauge group G, with a single gauge coupling constant, 
which describes all interactions and thus contains SU(3) ® SU(2) ® U(l) 
as a subgroup. This implies that a scale must exist where the SU(3), SU(2) 
and U(l) couplings become equal. Since the couplings are very different 
at a scale of approximately 10 2 GeV, and since they vary only logarith- 
mically with energy, this unification scale is very large; M GUT ~ 10 15 GeV 
(see Fig. 10.27). Given the large uncertainty in this scale, the question 
arises as to whether gravity (whose effects should come into play at the 
Planck mass ~ 10 19 GeV) can indeed be neglected. 

The GUT group G has certain required properties. It should contain 
the group SU(3) ® SU(2) ® U(l) as a subgroup. The requirement that G 
contains electromagnetism means that the photon must be one of the 
gauge bosons of G. Hence, the electric charge operator g ch must be one 

* In addition to the interpretation in terms of one or more new elementary particles, 
other suggestions are that the peaks are from nuclear transitions or, more 
exotically, that they are manifestations of a new perturbative phase of QED. Less 
exotically, Scharf and Twerenbold (1987) claim that a calculation involving the 
dipole field of the moving ions can explain the peaks. 
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of the generators of G and, in fact (since G is required to be semi-simple # ), 
all its generators are represented by traceless matrices. Thus, tr(2 ch ) = 0 
in any irreducible representation of G, i.e. the sum of the electric charges 
of all particles in a given irreducible representation vanishes. Note that 
this requirement is satisfied by the members in each fermion family and 
thus gives a relationship between the charges of quarks and leptons. This 
is not the case if we consider leptons and quarks separately, so G must 
contain bosons which can transform leptons to quarks and vice versa. 
Hence, non-conservation of both B and L is possible. The group G must 
also admit complex representations, since the observed left and righthanded 
particles do not transform in the same way. For a general review of grand 
unified theories, see Langacker (1981). 

The smallest group with the required properties is SU(5) which has 
rank 4 and was first considered by Georgi and Glashow (1974). In SU(5), 
the eight Gell-Mann matrices of SU(3) are replaced by 24 matrices l a , 
which are Hermitian and traceless. The SU(5) symmetry is assumed to 
be local, and each of the generators corresponds to a gauge boson. Because 
all the gauge couplings (being vector) conserve helicity, the left and 
righthanded fermions cannot be in the same representation. The way 
around this problem is to replace righthanded fermions by charge- 
conjugated lefthanded fermions (e.g. replace e^ by e^, see Appendix (B.8)). 
The label L can then be dropped. A fermion family can be accommodated 

Fig. 10.27 Dependence of the SU(«) coupling constants a 1} a 2 and 
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* A group is simple (e.g. SU(n)) if it does not contain any non-trivial invariant 
subgroup. Direct products of simple groups, without any Abelian factors, are 
called semi-simple. 
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in the 5 and 10 representations of SU(5). Their SU(3) ® SU(2) content is 
as follows (for each family) 

5 = (3,l) + (l,2) = a i + (v,e-), 

(10.125) 

10 = (3, l) + (3,2) + (l, l) = u' + (u\d') + e + . 

Note that the requirement tr(Q ch ) = 0 for the 5, implies that 3Q a + Q v + 
Q e _ =0, so that = — \Q C -. That is, the factor y arises from there being 
three colours. 

The gauge bosons belong to the 24 adjoint representation, 

24 = (3, 2) + (3, 2) + (8,1) + (1,3) + (1,1). 

' v ' (10.126) 



The combination of SU(5) representations above is free of axial anomalies, 
as required for renormalisation. There are twelve new gauge bosons, X 
and Y. These have charges Q x = ± f and Q Y = ±3, and belong to a doublet 
of SU(2) and a triplet and antitriplet of SU(3). 

The first stage of symmetry breaking, from SU(5) down to SU(3)® 
SU(2)® U(l), can be most simply accomplished by a 24-plet of Higgs 
bosons. Twelve get eaten up, leaving the X and Y superheavy. The 
remaining twelve physical Higgs are also superheavy. In the second stage 
it is required to break SU(3) ® SU(2) ® U(l) down to SU(3) ® U(l) em , 
these two latter symmetries remain unbroken, i.e. they are exact. A further 
set of Higgs is required, and these should also give the fermions their 
masses. This implies these Higgs are in the representation 5® 10 = 5 + 45. 
If only the quintuplet is used, then there are two independent Yukawa 
couplings for each generation, and this implies that m d = m e , m s = m tt and 
m b = m T . This predicted equality is valid in the symmetry limit (mass scale 
\i ~ 10 1 5 GeV). When evolved back to the laboratory scale, then one finds 
that mjm s = mjm^ ~ 1/200 (a result for m d /m s which is in very poor 
agreement with the result 1/20 (Section 8.4.2) from current algebra) and 
mjm z ~ 3 (i.e. reasonably good). Thus, the simplest Higgs assignment (i.e. 
minimal SU(5) model) has problems. 

The charge generator Q ch must be a linear combination of the diagonal 
generators in SU(5). Since Q ch commutes with the SU(3) C elements, we 
have 

Qc = T i+ ^=T 3 + CT 0 , (10.127) 
where T 3 and T 0 are the diagonal generators of SU(5) belonging to the 
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SU(2) and U(l) subgroups. The coefficient C relates the operators y and 
T 0 , and has the value C= — (f) 1/2 . This can be shown by comparing the 
explicit form of the matrix 1° with the hypercharge assignments for the 
representations of (10.125) (see Cheng and Li, 1984). 
At the unification scale (<2), all the coupling constants are equal. That is, 

g G (Q) = g 3 (Q) = 92(Q) = 9dQY (10.128) 

The coupling g 3 is that of SU(3) C , i.e. g s = g 3 with a s = g£/4n. Similarly, 
g 2 — g y the weak coupling constant. The coupling constant of the Abelian 
U(l) subgroup is given by 

g'(Q) = 9i(Q)/c. (10.129) 

Having specified g and g' in terms of the SU(5) coupling constant, we 
find that 

sin 2 0 W = g' 2 /(g 2 + g' 2 ) = 1/(1 + C 2 ) = f. (10.130) 

This prediction is valid at the SU(5) scale, Q ~ M x . 

In order to relate (10.130) to experiment, and to estimate M x , we need 
to consider the Q 2 evolution of the coupling constants; that is, to relate 
g n (M x ) to the values g n (Q), measured at Q ~ M w . The subscript n means 
that the coupling is for the group SU(m). The evolution of g n is given by 
(see (7.139)) 

-b n gl (10.131) 



din Q 

where, for n g ( = n f /2) generations, 

b x = -nj\2n 2 , b n = (l\n - 4n g )/4Sn 2 n>2. (10.132) 

The expression for the QED coefficient b { follows from (7.141). The 
coefficient b n is for SU(/i), n ^ 2. For the case n = 3, noting that the number 
of quark flavours n ( = 2n g , then expression (7.143) is obtained. Note that 
the sign of b { is opposite to that of b 2 and b 3 . 
The solution to (10.131) is 

VqKQ) = Vg 2 n(Qo) + 2b n \n(Q/Q 0 ). (10.133) 

Putting a n (Q) = g 2 (Q)/4n, and taking Q 0 = M X , so that from (10.128) 
9n(M x ) = g G (M x ), (10.133) becomes 

1K(G)= \/* G + &nb H ln(Q/M x ), (10.134) 

where ol g = gl(M x )/4n. Now, from (10.129), we have^ = Cg' = Cg tan # w = 
Ce/cos # w and, hence ol 1 = C 2 a/cos 2 ^ w (a = a QED ). Also, since g 2 = g = 
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e/sin 0 W , we have a 2 = a/sin 2 # w and, further, a 3 = a s . Hence, (10.134) can 
be written 

^^ = ± + 87rMn(e/M x ), (10.135a) 
= _L + Snb 2 ln(g/M x ), (10.135b) 



sin 2 # w 1 



««2) 

= — + 87rf> 3 ln(g/M x ), (10.135c) 



From equations (10.135), we can express sin 2 # w in terms of a and <x s 
by adding (10.135a) to two times (10.135c) and subtracting three times 
(10.135b), which gives 

2 _ 3^ + cos 2 ** = ^ _ ^ + / JA (1Q i36) 
a s a C 2 a \M X J 

Now, from (10.132), we have b n — b l = 11«/48tc 2 , so that the righthand 
side of (10.136) is zero. Thus, noting that C 2 = f, 



sin 0 W = 



1 + 3C 2 



1+2C 2 ^1 
as(fi). 



= (10 , 3 7) 
6 9a s «2) 



An expression for M x is obtained by taking (§ times equation (10.135c) 
and subtracting equation (10.135b) and £ times equation (10.135a)) giving 



In 



3H[ 



1 



«(Q) 3^). 



(10.138) 



The evolution of sin 2 0 W , from the value sin 2 # w = f at Q = M x (10.130), 
can be found by eliminating a s from (10.137) and (10.138), giving 

sin 2 0 w = t- (55/247TMG) MMJQ). (10.139) 

Taking the values of a (10.77) and a s (A~0.15GeV, n { = 6), at the 
scale Q = M w , the following (very rough) numerical estimates are obtained 

sin 2 # w ~0.20, 

M x ~ 10 15 GeV, (10.140) 
&g(M x ) — 0.024. 

The energy dependence of the coupling constants a 1? a 2 and a 3 is shown 
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in Fig. 10.27. A more sophisticated treatment (Marciano and Senjanovic, 
1982) gives 

sin 2 £ W (M W ) = 0.216 + 0.006 ln(0.10 GeV/Aj^) 

= 0.214 + 0.004, for Aj^ = 0. 1 Stfrhl GeV, 

in tolerable agreement with the experimental value sin 2 $ W (M W ) = 0.229 ± 
0.005. 

Grand unified theories predict transitions between quarks and leptons, 
and thus can imply that the proton (and bound neutron) will decay, and 
(if B — L is not a symmetry of the model) that nucleon-antinucleon 
oscillations should occur. These transitions are mediated by the gauge 
bosons X' 4/3 , XL 4/3 , Y' 1/3 , YL 1/3 , where the subscript is the charge and i 
is the colour index, giving 12 bosons in total. The basic vertices coupling 
the X and Y bosons to quarks and leptons are 

X*->e + 3, u + u, 

(10.142) 

Y <->e + u, v3, u + d. 

Thus, X and Y have both lepto-quark and diquark couplings. Some 
diagrams contributing to proton decay are shown in Fig. 10.28. Note that, 
whereas B and L are separately violated, B — L is conserved. In addition 
to these s-channel diagrams, there are also r-channel processes. The vertex 
coupling is proportional to g G Xf (3'y^e * ), etc., so that we obtain an effective 
four-fermion contact interaction (i.e. as for muon decay), with a matrix 
element Ji ~ Q 2 G IM\. A crude estimate of the proton lifetime is thus 

t p ~ M*J(al(M x )ml) ~ 10 32 yr. (10.143) 

The decay modes indicated by Fig. 10.28 are p e + 7c°(^°, p°, a; 0 ) and 
p v e 7r + (p + ). The heavier states will be suppressed by phase space. 

The X and Y bosons can also couple to second generation fermions 
(e.g. X -► ^ + s, Y -> v^s). Note that Y n*c is kinematically forbidden. 
From this, and the smaller phase space available, it is expected that 
p -* /i + K° and p v^K + are much less probable than the first generation 
modes. Similar decay schemes for the neutron can also be written down. 
Note that the decay n ->e~7t + is not allowed. This decay would violate 
the conservation of B — L (this can be seen from (10.142)). The estimate 
(10.143) for the lifetime is extremely crude; however, it illustrates the 
sensitivity to the input parameters, in particular a s . A detailed theoretical 
review is given by Langacker (1981), and the experimental situation is 
reviewed by Totsuka (1985). The status can be summarised by 

Minimal SU(5) t eV = 6.6 x 10 28±0 ' 9 (Ams/0.1 GeV) 4 yr. 
Experiment v n ° > 3.3 x 10 32 yr (90% c.l.). (10.144) 
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Thus, barring a very large value of A^, the minimal SU(5) model can 
be essentially ruled out by the observed limit. A value for M x significantly 
larger than the SU(5) prediction is required. Experiments sensitive to more 
decay modes are currently underway. 

If SU(5) is excluded, then a possible rank 5 group for Grand Unification 
is SO(10). This is the group of orthogonal rotations in a 10-dimensional 
space, with the determinant of the transformation matrices equal to unity. 
This group contains SU(5) as a subgroup, and has a 16-dimensional 
representation. The additional member is most naturally taken to be v R . 
Non-zero neutrino masses can be accommodated in SO(10). Indeed, if 
the large neutrino mass found in tritium decay were confirmed, then this 
could not be accommodated in minimal SU(5). 

There are many other interesting phenomena associated with GUTs, 
in particular in their possible role in the early stages of the universe. These 
include the apparent baryon-antibaryon asymmetry ((n B — n B )/n y ~ 1CT 9 ) 
in the universe and the question of the existence of heavy magnetic 
monopoles, which appear in GUTs # (see, for example, Langacker, 1981). 
However, there are also theoretical difficulties. The symmetry breaking 
occurs in (at least) two stages. In the first stage, in which the GUT group G 
is broken down to G 1 ( = SU(3)® SU(2)® SU(1)), the Higgs have vacuum 
expectation values of v l ~ 10 14 GeV, and in the second (which is required 
to reproduce the observed G 0 = SU(3) C ® U(l) cm symmetry), the scale is 
u 2 ~250GeV. These two scales are vastly different (v\/v\ ~ 10~ 24 ) and, 
theoretically, this causes problems. Any particle 'feeling' the mechanism 
triggering the G -> G x breaking will get a superheavy mass and, hence, this 
must be avoided for the known low energy particles. For example, whereas 
the self-mass of a fermion diverges logarithmically (Sm ( = 0(a/n)m f In A 
- see (4.161)), the divergence for a scalar particle is quadratic. The Higgs 
particles </>, which give the X and Y bosons their masses, contribute to 
the radiative corrections of the Higgs particles H (i.e. those needed to 



Fig. 10.28 Diagrams with X and Y bosons leading to proton decay. 




# Monopoles appear in GUTs whenever a simple gauge group G (e.g. SU(5)) is 
spontaneously broken to a group with an Abelian U(l) factor (e.g, 
SU(3) C ® U(]) e J, and have masses ~M x /a- 10 16 GeV. 
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give the electroweak vector bosons their masses). These corrections have 
a 'natural' scale of order v li giving typical mass corrections (see Fig. 10.29) 
Sm 2 ~g 2 A 2 = g 2 v 2 . Unlike the case of the fermion mass, where the 
unbroken SU(2) chiral symmetry ensures the corrections remain small 
in the massless limit, there is no such additional symmetry for scalar 
particles. Thus, if loop corrections change the tree-level mass m 0 to m, 
such that m 2 = ml + Sm 2 , then a small value of m 2 /A 2 can be maintained 
only if there is an extremely precise cancellation between ml/A 2 and 
dm 2 /A 2 . Hence, divergences can only be avoided by fine tuning the 
parameters (to 24 places of decimals) so that cancellations occur, and this 
must be repeated in each order of perturbation. The presence of two such 
widely different scales in the theory is known as the hierarchy problem. 
As discussed below, this problem can be avoided either by devising a 
theory in which there are no point-like couplings to fundamental scalars 
(composite models such as technicolour) or by cancelling the divergence 
directly with additional particles (as is the case for supersymmetry). In 
terms of experimental predictions, it should be noted that in the simplest 
GUTs there is a 'desert* in the particle spectrum between the mass scales 
0(M W ) and 0(M X ). 

10.8 COMPOSITENESS 

Historically, many of the particles which were initially thought 
to be fundamental, have revealed substructure when probed at larger 
energy scales, and this has been central to our understanding of matter. 
It is natural, therefore, to explore the possibility that some, or all, of the 
'elementary' particles in the standard model may be composite. 

Since it is the presence in the theory of a fundamental scalar particle, 
and the associated quadratically divergent self-mass terms, which lead to 
the hierarchy problem, it is worth reviewing the reasons why the Higgs 
particles are necessary. These are to provide a spontaneous symmetry- 
breaking mechanism to give masses to the W and Z bosons and the 
fermions, while keeping the theory renormalisable. Further the Higgs sector 
must be compatible with neutral current results (i.e. p = 1). 

Fig. 10.29 Loop corrections to the self-mass of the Higgs particle. 



J= 1 



J = 1/2 



J = 0 
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A possible remedy to the hierarchy problem is to postulate a theory 
without a fundamental scalar. The QCD Lagrangian for massless quarks, 
as discussed above, has chiral symmetry. It is possible to imagine a 
theory in which this symmetry is spontaneously broken, with three 
associated massless Goldstone bosons (7c 1 , n°). In this case, the electroweak 
SU(2) ® U(l) symmetry is spontaneously broken, with the n being eaten 
to give the three gauge bosons W*, Z°. In such a model the remaining 
isospin symmetry of the u and d quarks (SU(2) L + R ) ensures that the relation 
M w = M z cos # w is satisfied. However, the magnitude of the gauge boson 
masses is related to the vacuum expectation value of the SU(2) ® SU(2) 
breaking, and in this model is related to the pion decay constant / r 
Hence, the predicted W* and Z° masses are much too small and, 
furthermore, we know that the pion exists. 

In technicolour (or hypercolour) models, a further QCD-like theory is 
postulated. This theory has a gauge symmetry SU(7V) (e.g. N = 3), but 
the coupling constant is much larger than in QCD. There are N identical 
families of techniquarks, (U, D) L , U R , D R , with the same electroweak 
properties as ordinary quarks. For example, a spectrum of technihadrons is 
therefore expected. The technipions (i.e. Oy 5 D, etc.) are the approximate 
Goldstone bosons of chiral symmetry. However, in order to give the 
correct W mass, a technipion decay constant F n — 250 GeV is needed, 
corresponding to A TC ~ 1 TeV (compared to Aqc D ~ 0.2 GeV). The relation 
M w = M z cos # w (p = 1) is automatically reproduced. 

The problems with this model is in giving masses to the fermions. The 
Ff H couplings in the standard model are replaced by ff FF couplings, since 
H is a bound state of techniquarks F. However, a four-fermion interaction 
leads to renormalisation difficulties. A possible solution to this problem 
is to extend the gauge group to give very heavy vector bosons (extended 
technicolour). However, this leads to an unpleasant proliferation of mass 
scales and unobserved pseudo-Goldstone bosons, some of which should 
be reasonably light. Furthermore, the theory leads to (unobserved) 
flavour-changing neutral currents at a rate greater than that observed. 

Possible experimental signatures for technicolour would be the 
production of technipions in W -> p + p° or t -> bp + , with the technipions 
(p) producing heavy leptons and quarks (p " v c t ~ , cb, cs, etc.). A detailed 
discussion of technicolour and extended technicolour is given by Farhi 
and Susskind (1981) and Ross (1985). 

An alternative postulate is to assume that the quarks and leptons are 
composites of more fundamental particles (preons). Since, at presently 
available energies, the fermions appear to be point-like, the scale of 
compositeness A c must be large. Estimates, based on possible corrections 
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to the anomalous magnetic moment g — 2 for the muon, give A c >, 1 TeV. 
If the muon and electron have common constituents (and solving the 
generation problem is clearly one of the goals of such models), then the 
absence of \x -* ey, etc., gives a more stringent limit of A c ^ 100 TeV. 

A further idea is that the gauge bosons W and Z are composite, in a 
way analogous to the p and co vector meson states being made up of 
quarks. This eliminates the need for a fundamental weak isospin gauge 
symmetry, and hence the need to break it. However, difficulties arise in 
obtaining the correct value of sin 2 9 W and the observed W ± and Z° masses, 
as well as in the spectrum of excited composite states. 

10.9 SUSY 

In Grand Unified Theories there is no relationship between particles 
of different spin. In supersymmetry (SUSY), bosons can be transformed 
into fermions and vice versa, 



The generators Q induce spin \ changes and, in the simplest (N = 1) 
supersymmetry, Q is a spinorial charge. This charge is conserved, and Q 
satisfies the anticommutation relation 



where P ti is the energy-momentum four-vector, and this generates space- 
time translations. It can be shown that SUSY is the only way of combining 
internal symmetry with Lorentz invariance. Consideration of invariance 
under space-time transformations, and of making the SUSY transformations 
local, takes us into the realm of gravity. Local SUSY can be accommodated 
in an extended version of gravity, called supergravity. The supersymmetry 
generators can be extended to N mutually anticommuting spinorial 
charges Q l a9 i = 1 to N. Each spin operation of the type (10. 145) corresponds 
to a change in helicity of Hence, the inclusion of helicity states \h\ ^ 2 
(graviton has spin 2) means that N ^ 8. Such theories are called N -extended 
supergravity, and sow the seeds for the possible unification of all 
interactions. 

In the following, only the simplest (N = 1 ) supersymmetry is considered. 
Each particle belongs to a super-multiplet containing an equal number 
of fermionic and bosonic degrees of freedom. In addition to a multiplet 
containing the graviton, which also includes its spin § supersymmetric 
partner, the gravitino, there are gauge (containing spin 1 and \) and chiral 
(spin \ and spin 0) multiplets. A list of the ordinary particles, and their 
supersymmetric partners (denoted by tilde), is given in Table 10.3. 



G|F> = |B>, 



G|B> = |F>. 



(10.145) 



(10.146) 
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Table 10.3. Particles and their super partners in the standard model 



Particle 




Spin 


Super-particle 




Spin 


quark 


q 


i 


scalar-quark 




0 


lepton 


/ 


i 

2 


scalar-lepton 




0 


neutrino 




1 

2 


scalar-neutrino 




0 


gluon 


g 


1 


gluino 


g 


i 

2 


photon 


y 


1 


photino 




1 

2 


Z 


z° 


1 


Z-ino 


h 


1 

2 


w 


w± 


1 


W-ino 


ty± 


1 

1 


Higgs 


H 


0 


Higgsino 


ft 


1 

2 



The particles and their superpartners have the same quantum numbers 
(e.g. charge, colour), except for spin. In particular, all the couplings of 
these supersymmetry (or s)-particles are known. If the supersymmetry is 
unbroken, they are degenerate in mass with the ordinary particles. This 
follows from the property [Q^ p"] = 0, which means that £, p and, hence, 
m are unchanged by the transformation. Note that both the left and 
righthanded leptons and quarks have spin 0 superpartners (q L , q R , etc.); 
the helicity labels are those of the spin \ particles. There are 'no trans- 
formations between left and righthanded fermions, so the weak V — A 
structure is preserved. The mass eigenstates can be mixtures of (q L , q R ), 
(7l>?r)> (y> 2°, fl°) or (W ± ,fl ± ). Because of the restrictions of super- 
symmetry on the couplings, two Higgs doublets are required in order to 
give masses to all the charged fermions. Spontaneously broken symmetry 
should also give rise to Goldstino particles (G), which can be absorbed to 
give the gravitino a mass. The gaugino ($/ ± , 2) properties resemble those 
of heavy leptons, but with weak isospin 7=1. The gluino (g) properties 
are quark-like, but with colour 8 rather than 3. One of the general hopes 
of supersymmetric theories is that the somewhat artificial separation into 
matter fields (fermions) and force fields (gauge bosons) is obviated. 
However, for N = 1, fermions and bosons cannot be assigned to the same 
supermultiplet. None of the supersymmetric particles can be identified 
with the known particles (e.g. there is no known elementary scalar 
particle), so a large proliferation of fundamental states ensues. 

This large number of unobserved states does, however, lead to one very 
desirable property of supersymmetry theories; that is, a possible solution 
to the hierarchy problem. In the evaluation of the self-mass of the Higgs 
particle, diagrams containing loops (which lead to potentially quadratically 
divergent corrections) will have contributions in SUSY from both the 
particle and its superpartner. From Fermi statistics, the fermion term is 
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opposite in sign to that for the boson, and would cancel it in the limit of 
degenerate masses. This implies that the supersymmetric particles cannot 
be too heavy, or else this desired cancellation will not occur. Thus, it is 
required, in order to avoid the hierarchy problem, that for some relevant 
coupling constant a,-, 

f\ TeVV 

dm^oc\ml-mj\^0\^ J . (10.147) 

The non-observance of supersymmetric particles gives some lower limits 
on their masses. For example, typical limits quoted for scalar leptons are 
greater than or equal to 20 GeV and for scalar quarks greater than or 
equal to a few GeV; however, such limits depend on further assumptions 
about potential decay modes, etc. 

The forms of the couplings usually assumed, mean that s-particles are 
produced in pairs. Particles can be assigned a multiplicative quantum 
number (^-parity) R = 1, with their s-partners having R = — 1. A conse- 
quence of this, is that the lightest s-particle should be stable; assuming it 
to be neutral (cosmological evidence supports this). Candidates are the v, 
y, ft and 0, with the y common in many models. Such a stable particle is 
expected to have a very small cross-section in matter, and its experimental 
signature is thus that of missing energy (i.e. neutrino-like). For example, 
in Fig. 10.30 some possible diagrams for the interaction of a photino with 
(a) an electron and (b) a quark are shown. In each case there is a massive 
internal scalar electron or quark propagator, and the resulting cross- 
section is roughly that of the usual weak interaction. 

Supersymmetric particles can be produced, for example, by the reactions 
e + e~ -> y/Z PT~, qq, etc. The angular distribution and threshold 
behaviour for the production of s-fermions are those appropriate for scalar 
particles. The potential decay modes depend on the relative masses of 
particles. Possible decay schemes for the s-lepton are 7->/ + y and 



Fig. 10.30 Possible interactions of supersymmetric particles (a) 
y + e -> y + e and (b) y + q -* g + q. 
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7-»/ + G, for the s-quark q -> q + g(g -> qqy) and for the s-neutrino 
v -* v + y. The expected lifetimes are short; maybe too short for a detection 
in vertex detectors. 

As a very simple example, we consider the decay of a scalar lepton 
\ (p) '"(Pi) + y(Pi)- The Feynman rule for this vertex (Haber and 
Kane, 1985) gives a factor, \e(\ + y 5 )/2 1/2 in the matrix element. Otherwise 
we proceed as before, giving, after a short calculation, 

H7 1 -> /±y) = a (M, 2 - w, 2 - M))ptlMl (10.148) 

where M h m / and M v are the masses of the s-lepton, lepton and photino 
respectively. It is assumed in this calculation that the photino is a mass 
eigenstate. A comprehensive summary of the Feynman rules and calculation 
techniques, for a wide range of SUSY processes, can be found in Haber 
and Kane (1985). 

If one (or more) of the s-fermions is light enough, then the decays of 
the W* and Z° are sources for their detection. For example, possible 
decay modes are W — ► e v with e -> cy, Z° -> e + e~, yy, vv, etc. Decays to 
gauginos (e.g. W ± W ± y) may also be possible. Some of these channels 
would give spectacular experimental signatures. For example, the sequence 
Z° -> v e v e with v c -> vy, v e -+ v^e" /j. + y would produce a final state with a 
/z + and e~ in one hemisphere and nothing detected in the other. 

The branching ratios for V B (p) -> S^pJ + S 2 (p 2 ), compared to V B (/?) -> 
^i(Pi) +7 2 (p 2 ), where V B is a heavy vector boson (W ± or Z), Si and S 2 
are s-fermions and f l5 f 2 are ordinary fermions, can easily be calculated 
by using the vertex factors 

V B S 1 S 2 : -iC s (p, ~p 2 )^ 

(10.149) 



where C s represents the appropriate SUSY coupling constant. (VgS^ 
represents the three particles (fields) interacting at the vertex and the term 
on the righthand side is the vertex factor.) This gives, summing over the 
spin states of V B (using (10.4) and of f 1 F 2 (assuming f 1? f 2 to be massless) 

|y^(V B -S 1 S 2 )| 2 = 4C s 2 p* 2 , 

(10.150) 

|^(V B -fJ 2 )| 2 = 2M 2 B (C 2 + C 2 ). 

Hence, including the phase-space factor (ocp*), the relative branching 
ratios are (with /? = 2p*/My B ) 

HVb-S^) ci 



r(v B -.fj 2 ) 2(c 2 + c 2 ) 



P 3 = \P\ (10.151) 
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The latter simplification follows from the supersymmetry principle, that 
particles have identical couplings to their s-partners. 

Equation (10.151) indicates that sizeable SUSY branching ratios can 
occur, provided the s-particles are resonably light. The method described 
in Section 10.3.2, to determine the possible number of light neutrino 
species, is extended in SUSY to include all light non-interacting particles. 
The most probable candidate for a light s-particle is the y, and cosmological 
estimates suggest its mass is less than or equal to 100 eV. The y is one of 
the candidates to explain the dark matter in the universe; that is, matter 
which is indicated from gravitational properties but which is not 'visible' 
otherwise. 

Nucleon decay is another potential testing ground for SUSY. In the 
standard model Lagrangian, terms of dimension d^4 which satisfy 
SU(3) ® SU(2) ® U(l), conserve both B and L separately. Terms with 
d ^ 6 are needed for violation of baryon number, and dimensional analysis 
shows these contribute as (1/M x ) d ~ 4 , where M x is the scale at which these 
terms become relevant (i.e. the mass of the exchanged boson or the 
unification scale). In SUSY, terms of dimension 4 (e.g. £^£^4, with i,;', k 
being colour indices) can lead to baryon number violation. These give a 
decay rate which is much too fast, but can be 'forbidden' by the 
requirement that is invariant under some discrete transformation such 
as R-parity. If R-parity conservation is valid, supersymmetric particles 
must be produced in pairs. Note that the K-meson decays K L -► /ze, ee 
and are possible in some models in which /^-parity conservation is 
broken. Due to the presence of additional particles, which contribute to 
loops in the evolution of the coupling constants, the unification scale at 
which the couplings become equal is pushed to higher values with SUSY 
(e.g. M x ~ 10 16 -10 17 GeV). The value of sin 2 0 W is somewhat increased, 
in better agreement with the data. 

Operators of dimension 6 thus give a lifetime much greater than the 
experimental limit. However, there is also a possible contribution from 
operators of dimension 5 (e.g. B ijk E a ^ ya ^ a q^q k y L 6y where ijk and a, /?, y, S 
are SU(3) and SU(2) indices respectively, i.e. q a = (u, d), L d = (v, 1)). Such 
terms have a heavy fermion rather than a heavy boson propagator, and 
contribute as Mx 2 - Hence they give potentially too fast a decay rate for 
the proton. These terms, however, appear in diagrams with loops and 
involving Yukawa couplings (e.g. Fig. 10.31), and the rate is, in fact, 
suppressed to roughly that of the standard model. The decay modes 
expected, however, are significantly different. The antisymmetric properties 
of the couplings lead to vanishing contributions if all the particles 
participating are in the same generation. Hence, generation-changing 
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decays (Kv^, Kv t , K/z + , etc.) are favoured in this model. Specific SUSY 
models are not in conflict with the data, but are rather flexible. A detailed 
account of SUSY, and its associated phenomenology, can be found in 
Nilles (1984), Ross (1985), Haber and Kane (1985) and Brennan (1985). 
It should be recalled, however, that in spite of the many attractive 
theoretical properties, SUSY is not yet supported by any reliable direct 
evidence. 

10.10 SUPERSTRINGS 

A complete theory of nature must include all the forces, including 
gravity.* This implies that such a unified theory must work at distance 
scales which are smaller than Ax ~ Gl/ 2 ~ 10" 33 cm (G N is the Newtonian 
gravitational constant), which is where quantum gravity fluctuations 
become large. A further desirable property of such a universal theory is 
that it should be free of the infinities which plague the usual field theories 
(in which particles are treated as point-like entities). The supersymmetric 
quantum theory of strings, or superstring theory, has recently emerged as 
a candidate for solving all of these problems. (A detailed account of the 
theory is given by Green, Schwarz and Witten (1987).) 

The ideas of massless relativistic strings in particle theory is not new. 
In the 1960s, studies of the particle spectra and elastic scattering amplitude 
properties (in particular their poles), lead to the idea of Regge trajectories, 
relating the spin J and mass M of particles by J = a 0 + a'M 2 . The 
connection with string theory is that a classical relativistic string, with 
zero mass density, gives the relation J = a'M 2 , for a string of tension 
T= (2na'y l . Further, the amplitudes developed by Veneziano (see, e.g., 
Collins and Martin, 1984) to describe meson-meson scattering, and which 
are 'dual' with 5 and ^-channel Regge exchange, could also be interpreted 
as the scattering of string-like objects having a one-dimensional extension. 

Fig. 10.31 Possible dominant mechanism for proton decay in SUSY. 
The Higgsino is super-heavy. 

d gaugino s 

| I 
I l 



* There is, in fact, some evidence that there may be a fifth force in nature, weaker 
even than gravity (Fischbach et ai, 1986; see Peccei, 1986 for a review). 
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A meson, in this context, can be thought of as a quark and antiquark on 
the ends of a connecting string. The vibrations of a classical string can 
be Fourier-analysed as a sum of harmonic oscillations, and hence 
quantised. This gives an infinite set of states on a Regge trajectory, with 
AM 2 = 2nT. Relativistic strings (or flux tubes) also give a reasonable 
description of certain long distance (>; 1 fm) QCD phenomena. 

The various gauge theories so far discussed here have all been formulated 
to describe phenomena in Minkowski four-space, which consists of 
three-space and one-time dimensions. Einstein's classical theory of general 
relativity is based on the postulate that the laws of physics are the same 
to all observers (and not just those in uniform relative motion). This leads 
to curved space-time with an element ds 2 = g^(x) dx^ dx v ; that is, the 
metric (which is a field) depends on the space-time coordinate x. 

Around 1920, Kaluza and (later) Klein investigated an extension of 
these ideas to five dimensions, leading to a metric ^(z), with a, /? = 0, 1,2, 
3, 4, and z = (x^, y), where y is the fifth dimension. The unobserved 
fifth coordinate is taken to have a different topology to the other four, 
and satisfies 0 < my ^ In (i.e. periodic), and is thus L compactifiecT into a 
circle of radius 1/m. An analogy of this idea in ordinary space is a long 
thin tube, which at each point has a circular topology but, when viewed 
from a distance, appears to be a one-dimensional line. The dependence 
of the metric g aP on the coordinates can be separated by the expansion 

9a(i( x > y) = £ 02*00 exp(mmy). (10.152) 

n 

The aim of the work of Kaluza and Klein was to unify gravity with 
electromagnetism. For n = 0, they showed that g afi (z) could be identified 
with the spin-2 graviton #„ v (x), the spin-1 photon ^ 4 (x) = A^(x) and a 
spin-0 field # 44 (x) = <f>(x). These extra fields satisfy the Maxwell and 
Klein-Gordan equations respectively. Thus, through this extension of 
general relativity, gravity and electromagnetism are related. Furthermore, 
invariance under general coordinate transformations (i.e. energy- 
momentum conservation) leads to gauge invariance of A^ y and hence 
charge conservation. There are an infinite number of m#0 modes, and 
these can be given a four-dimensional interpretation as particles which 
are massive (m n = nm) and charged (e^^njon), where k=G\I 2 . Thus, the 
charges are quantised in units of a fundamental charge e = wn and, 
furthermore, e is related to GjJ 2 . Numerically this implies that m ~ 10 19 GeV, 
so that the fifth dimension is curled up with a size m~ 1 ~ 10~ 33 cm. These 
conclusions, coming from this five-dimensional Kaluza-Klein theory, 
survive in somewhat more realistic models, where compactification from 
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higher dimensions down to four occurs spontaneously from the form of the 
underlying field equations. The internal symmetries (charge, colour, etc.) 
in our apparently four-dimensional world, are equated with coordinate 
invariance in the extra dimensions. 

In superstring theories, all particles (quarks, leptons, gauge bosons, 
gravitons, plus their supersymmetric partners) are built out of the same 
fundamental entities, namely elementary strings. A relativistic string is an 
idealised one-dimensional extended object, that lies along some curve in 
space and sweeps out a two-dimensional space-time surface (world-sheet), 
as opposed to the world line swept out by a point particle. # The theory 
deals with the dynamics of such a string. The vibrational modes can be 
expressed as harmonic oscillations (by Fourier transformation), and then 
quantised. The theory naturally contains the gauge invariances of Yang- 
Mills theory and gravity. Investigations of the quantum theory of bosonic 
strings have been shown to be consistent only for a 'critical' number d = 26 
of space-time dimensions. The superstring theory requires that space-time 
be fundamentally supersymmetric. The requirement that both bosonic and 
fermionic modes can be accommodated results in a critical dimension 
d= 10 (9 space and one time). The superstrings have spatial dimensions 
of the order of the Planck scale. The corresponding string tension is given 
by T 1/2 ~ m pi ~ 10 19 GeV. The spinors representing fermions in d=\0 
can be both 'Weyl' (i.e. single-handed) and 'Majorana' (particle equivalent 
to antiparticle, see Appendix B). For energy scales «m ph the higher mass 
states in the theory decouple, leaving an effective low energy theory, with 
fields of spin 2 (graviton), § (gravitino), 1 (gauge boson), \ (matter fields) 
and 0 (Higgs). 

A major hurdle in the evolution of superstring theories was the problem 
of anomalies; that is, a breakdown of a symmetry of the Lagrangian 
through quantum (loop) corrections. This problem was overcome by 
Green and Schwarz (1984), whose work started a theoretical 'revolution' 
on a par with the experimental one ten years earlier. They showed that, 
for a d = 10 superstring theory with Yang-Mills interactions, the anomalies 
cancelled, provided the gauge group was SO(32), the 32-dimensional 
rotational group, or E 8 x £ 8 , the product of the largest (rank 8) exceptional 
Lie group. These possibilities arise geometrically, as solutions of the 
space-time structures allowed by the theory. Further, the theory appears 
to be finite; this has so far been shown explicitly to one-loop level. 

The parameters of the theory are the gravitational constant /c, the 
Yang-Mills coupling g and the string tension T. These constants are 

# A further possibility is that the fundamental entity is a 'membrane' This would 
be the maximum dimension compatible with SUSY. 
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related. There are three consistent superstring theories known (or, more 
precisely, six if variants of these types are counted). In type I theories, 
there are open strings (as required for the Yang-Mills sector) and these 
can join at their ends and, hence, form a closed string (needed for the 
gravity sector). The constants are related by k oc g 2 T. In type II theories the 
strings are closed. In the theoretically preferred heterotic (i.e. 'crossbreed*) 
string theories, which describe closed strings which carry internal symmetry, 
the relation is k oc gT xl1 . Type II and heterotic strings have an intrinsic 
orientation sense, whereas type I strings are unoriented. Each of these 
three theories consistently incorporates quantum gravity and is free of 
adjustable parameters or other arbitrariness. It is hoped that one amongst 
this choice of three theories can be shown to be unique. For each of the 
possible theories the solutions must, of course, be found in order to 
determine the spectrum of low-lying states and compare these with 
experiment. Many such solutions may be possible. 

String interactions can be represented by Feynman diagrams and type II 
and heterotic string theories each have a single fundamental interaction 
of the type shown in Fig. 10.32. The diagram represents the world-sheets 
(as opposed to the world-lines in conventional point particle field theory) 
of two strings joining together (or, alternatively, splitting). A plane of 
constant time cutting the two-dimensional surface reveals two strings 
before the interaction and one afterwards. Unlike the interaction of point 
particles (where different observers agree on a common interaction point), 
the space-time point of the interaction is not unique. For a given observer 
the interaction occurs at the point where the time slice is tangential to 
the surface and, as can be seen from Fig. 10.32, this is different for different 

Fig. 10.32 Feynman diagram for the interaction of strings. The surface 
topologically resembles a pair of pants. 
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observers. Whereas the type of interaction associated with the interaction 
point in ordinary quantum Held theory is somewhat arbitrary, that in 
string theory is much more constrained. The world-sheet of the string is 
a smooth manifold with no preferred points, and that it describes an 
interaction is a consequence of the topology of the surface. 

If d= 10 is indeed the starting point for the ultimate theory, then six 
dimensions must be compactified to a size which is probably that of an 
elementary string (i.e. ~10" 33 cm). Furthermore, contact must be made 
between the gauge groups SO(32) or E Q x E 8 (this latter possibility is 
theoretically favoured) and the observed low energy symmetry group 
SU(3) ® SU(2) ® U(l). No unique route has so far emerged and, indeed, 
many possibilities may exist. £ 8 x E 8 superstring models can be compactified 
using Calabi-Yau and related schemes. This compactification may involve 
rather complex manifolds. A possible scenario is that one of the £ 8 groups 
can be broken to a subgroup of E 6 (e.g. SO(10), SU(5)); thus, possibly 
accommodating a Grand Unified Theory. The other E 8 group (shadow 
matter) interacts with the E 6 sector only through gravity. The number of 
fermion families, the Yukawa couplings, the values of the strong and 
electroweak couplings and the number of SUSY partners are all expected 
to emerge when this compactification is understood. All of this should be 
given in terms^of the constants discussed above. 

Until the phenomenological predictions of superstring theories become 
more precise, it is difficult to judge the possibility of significant experimental 
checks. Since the relevant gauge groups are large, additional gauge bosons, 
quarks, Higgs and SUSY particles are generally expected. Never before, 
however, have such ambitious theories been contemplated, and the 
potential impact of such theories may be far-reaching. The ultimate tests 
are experimental and, with the planned generation of future accelerators, 
many of the exciting questions on the nature of matter may be answered. 
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Units 



The convention h = c=\ is used unless these symbols explicitly appear 
in the formula. Some useful constants are 

h = h/2n = 6.5822 x 10' 22 MeV (Planck's constant) 

= 1.9733 x 10" 11 MeV cm = 197.33 MeV fermi, 
h 2 = 0.38939 GeV 2 mb, 
a = e 2 /(4n)= 1/137.036. 

Example of usage. The total cross-section for the process e + e" -> fx + \x~ 
is given to lowest order in QED by 

<r(e + e -aiV ) = — — . 

35 

If the centre-of-mass energy squared, s, is given in GeV 2 then a is in units 
of GeV -2 . To express o in cm 2 we first use the equivalence 

1 GeV' 1 = 1.9733 x 10" 14 cm, 
(1 GeV) -2 = 3.8939 x 10" 28 cm 2 . 
4;r x 3.8939 x 10" 28 



so 



Hence 



a = - 



3 x (137.036) 2 s(GeV 2 ) 

8.686 xlO -32 , 86.86 

cm' = - — — nb. 

s(GeV 2 ) s(GeV 2 ) 
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The units of cross-section commonly used are 

1 mb (milibarn) = 10" 27 cm 2 , 

1 fib (microbarn) = 10~ 30 cm 2 , 

1 nb (nanobarn) = 10~ 33 cm 2 , 

1 pb (picobarn) = 10~ 36 cm 2 . 

The useful flux of particles in colliding beam machines is measured in 
terms of the luminosity if \ defined such that the number of events n obtained 
in time t for a reaction of cross-section a is 

n = J&ta. 

if is measured in units of cm" 2 s -1 . For a circular collider the beams, 
after initial injection, gradually die away (e.g. over a period of a few hours 
for LEP). The integrated luminosity iff (cm -2 ) is a useful measure of an 
experimental run. For example, for if = 10 31 cm -2 s~ 1 and t = 10 7 s (e.g. 
approximately one year's running) iff = 10 38 cm ~ 2 = 100 pb~ 1 . For a 
process with a cross-section o — 1.25 nb (e.g. e + e~ -► /i + fi~) the number 
of events n = 1.25 x 10 5 for 100 inverse pb. 
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Properties of y-matrices 



B.l The trace of an odd number of y-matrices is zero. 

B.2 Tr(yV) = V\ "tr(#) = 4a b, where a and b are four vectors. 

B.3 Tr(yWV) - Wg" + ^V' - 2 a V v ]> 

Tr(<M 2 ^ 4 ) = 4[(fl A • a 2 )(fl 3 • a 4 ) + (a { ■ a 4 )(a 2 'a 3 )-(a r a 3 )(a 2 ■ a 4 )], 

Tr(^ ■ ■ ■ ff B ) = (a r fl 2 ) tr (^3 ■ • -4 n ) ~ ( a r ^HiK ' ' ' A) + " ' 
+ (^rajtr(^ 2 ---^_ 1 ). 

B.4 Tr(y 5 ) = 0, tr(y 5 #) = 0, 

Tr(/yVy v y 5 ) = 4i£ a ^ v , 
Tr(#^y 5 )-4i£^X^v, 

where e a/i/9v is the totally antisymmetric tensor which has the value 
+ 1( — 1) if the indices are an even (odd) number of permutations of 
0, 1, 2, 3 and is zero if two or more indices are equal. Note that if we 
define e 0i23 = +1 then e 0123 = -1 since g 00 = -g u =l (1=1,2,3). 

B.5 The following properties of y-matrices are useful in the reduction of 
matrix elements 

yX = 4, yjr = ~ 2fi, yjh" = 4a • b, 
y^My* = - tf + M = 2a- b y </t<fi = a 2 . 

B.6 In calculating the matrix element squared the following trace combi- 
nations frequently appear and these can be evaluated with the general 
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result 

7= tr[//r y (Ci _ C2y5)] tr[ T , Wv (C 3 - C 4 y 5 )] 

x [C 3 (^^ v + gorget - g$4>g U v) - iQ^v] 

= 32[C 1 C 3 (<5^ + « + C 2 C 4 (^ - <5^)]. 

In proving this, the permutation properties of the totally antisymmetric 
tensor e and the metric tensor g have been used. For a pure V - A 
interaction, C i = C 2 = C 3 = C 4 = 1 and the terms in 8%8§ cancel, 
giving 



B.7 Representations of y-matrices. In addition to the Pauli-Dirac represen- 
tation (Section 3.2.1), a further useful representation is that in which 
y 5 is diagonal, namely the chiral representation 

-a y-(r "\ 0 



/ 0 J \-a l 0/ \0 -/ 

Note that the relations (3.82) and (3.87) are satisfied in this represen- 
tation. If u = ( ^ + ) is a solution defined in terms of two component 



Weyl spinors 4>+ and then (cf. (3.102)) 

p 0 (t) + +m4>_ = (ff-p)0 + , Po</>- +m</) + = -(<r-p)0_. 

That is, in the massless limit, <f> + and are eigenstates (u R and w L ) 
of the helicity operator to = (<x*p)/|p|> with eigenvalues +1 and —1 
respectively. They are also eigenstates of chirality (y 5 ), again with 
eigenvalues -hi and —1. However, the helicity eigenvalues are 
opposite to those of chirality for negative energy solutions. For m / 0, 

5 {4> + \ f<P + 



(p + and are still eigenstates of chirality, e.g. '^qJ = ^qJ' ^ ut 
not of helicity. 

Under the parity transformation (P = y°), the spinor u transforms to 



u p = Pu = P 



4> + \ (-<!>- 



that is, P exchanges left and righthanded states. (Thus, a parity 
invariant theory must treat with both chiralities symmetrically.) 
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Under charge conjugation {\p c = iy 2 iA*)» the spinor u transforms to 
0 i^ 2 \/0*\ ( ^20- 



— 1(7 



0 J\4>*J V _icr 20* 



Hence, (u R ) c = (w c ) L , etc. That is, a righthanded spinor may be written 
as the lefthanded projection of a charge conjugate spinor, and vice 
versa. 

Under the combined operation CP, u transforms to 

ia 2 0* 
-i<7 2 0* 

Hence, (u L ) cp = (u CP ) L , so that a theory with one lefthanded spinor 
can be CP invariant, but not separately C or P invariant. 



B.8 Majorana spinor. This is a four-component spinor such that \p M = ip^- 
Hence, (using the representation B.7), 0 + = i<j 2 (f) * and </> _ = — ia 2 (/) 5 J. , 
so that the Majorana spinor is built out of only one Weyl spinor, 
whereas the Dirac spinor for a massive fermion requires two (a Dirac 
spinor can be expressed as the sum of two Majorana spinors). An 
important difference between Majorana and Dirac spinors arises in 
the consideration of the mass term in the Lagrangian, which has the 
form (4.106) 

m$ij/ = m(\j; L il/ R + fotK). 

Now, from (3.167), \J/ C = iy 2 y°ij/ 1 = C\J/ 1 (t = transpose), so that, if 
<Ar = (<Al) C > then 

^l = (^) 1 C^ l = ^ l . 

That is, a mass term can be constructed for a single chirality fermion. 

[n general, for spinors (i= 1, . . .,«), the most general mass 
term takes the form 

M'^C^r 0 + hx. 

That is, the Dirac and Majorana masses are particular cases of the 
general form of the mass matrix M lJ . 
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Cross-sections, decay rates and 
Feynman rules 



C.l CROSS-SECTIONS AND DECAY RATES 

The results derived in the text are collected here for convenient 
reference. The cross-section for the interaction of two particles 1 and 2, 
to a final state containing n f particles (fermions or bosons), is 

dj _ omp,.-p f )|^ n | 2 -v d> Pj 

4[(p,-p 2 ) 2 -mlmlV' 2 AltWE/ 

where p { and p ( are the total initial and final four-momenta respectively. 

For the case of the scattering of a particle by a static field this equation 
becomes 

(2>t)flE,-E f )|.4r„| 2 d 3 p f 

Pi2E-, (2n?2E ( - 

The differential decay rate for a particle of mass M to decay to n ( final 
state particles is, in the rest frame of the decaying particle, 

d „ = (W^^ (C.3) 
2M ji\ (2n?2E ( 

In each case |^ fi | 2 , the invariant matrix element squared, must be 
summed over final spin states and averaged over initial states, as dictated 
by the actual calculation to be performed. 

For the elastic scattering process 1 + 2 -» 3 4- 4, neglecting the particle 
masses, (C.l) has the simple form 

^ = 1^, (C.4) 
dQ 64tt 2 s 



where dO is an element of solid angle in the cms for particle 3. In terms 
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of t = (p y — p 3 ) 2 , this equation has the (invariant) form 

d* = K|! (C5) 

dt \6n 2 s 

Alternatively, defining y = p 2 -4/P2 ■ Vu where q = p { - p 3 , this becomes 



da 



^ n | 



\2 



dy \6ns 



(C.6) 



C.2 FEYNMAN RULES FOR QED 

The rules below are for tree graphs only. The problems with loops 
and renormalisation are discussed in the text. 

C.2.1 External particle factor 

For each spin \ fermion (f ), antifermion (F) or photon (y), include 
the following factors 

f T y 

in u(p,s) u(p,s) e M (M) 

out u(p\s') v(p',s') £*(/c', A') 

The spinors w, v, u, v are given in terms of the four-momentum p and 
spin four-vector s. For the photon, the polarisation vector e is given in 
terms of the four-momentum k and polarisation state >L 

There is a relative factor - 1 between graphs which differ only by the 
interchange of two external identical fermion lines, including interchange 
of an initial fermion with a final antifermion. 

C.2.2 Propagatorsf 

p i 

spin 0 = — = iG s ( p), 

p — m 

spin | • ee = L = iG D (p), 

p — m p — w 

9 i^ v 
photon — - = ~ -V = i<?£ V)> 

massive vector* = ' y __L^L'J_2 = iG^(q 2 ). 

q 2 - M 2 



t The symbol G, is used for the propagator with j = S, Z>, P for scalar particles, 
Dirac particles and photons respectively. The notation A Fy S F and D F are often 
used in the literature for these. 
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The photon propagator is given in the Lorentz or Feynman gauge. This 
is a particular choice (£= 1) of the general £ gauge 

iGfV> = £(-«- + (i-0^). 

This form of the propagator gives physical results, since the ^ v term 
gives zero contribution if the propagator is coupled to a conserved current. 

More generally, the denominator for each of the propgators can be 
written with m 2 replaced by m 2 — ie. Thus the photon propagator becomes 
— \g^j{q 2 + ie), and the limit £ — ► 0 is taken at the end of the calculation. 

C.2.3 Vertices (e > 0) 

Spin 0 




Spin \ 




The four-momentum is conserved at each vertex. If the internal 
momentum q is not fixed by momentum conservation, then the integration 
{ d 4 ^/(27r) 4 must be carried out; one such integration arises for each closed 
loop. 

C.3 FEYNMAN RULES FOR THE STANDARD 
ELECTROWEAK MODEL 

The rules are again for tree graphs only, and are given in the 
unitary gauge; a gauge in which there are no unphysical particles (ghosts). 
The factors for external fermions and antifermions are the same as those 
in QED. The fermions are the lepton doublets (e, v c ), vj, (t, v r ) the 
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quark doublets (u, d')> (c, s') and (t, b'), where the prime indicates that 
the weak eigenstates are mixtures of different quark ilavours. The 
electroweak interaction does not distinguish colour, so there are three 
identical contributions for a given transition. The external polarisation 
vectors for the massive gauge bosons are similar to those of the photon 
in QED. The summation over polarisation vectors is given by equation 
(10.4), and specific forms for these vectors by (10.9). The propagators for 
the Higgs scalar, then spin \ fermions, the massless photon and the massive 
vector particles are as given in (C.2). 

The parameters in the minimal standard model are related by equations 
(5.63), (5.99), (5.167) and (5.168), namely 

Gf _ 9 2 
2 l/2 8MJ,* 

g sin 0 W = g' cos 0 W = e, 

M w = M z cos 0 W . 
C.3.1 Charged current vertices 




where the coefficient K qiq2 for the transition between q { (charge f) and 
q 2 (charge — |) is given by the KM matrix (5.193). In the case of two 
generations of quarks, (5.191) is used. 

C.3.2 Neutral current vertices 
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f 



0 V = C L + C R 



9a = Cl~ C r 



v 

r 



2 

- J ~r sin c w 

i - § sin 2 0 W 
-| + ^sin 2 0 w 



-f sin 2 | 
£sin 2 0 w 



-i + 2 sin 2 0 W 

sin 2 0 w 
-H§sin 2 (9 w 



l 

2 

__I 
2 

I 
2 

_1 
2 



The notation v { = 2#v and a f = 2#a is also frequently used in the literature. 



C.3.3 Trilinear vector boson couplings V 1 V 2 V 3 

v 3< v iClg^iky -fc 2 ) M + flf A/l (k 2 -fc 3 ) v + ^ v (fc 3 -fc 1 ) A ] 






^2 




c 




wi 


y" 


e 








e cot 0 W 



C.3.4 Quadrilinear vector boson couplings VJV2V3V4 




Factor 



fZ*W\W\ 
W\ Wl W<i w\ 



-ie 2 (2g*p9n V ~ 9an90 V ~ 9**9 >„) 
- ie 2 cot 0viQ-9*»9w ~ 9 ai *9fi v ~ 9av9»*) 
-ie 2 cot Ow(2g a0 g HV - g ati g 0v - g av g Pti ) 
ie 2 

2 n (29m9v/t ~ 9vft9«v - 9^9afi) 



C.3.5 Trilinear Higgs couplings 




/ 
H 



B 



f 

H 



Factor 



sin 0 W 
2ie 



sin 20* 



Mz9» 



2 sin 9 W M W 
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C.3.6 Quadrilinear Higgs couplings 




W v - 

2 V 

H 



B 



H 
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Factor 



2i<? 2 



sin 2 20 w 
3i//V 

2Ml sin 2 0 W 



C4 FEYNMAN RULES FOR QCD 

For external quarks the usual Dirac spinors u and v (in) or u and v 
(out) are used, each however has three possible colour states. For external 
gluons the contributions are 

ingoing: tf\k)C a \ outgoing: e[ X) *(k)(C a )* 

where C a (a= 1, . . ., 8) represents the 'colour polarisation'. 

The quark propagator has the same form as for QED. For the gluon 
the propagator in a covariant gauge is 



(£ = 1 in Feynman gauge). 



In the axial (or physical) gauge a vector n„ satisfies nfi^ — O and the 
propagator is 



The vertices are as follows 




a 

✓J^L ~QfabcLg^(Pi - Pl)p + Q vp (Pl - P*)* + 0p„(P3 - Pl)v] 



b p 2 p c 
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a 



1 / 



c 




-QfabcQ* 1 f° r scalar 'ghost' particle 
(absent in axial gauge) 



f ace f bde^Q pvQ pa dfioQvp) 
fadefcbeidfipdvp Q p\9 po)~\ 



Note that these rules are sufficient only for tree level graphs. 
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Dirac S-function 



Definition 

S(x-a) = 0 

"*2 



dx S(x — a) = 



0 



for x ^ a y 

if x t < a < x 2 , 
otherwise. 



The ^-function can be conveniently expressed as follows 
1 f 00 

— dx exp[i(p x - p' x )x\ = S(p x - p' x \ 
J-co 

or in four dimensions 

1 f 00 

d 4 xexp[i(p-p')x] = «5 4 (/>-p')- 



(2k) 4 



(D.l) 



(D.2) 



(D.3) 



Calculations with <5-functions can be simplified with the following properties 



x6(x) = 0, 



3(ax) = — <5(x), 



S(x 2 -a 2 ) = -- [S(x - a) + <5(x + a)], 
2\a\ 



(DA) 
(D.5) 



dx <5[<,(x)] = \dg(x)/d(x)\;2 x where g(x 0 ) = 0. (D.6) 



For a more detailed discussion see, for example, Gasiorowicz (1974). 
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Fieri transformation 



For a contact interaction of four fermions the matrix element can be 
expressed in two equivalent forms 

J! = Y J u 3 O i u l u i O l (C i + C\y s )v 2 = -£ u i 0ju l u 3 0\gj + g' j y 5 )v 2 . (E.l) 

' j 

The factor — 1 arises from the anticommutation properties of the Dirac 
field operators, i.e. Fermi statistics. The reordering does not affect the 
parity (i.e. y 5 part) of the matrix element, so we have 

X C i u 3 O i u l i4 4i O i v 2 = -X g j u A O j u l u 2 O j v 2> (E.2) 
i j 

where 

0' = 1, y\ a M \ iyV, y 5 . (E.3) 

If we consider the explicit wave function components u lat v 2 p, u 3y , w 4<5 
then we have 

I QO.UO'W = - 1 gjiOjUO^f. (E.4) 

' j 
Multiplying by (OJ^ gives 

Z Q(o,) ya (o Vo*)* = ~£ gj(0%(0 k U0j) Sa . (E.s) 

Using the property 

I(OV^ = tr(0'0 4 ) = « (k . (E.6) 
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This gives, returning to matrix form, 



(E.7) 



The relationship between the coefficients can be written in the form 

Q = E%, (E.8) 

j 

where the coefficients of the matrix F can be evaluated explicitly from 
(E.7) giving 



F = 



I 



1 



4 
-2 
0 
2 

-4 



4 

2 
0 
-2 
-4 



1 



-1 



(E.9) 



A similar result holds for the C\ and g\. Note that there is no connection 
between the (V, A) and T interactions. However, if there are V and A 
interactions in one form then there are, in general, S, V, A and P 
interactions in the other form. Hence, even if the interactions are mediated 
by vector bosons there can be effective S and P terms in the other form. 

If the interaction is pure V - A (# v = 1, g' v = — 1, g A = — 1 , g' A = 1, others 
zero) then the interaction is also pure V — A in terms of the Cs. A pure 
V + A interaction is also the same in both forms. 
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Creation and annihilation operators 
for a Dirac field 



For a Dirac field the following operators can be defined, in a similar way to 
those for the scalar field (Section 3.1.2), 

for e~ creation a\, annihilation a r , 

fore + creation b f r , annihilation b r . 

These obey the following anticommutation relations, with a r = tf r (p), 
a* = a s(\>') etc. 

{a r (p),al(p')} = {b r (p),b s (p')} = S rs 5 pp ., 

{« r , a s } = {al, al} = {b„ b 5 } = b\} = 0, 

{a„b s } = {a r ,b\) = {a\,b,} = {al.b\}=0- 
The field functions are constructed in terms of these operators as follows 
^(x) = ^ + > (x) + ^->(x) 

= Z ( 2 £ K) 1/2 t^r(p)"r(P) e *P( - ip ' x) + fcJ(pK(p) exp(ip ■ x)] , 

and 

^(x) = ^ ( + , (x) + ^" , (x) 

= Z nc T7TT72 [Mp)Mp) ex P( j P " *) + <C(p)« r (P) exp(ip ■ x)] . 
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